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Young Hee Kye:
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ABSTRACT

This paper sketches a joint history of the mathematics and literature of the western world, from
the perspective of our modern times. As we progress along our road, we shall comment on literary
processes (literal insertions, analogies, mathematical structures, characters doing mathematics)
and on how literary art can enhance the motivation for exploring, understanding and memorizing
mathematical concepts.

First stop: in a Greek theatre of the fifth century B.C.E.

Mathematics, to the best of my knowledge, makes its entrance onto the western literary stage in the
Greek theatre of the 5th century B.C.E. Someone called Meton appears, encumbered with his instru-
ments: a compass and a flexible ruler. He offers his services to Pisthetairos, one of the principal char-
acters of The Birds (414 B.C.E., Aristophanes). This Athenian, weary of his city rotted by corruption
and demagogues, has decided to create another town (Nederoxoxxvyia, Cloudcuckooland) in the sky,
with the help of the birds.

P I S T H E T A I R O st
For heaven’s sake, who are you?

M E T O N [ s h 0 c k e d ]
Who am I? I'm Meton, famous throughout Greece and Colonus.

P I S T H E T A I R O S
What are these things you've got?
M E T O N

Rods to measure air. You see, the air is, in its totality, shaped like a domed pot cover. . . Thus. . .
and so, from up above I'll lay my ruler. . .it bends. . .thus. . Set my compass inside there. .You see?

P I S T H E T A I R O S
I don't get it.
M E T O N

With this straight ruler here I measure this, so that your circle here becomes a square—and right
in the middle there we have a market place, with straight highways proceeding to the centre,

like a star, which, although circular, shines forth straight beams in all directions . .. Thus . ..

1Aristophames, The Birds, Translation by Ian Johnston, 2003, on line.
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P I S T H E T A I R O S
This man’s a Thales !

Pisthetairos immediately chases off after this charlatan, just as he had previously chased off after
a poet and a prophet. Meton disappears from the scene once and for all.

So what do we find in this popular comedy written in 414 B.C.E.? A reference to Meton, an as-
tronomer (which gave his name to a famous astronomical cycle, circa 432 B.C.E) and to Thales, who
lived at least a century earlier, appearing here in his capacity as a paradigm of geometry. Note that
another century will elapse before the arrival of Euclid.

Although itis doubtless too farfetched to see an allusion to the quadrature of the circle in the above,
nevertheless problems of comparison of perimeters or of ruler and compass constructions can be read
into it. If the public found this amusing, it was because there was already a strong mathematical
culture.

Twenty-five centuries later: A discussion occurs during a meeting of the Transnoctial Discussion
Group in the novel by Thomas Pynchon Against the Day, 2006. This group will never appear again.

“Time moves on but one axis,” advised Dr. Blope, “past to future—the only turnings possible
being turns of a hundred and eighty degrees. In the Quaternions, a ninety-degree direction would
correspond to an additional axis whose unit is v/—1. A turn through any other angle would require
for its unit a complex number.”

“Yet mappings in which a linear axis becomes curvilinear—functions of a complex variable
such as w = e*, where a straight line in the z-plane maps to a circle in the w-plane,” said Dr. Rao,
“do suggest the possibility of linear time becoming circular, and so achieving eternal return as
simply, or should I say complexly, as that.”

Is this funny? Is the question of linear time being transformed into circular time by functions of
a complex variable more understandable by modern readers than that of a circle becoming a square
with a bent rule? Pynchon’s novels are sprinkled with fragments of culture (not only mathematical,
but the list of mathematical themes cited is impressive [Koehler]).

When a text involves terms, expressions, and more or less coherent mathematical statements and
names of mathematicians—but without a real relationship to the unfolding of the narrative I will call
this literary mode “literal insertion”.

The effect of this kind of fragments certainly depends on the readers, and on their mathemati-
cal knowledge. They might either be amused, moved, impressed or will simply skip such a digres-
sion. This kind of reference only shows that the author has some acquaintance with the subject. The
mathematical coherence of a fragment of mathematics cannot be easily determined. Coming back to
Aristophanes, different translators have interpreted him differently, some seeking to make the text
coherent at all costs.

But so, these fragments can arouse interesting discussions about their coherence or relevance:
what can a flexible ruler be used for? Measuring? You could introduce the theme of the rectification
of curves. Is a straight ruler (or a straight line) best adapted for work on a sphere? Could Meton have
discovered “non Euclidean” geometry before Euclid? In a more general context, the question of “The
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Straight and the Curve”? has given rise to many works in the history of mathematics. And further, is
it necessary to employ quaternions (complex numbers) to give analytical representations of a straight
line and a circle? What role does time play in Hamilton’s “Essay on Algebra as the Science of Pure Time”? If
it is a question of modelling time, shouldn’t you be interested in its psychological aspect, its speeding
up or slowing down, etc.

Such discussions allow for lively teaching in the most interesting way. They let us make concepts
precise, bringing the imagination into play, in the double sense of stimulating creativity and creat-
ing mental images. Thus we can make mathematics not only more pleasant but also easier to use
and to memorize. It also gives an opportunity to enrich everyone’s general culture, by making them
interested in the mathematical and literary context. In some experiments, after a decent amount of
exposure to such ideas students are asked to write poems or short stories®.

So I am inviting you to take a little voyage to examine some of the tracks left by mathematics
in “literary texts” (i.e. all those which are not claimed to be “mathematical texts”). Each of us can
trace our own route through the ocean of citations that can be found in our own reading or on the
web?. A good number of us let ourselves be guided by mathematical themes in order to find examples
adapted to our teaching curriculum, but, since we are historians of mathematics, I want to lead you
through time (complex!), bringing together mathematics, literature and history. Alas, if I know a little
mathematics and a little of the history of mathematics, I know very little of the history of literary
cultures other than mine. So this is why I limit myself to here, at the same time asking anyone who
wishes, to help me broaden this study.

Second stop: In the world of the Romans and of the Gods of the Vth
century C.E.

We don’t find much mathematics in the fiction of the Roman World, but, at Carthage Martianus
Capella published De nuptiis Philologiae et Mercurii (On the Marriage of Philology and Mercury). He
recounts here the marriage of the god, Mercury and of the mortal, Philology, whose name speaks vol-
umes for his love of words. For this union she must mount up into the Milky Way. In order to lighten
herself, Philology starts by vomiting up books which lie heavy on her breast, but her thirst for Knowl-
edge will be satisfied by her new husband, who offers her seven heavenly teachers, seven young girls
who will teach her everything. They present themselves in order: Grammar, Dialectic, Rhetoric, Ge-
ometry, Arithmetic, and Harmony. The first three present the three literary areas that Boethius will
call the trivium, and the last four the mathematical sciences (quadrivium). This division of knowledge
will become the standard formulation of academic learning, right up to the Renaissance.

This work is thus both an encyclopedia and a work of popularization®. It carefully explains the math-
ematical knowledge of the author (limited alas), but in a pleasing form: flowery prose, rich in oddities
and metaphors, passages versified in many different ways, a mixing of the serious and the grotesque.
The objective is to teach while entertaining. It goes back to the Greek concept of emoudoyéhotov (serious-
ness under the laughter). As wrote Lucrece (341-271 B.C.E.) "To make children drink bitter absinthe,

2Cf Barbin

*Cf Lipsey

“See for instance the excellent website : http://kasmana.people.cofc.edu/MATHFICT/
5T don’t like this word, but I didn’t find a better one.
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begin by coating the rim with pure golden honey”.

Mathematics is definitely in a minority among the other sciences in this type of literature, proba-
bly because it is difficult to understand mathematics without really doing it. However, this genre is
flourishing today. It is a difficult genre for learning mathematics without guidance, but many teachers
in the world today use this kind of literature successfully with their students.

The historians of mathematics will be interested in Capella’s book : his geometry speaks mainly
of geography, and his arithmetic is mainly interested in the “qualitative” properties of numbers. The
renewal of western mathematics will not come from this source but from the work of Al Kwharizmi
(translated in the XIIth century). Practical arithmetic, in particular, will be revolutionized by the sys-
tem of decimal place values, by the introduction of “Indian” calculation replacing calculations with

the abacus or counters, as Roman numeration is incompatible with the least arithmetical calculation.

Third stop: in a chateau of the Middle Ages

In order to fill in their evenings, noble knights and gentle ladies listened at great length to poems
set to music about the exploits of valiant knights, or to short sophisticated poems which sang of a
platonic and impossible “courtly” love for a beautiful lady. From the 12th century on, the authors of
chivalric poems delighted in playing with large numbers which the new decimal system allowed them
to express easily. They also present many artificially concrete, small arithmetical problems which use
“The Rule of Three” or “The Golden Rule”.® This kind of arithmetical calculation will remain common
for a long time, for example, in the philosophical tales and satires of the 18th century (e.g. Gulliver’s
Travels, Swift, 1726. Micromegas, Voltaire, 1752). And they continue to be found right up to the present
day....in more or less relevant calculations, which also make excellent exercises for young students.

We even see them turn up in the history of mathematics: first of all in French in the great epic
poem Le Roman de la Rose (Guillaume de Loris et Jean de Meun (1237-1288), then in English in The
Book of the Duchess, (circa 1370) by Geoffrey Chaucer, who also translated part of Le Roman de la Rose.
Argus is the Latinized name of Al Khawarizmi.

Old French English translation of old French:” Old english
Se mestre Argus li bien contens If the Master Argus, who is so good That thogh Argus, the noble contour
at counting/ reckoning Sete to rekene in hys contour

I vo sist bien metre ses cures )
Would take care of it And rekene with his figure ten

E venist o ses dix figures And come with his ten figures/

For by tho figures mowe al ken

Par quoi tout certifie et nombre, By which he can certify and count
hi Yf they be crafty, rekene and noumbre
Si ne péust-il pas le nombre everything .
yet he can’t certify the number of big And telle of every thing the noumbre
De grans contens certefier .
conflicts/ pleasures Yet should he fayle to rekene even
Tant seust bien monteplier So good were he at multiplying The wonders in my sweven

The French text plays on the word ”contens” which can mean pleased, counting, recounting, reck-

6 .
Cf Mira
"The English translation of all the French texts was made, unless otherwise mentioned, by my friends Stuart et Pam
Laird.
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oning as an adjective, and conflict, pleasures, happy people as a noun. The English translation must
use more words “rekene/ contour”, “rekene / noumbre”. This property of being both metaphorical
and polysemous plays an important role in literature, above all in poetry, but it is evidently closely
linked to the language being used. Here we see all the problems posed by translation. I will not labour
this point here. In an interdisciplinary study, students can additionally study language and rhetorical
effects.

In the previously mentioned Roman de la Rose, the author in dealing with expressing countless
quantities even introduces the idea of a potential infinity: “it is not wealth which equate to the value
of a friend, for it could not attain a level so high that the value of a friend is not higher still.”

As for the poets of the south of France, the troubadours, they enjoyed systematically exploring
the configurations allowed by the constraints of different versifications. For example, Arnaut Daniel
(end of the XII century), invented the “sextine”. This poem of six stanzas of six lines uses six rhyming
words. The order of their entrance in the stanza changes in a circular permutation from one stanza
to the next. The poem is terminated by a stanza of three lines ending in three couplets of rhyming
words.

So it is through poetry that combinatorics make its entry into western mathematics again. The
use of constraints of a mathematical type in the structure of a literary work will be the foundation of the
works of OuLiPo® in the twentieth century.

Jacques Roubaud’ for instance, published a collection of poems with the rather enigmatic title:
“€” (this is the symbol of set membership but it is read epsilon). In the introduction we read: “This
book is composed, on the principle of 361 texts which are the 180 white pieces and the 181 black
pieces of a game of Go.” Then: “The text or pieces belong to the following varieties: sonnets, short
sonnets, interrupted sonnets, quotations, illustrations, grids, whites, blacks, poems, prose poems--+”
As the Encyclopedia Universalis explains: “Four modes of reading are possible for these generally brief
texts (or pieces), which are always preceded by numbers, signs or symbols and which reflect the
diverse systems of succession, of regroupings, of correspondences and of separation, focusing on the
way symbols group or on their continued development, following the movement of a game of Go or
taking each element in its singularity.

Hortense, a trilogy of novels by the same author, is based on essentially combinatorial rules which
are more or less explicit. All the works of Jacques Roubaud are interlaced with Mathematics. Mathéma-
tique : (récit) occupies a special position. In it we find diverse mathematical recollections and reflections
of the author as a student at the beginning of “modern mathematics” and an attempt at modelling
memory through neighbourhoods topology. It is followed by Impératif Catégorique where the title and
the content play on the words at several levels. ‘Catégorique’ refers at Category Theory and at its
meaning as it relates to Kant (the categorical imperative). Roubaud also writes that it is related to a
literary mode in the Japanese language.

Fourth stop: in the Parisian salons of the 17th and 18th centuries

Euclid’s Geometry is now studied by all the well educated boys. Charles Perrault (1628-1703), a writer
latercelebrated for his Tales (Contes), found inspiration in it. At the age of thirteen, he wrote a poem

8Cf Audin
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called The Loves of the Ruler and the Compass. In this poem, the ruler (female in french) “of serious bear-
ing, full of majesty, unbending and observing of fairness above all” resists all efforts at seduction by

the compass (male in French), up to the moment when :

-*The compass immediately stood erect on one foot
And, with the other, in turning a large circle traced.
The ruler was overjoyed, and suddenly came and laid herself down
In the middle of the circle, and formed the diameter.
Her lover embraced her, having her at his mercy,
Now extending and now contracting,
And so came to be born from their learned postures

Triangles, squares and a thousand other figures

The mathematicians of this period are also philosophers and talented writers. Above all they pur-
sue research into methods, in mathematics, just as in philosophy. But, in the Parisian Salons, serious

discussions would become freely gallant.

“"Madam---since we are inclined to always mingle the follies of gallantry with our most se-
rious conversation, mathematical reasoning is made like love. You cannot permit the smallest thing
to a lover that you have to allow more afterwards, and that ends up by going a long way. Similarly,
grant the least principle to a mathematician; he will draw you a conclusion from it, that you will
also have to grant and from this conclusion yet another, and in spite of yourself, he will lead you so

far that you will scarcely be able to credit it.”

In this extract we can see the application of a mathematical concept to something else. I will call
this literary process ”conceptual transfer” or “analogy”.

This transfer of mathematical reasoning to amourous seduction is extracted from the Entretiens sur
la pluralité des Mondes, 1686-1687, a work of popularization which is presented as a dialogue between
the author, Fontenelle, and a marquioness. Fontenelle was a philosophe—mathematician, author for
instance, of the ”"Eléments de la géométrie de l'infini”.

Speaking about Pynchon, the literary critic John O. Stark, suggests that “by drawing nonmathe-
matical conclusions from mathematics and by incorporating them into his literary works, he points
out a feature that its technological applications might easily obscure: mathematics is metaphoric be-
cause it describes universals.”

The infinitesimal calculus was doubtless still too new for non mathematicians to take up, but
the infinite inspired awe and wonder in everyone. So much so that they dedicated poems to it in
their mathematical works, like Jacques Bernoulli, in connection with the summation of infinite series
(written in latin before 1689)°. We can notice the geometrical structure of the poem: parallelism and

symmetry.

Translated from latin in Struik D.J., A Source book in Mathematics, 1200-1800,Harvard University Press, 1969.
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Just as a finite little sum embraces the infinite series
And a limit exists where there is no limit
So the vestiges of the immense Mind cling to the modest body
And there exists no limit within the narrow limit
O say, what glory is to recognize the small in the immense!
What glory to recognize in the small the immensity of God

We find commonly, at this time, the algebraic analogy between finite and infinite justified in math-
ematics by mean of Metaphysics. For example, Newton, in (De Analysi per Aequationes Numero Termi-
norum Infinita), published in 1711, but which circulated from 1669.)

And whatever the common Analysis performs by Means of Equations of a finite number
of Terms (provided that can be done) this new method can always perform the same by means of
infinite Equations. So that I have not made any Question of giving this the name of Analysis likewise.
For the Reasonings in this are no less certain than in the other, nor the Equations less exact; albeit

we Mortals whose reasoning Powers are confined within narrow Limits, can neither express, nor so

conceive the Terms of these Equations as to know exactly from thence the Quantities we want.

Conversely, the philosophical and apologetic work of Pascal (1623-1662) is often underpinned
by mathematical concepts. For example, he transfers the notion of calculation of probabilities to reli-
gion, with his famous”Bet” (Pari) concerning the existence of God, and the calculus of the infinite to

the place of man in the world :

For, finally, what is man in nature? He is nothing in comparison with the infinite, and
everything in comparison with nothingness, a middle term between all and nothing. He is infinit-
ely severed from comprehending the extremes; the end of things and their principle are for him
invincibly hidden in an impenetrable secret; he is equally incapable of seeing the nothingness
from which he arises and the infinity into which he is engulfed.

Actually, analogy plays an important heuristic role at this epoch in all matters that touch mathe-
matical infinity. Has all this been successfully swept away by modern, rigorous mathematics? Here
is what the mathematician André Weil thinks (1960)':

There is nothing more profound, all mathematicians know it, than these obscure analo-
gies, these murky reflections from one theory to another, these furtive caresses, these inescapable
contretemps; nothing also gives more pleasure to the researcher. A day arrives when illusion is
dissipated, premonition changes into certitude; twin theories reveal their common source before
disappearing; as the Gita teaches knowledge and detachment are attained at the same time. Meta-
physics has become mathematics, ready to form the material for a treatise whose cold beauty will

no more know how to move us---.

0Complete Works, Volume 2, p.408:
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In the same way still, we see analogies between the calculus of finite differences and
the differential calculus serving as a guide to Leibniz, Taylor and Euler, during the course of
the heroic period during which Berkeley could write, with as much humour as relevance, that
"believers” in the infinitesimal calculus were little qualified to criticize the obscurity of the mys-
teries of the Christian religion, the former being at least as full of mysteries as the other. A little
later, d’Alembert, enemy of all metaphysics in mathematics besides, upheld that the true meta-
physics of the infinitesimal calculus were nothing else than the notion of a limit, in the entries of
the Encyclopedia. If he did not himself, extract all that could be drawn from this, he would be
justified by the developments of the following century; and nothing known to be clearer can be
found today, nor, it must be said, more tedious, than a proper exposition of be elements of the
differential and integral calculus.

Long after mathematicians had settled the problem, writers have continued to confront it. Here is
a more recent example: The Aleph, Jorge Luis BORGES (1945)

“For the rest, the central problem is unsolvable: the enumeration, even if only partial, of an
infinite set [--*] What my eyes saw was simultaneous; what I shall transcribe is successive.
Nevertheless I shall cull something of it all.

In the lower part of the step, towards the right, I saw a small iridescent sphere, of almost
intolerable brilliance. A first I thought it rotary; then I understood that this movement was an
illusion produced by the vertiginous sights it enclosed. The aleph’s diameter must have been two
or three centimeters, but cosmic space was in it, without diminution of size. Each object,

(the mirror’s glass, for instance) was infinite objects, for I clearly saw it from all points in the

universe”11

In the same way that we can speak of analogy, we can speak here of a mental image, or more
sketchily of the imagination. As wrote D’Alembert in the Preliminary Discourse to his Encyclopédie,
(1751):

’ Imagination is not less active in a geometer who creates than in a Poet who invents ‘

The developments in Algebra and in the infinitesimal calculus appear a little later in a curious
work, worthy of a paper all to itself: Le manuscrit trouvé a Saragosse (The Manuscript found in Saragossa)
of Comte Jan Potocki (1761—1815). This erudite, cosmopolitan, fervent admirer of the philosophers
of the enlightenment would have learnt mathematics in order to teach one of his sons. A first (par-
tial) edition of the novel (in French) comes from St. Petersburg in 1805. Partial manuscripts multiplied.
They were lost, translated or plagiarized and the most complete version dates from 2006'2. A crowd of
characters appear within a sophisticated structure of interlocking histories. One of them, Velasquez,
is a mathematician-philosopher. Here is a summary of his story, intertwined with lots of others:

The father of the hero, a mathematician, attributes his reverses of fortune to his love of mathe-
matics. He swears that his son will not learn it, but rather learn to dance, which he judges to be more

"translated by Anthony Kerrigan in A Personal Anthology by Jorge Luis Borges, 1967 Grove Press
12If you want to read it, check that you find in your book at least 60 Journées (Days)
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socially useful. But our hero cannot remember the simplest type of dance, as “there is neither gen-
erating rule nor formula to memorize the different figures”! To punish him, his father shuts him up
in a storehouse. It is thus (I summarize in modern language) that by beginning counting the square
panes in the windows, he discovers the usefulness of multiplication, and its commutativity (for the
integers). Continuing with fractions of squares, he discovers the distributivity of addition and mul-
tiplication. Moved, his father allows him to continue and proposes different cases to him, even with
the lines of the squares “infinitely small”. In the end, his father exclaims to himself “Oh my god, look
at it, he has discovered the binomial law, and if I let him, he will guess the differential calculus.”

The father then lets him have access to “The Universal Arithmetic of the Chevalier Don Isaac
Newton”. The study of mathematics continues in full swing, right up to the night when his aunt
Antonia comes to see him “almost undressed” under the pretext of making him teach her geometry.
Velasquez begins by docilely showing her the first two propositions of Euclid. Antonia is vexed and
replies “So has geometry not taught you how babies are made.” This launches Velasquez into a deep
reflection on the way “to apply the calculation to the entire system of nature”.

In order to refresh his spirits, he leaves on a journey, but lost in his thoughts and his writing
materials, he finds himself surrounded by hostile nomads. He offers a ransom, but the sheik takes him
for a madman, and so protected by God, and puts him back on his way. What consternation for our
hero: “What's that? I say to myself, following the tracks of Locke and Newton, I would have arrived at
the furtherest reaches of human intelligence, applying the principles of calculation one after another.
I would have secured several steps into the abyss of metaphysics, and what comes back to me? To
be numbered among the mad, to pass for a degraded being who no longer belongs to humankind.
Perish the differential calculus and all the integrations to which I had attached my fame”.

Reassure yourselves, the calculus remains alive in the novel, and the young man will learn how
babies are made. In the course of these encounters, and with much humour, Velasquez will present
many conceptual transfers to us. Here are several themes I have noted in the order of their appearance
in the book (divided into days):

* 18" day: The law of falling bodies on an inclined plane; the solution of a complicated arithmeti-
cal problem.

* 19" day: “Women cannot understand the first elements of science”; quarrels (the Bernoulli
brothers, the isoperimetric problem, Jean Bernouilli and the Marquis de 'Hopital, Newton and
Leibniz).

* 20" day: A selection of conceptual transfers: the increase in impatience is in inverse proportion
to the square of the inertia of the person concerned; the pursuit of happiness compared to the
solving of equations, some with imaginary roots; the question of love “goes back into maxima
and minima and the problem can be represented by a curve”.

» 2274 day: The representation of human actions and passions by geometrical figures.

* 237 day: The story of our hero (the counting of panes); the hero discovers how to use the loga-
rithmic tables of “Baron Napier”; Antonia’s attempt at seduction and what follows from: it.

e 25 day: From the quadrature of the circle to the quadrature and rectification of curves. Isochrones;
women’s bodies and osculating curves.

* 29'" day: The analogy between the structure of a novel and of infinite series; the designation of
unknowns by letters in algebra.

* 32! Day: The analogy between the structure of a novel and recursive relations.
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* 33"? day: The analogy between love/hate, the rule for signs and the binomial formulae: “Yes,
my dear, the binomial formula, invented by Chevalier Don Isaac Newton, must be our guide in
the study of the human heart as in all calculations.”

* 37" day: Velasquez’s ideas on religion, the infinitely small and the infinitely large.

o 39t day: Abstraction and deduction; ideas and the senses; “the difference between minds is in
the quantity of images and in the facility of combining them; effective calculation of combina-
tions.

* 415" day: A proof by calculus that a lake is a crater lake.

e 45 day: The curve of human life.

This type of work is really exhilarating, above all for a historian of mathematics. The author had
learned mathematics in order to teach it to his son. He does not explain mathematics, but causes
us to reflect on this subject (among lots of other subjects), while mixing up the transfer of concepts
with much humour. Finally, the construction itself refers back to the mathematics involved, and more
generally to the multiplicity of points of view, which is a useful tool in mathematics.

I would like to mention two novels of the 20" century, Ratner’s Star by Don Delillo (1976), where
mathematics operates simultaneously in the structure and in the themes, and Brazzaville Beach (1990)

by William Boyd, with a lot of recent mathematical subjects and analogies.'®

Fifth stop : From the old to the new world, the XIXth century

The teaching of mathematics has spread more widely. The literary fashion is to express oneself, and
the authors willingly recount how they are inspired by mathematics (or their teachers). This brings
new elements onto the trail of the image of mathematics and mathematicians in society.

Here is the young Stendhal in his autobiography The life of Henry Brulard, 1836

“In my opinion, dishonesty was impossible in mathematics [-**]. I worked that out when I became
aware that no-one could explain to me how it happened that (— x — = +)? . My teacher replied “..

my son, you will understand that later””

And the young Daniel Deronda in Daniel Deronda, by George ELIOT, 1876 :

“[Daniel] applied himself vigorously to mathematics, and the favourable opinion of his tutor de-
termined him to try for a mathematical scholarship in his second year. But he felt a heightening
discontent with the wearing futility and enfeebling strain of a demand for excessive retention and

dexterity without any insight into the principles which form the vital connection of knowledge.”

Poets speak of it with greater exultation!

3Cf Michel-Pajus A. & Spiesser M., HPM 2004



Anne MICHEL-PAJUS

495

Victor HUGO, Contemplations, 1831

[--] I was then tortured by mathematics.

I was wrung from wingtip to beak ,

On the frightful rack of X and Y ;

Alas, I was whacked under the maxillary bones.
By the theorem adorned with all its corollaries.
Geometry! Algebra! Arithmetic! Zone

Where the invisible plane cuts the indistinct
cone,

Where the asymptote searches, where the hy-
perbola flees!

Crystallization of the night

Sea where the polyhedron is the frightful
madrepore ;

Where the universe evaporates in calculations
Where the vast and sparse fluid filling all

Is no more than an hypothesis, and trembles and

dissolves [**]

Isidore DUCASSE( Comte de Lautréamont)

The songs of Maldoror, 1869

« O austere mathematics, I have not forgotten
you, since your learned lessons, sweeter than
honey, filtered into my heart, like a refreshing
wave. [***]

Arithmetic! Algebra! Geometry! Grand Trinity!
Luminous triangle! Who does not know you is
insensible. ! He deserves to undergo the ordeal
of the greatest tortures; for there is blind con-
tempt in his ignorant carelessness; but one who
knows and appreciates you is worth no less than
the goods of the earth; satisfied with your joy-
ful magic; and carried on your dark wings, de-
siring nothing more that to ascend, in weight-
less flight, in constructing an ascending helix, to-
wards the spherical vault of heaven.[--:]

A particular discovery shook writer’s minds: that of non-Euclidean geometries. Reversing the ar-
gument of the infinitesimal calculus, Ivan Karamazov concludes that, since he cannot comprehend
a non-Euclidean universe where parallel lines can meet, he cannot comprehend that which concerns
God. (The Brothers Karamazov, Fyodor Dostoevsky)

“But you must note this: if God exists and if He really did create the world, then, as we all
know, He created it according to the geometry of Euclid and the human mind with the conception
of only three dimensions in space. Yet there have been and still are geometricians and philosophers,
and even some of the most distinguished, who doubt whether the whole universe, or to speak
more widely, the whole of being, was only created in Euclid’s geometry; they even dare to dream
that two parallel lines, which according to Euclid can never meet on earth, may meet somewhere

in infinity. I have come to the conclusion that, since I can’t understand even that, I can’t expect to
n14

understand about God.

In the works of Edgar Allen Poe, the mechanics of thought are a fundamental theme. The faculty
of analysis is carried to its highest point in Detective Dupin. For him it surpasses that which is called
mathematical analysis, since this one functions solely by calculation: “to calculate is not in itself to
analyze.”!> While human analysis takes into account a multitude of balanced facts through a calcu-
lation of probabilities (the more improbable a fact is, the more important it is) and, above all through
the possibility of “entering into the mind of an adversary”, a “pure machine” is not able to do this.
In Maelzel’s Chess Player (1836), he deduces mathematically that an automaton supposed to be playing
chess is, in fact, a hidden human being, from the fact that it is impossible for a machine to be able

“Translation from the website : http: //fyodordostoevsky.com/etexts/the_brothers_karamazov.txt
15The Murders in the Rue Morgue, Poetry and tales, New York, Library of America, 1984, p.39
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to play chess. “It is quite certain that the operations of the automaton are regulated by mind, and by
nothing else. Indeed this matter is susceptible of a mathematical demonstration, a priori.”

This statement is astonishing for us. It arises from the fact that Poe takes for his model Babbage’s
Machine. (These one was never constructed, however, it was described in The Southern Literary Mes-
senger, in July 1834). Here is his proof:

“Arithmetical or algebraic calculations are, from teir very nature, fixed and determinate.
Certain data being given, certain results necessarily and inevitably follow. These results have
dependence upon nothing, and are influenced by nothing but the data originally given. And the
question to be solved proceeds, or should proceed, to its final determination, by a succession of
unerring steps liable to no change, and subject to no modification. This being the case, we can
without difficulty conceive the possibility of so arranging a piece of mechanism, that upon starting
it in accordance with the data of the question to be solved, it should continue its movements
regularly, progressively, and undeviatingly towards the required solution, since these movements,
however complex, are never imagined to be otherwise than finite and determinate. But the case is
widely different with the Chess-Player. With him there is no determinate progression. No one

move in chess necessarily follows upon any one other. From no particular disposition of the men at
716

one period of a game can we predicate their disposition at a different period.

If Edgar Allen Poe could not imagine that a machine could be programmed to incorporate new
data, such as the position of pieces on a chessboard, as they arose, it is because he is a prisoner to
the image of a machine as envisaged by the state of science of his time. This vision of a machine, tied
blindly to strictly deterministic acts, is found again in his Essay The Philosophy of Composition (1846),
where he explains that his celebrated poem, The Raven “emerged from a deliberate and conscious

process that progressed with the precision and rigid consequence of a mathematical problem”."”

The end of the voyage

Our voyage is going to come to an end at the threshold of the XXth century. It seems to me that
mathematics is more and more fashionable in literature, cinema, and in TV series. This shows that
mathematics play a role in the culture and the real life. One may like or not like the image of mathe-
matics or of mathematicians which is portrayed. If these fictions lead the young to do mathematics, so
much the better! If a coating of honey lets them take it up with more pleasure or creativity, so much
the better! But the essence and the beauty of mathematics remains enclosed in mathematics itself and
I do believe that a firm and competent hand will always remain indispensible to guide and encourage
learners on the paths leading to it.
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ABSTRACT

The formula of finding the volume of a sphere was discovered independently in China and
Greece. It was well-known that Archimedes of Syracuse (287?-212? B.C.) discovered and proved
the formula of finding the volume of a sphere by comparing spheres with right circular cones and
circular cylinders. Credited to LIU Hui’s (FI#l, 225?-295? A.D.) commentaries on Jiu Zhang Suan
Shu (JLE 5T, or Nine Chapters on the Art of Mathematics), ZU Geng (#Hi, 480-525 A.D.) also
found out the same formula by comparing spheres to a special solid called Mouhefanggai (%2477
%), which is also known as Bicylinder Steinmetz Solid named after Charles Proteus Steinmetz in
late 19th century. While understanding the formula of finding the volume of a sphere is included in
Hong Kong’s Mathematics Curriculum in Key Stage 3, i.e. junior secondary education, it is worth-
while to compare the mathematical methods used in the discoveries and study the possible impact
to students’ development in the ability to ‘think mathematically’.

1 Introduction to Archimedes and Liu’s work

In the scope of the history of mathematics, Archimedes and LIU Hui were two giants in Greek Heritage
and Confucian Heritage cultures respectively. Though little of their lives were known, some of their
works were remained. In this article, three classical texts, namely The Method of Archimedes Treating of
Mechanical Problems—To Eratosthenes and On the Sphere and Cylinder, Book 1 by Archimedes and Liu’s
Commentaries to Jiu Zhang Suan Shu (JU & FAH12173) would be particularly mentioned and discussed.

1.1 Archimedes’ works

Discovering the formula of finding the volume of a sphere was one of Archimedes’ proudest achieve-
ments in mathematics that legend told that Archimedes requested that a diagram representing the

“First Author
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relationship between the volume of a sphere and that of a cylinder be sculpted on his tomb stone. Up
to date, two different proofs to the formula by Archimedes were remained in the mentioned texts.

In the treatise to Dositheus in On the Sphere and Cylinder, Book 1, Archimedes demonstrated a rig-
orous proof in the standard of classical Greek geometry. Using the concept of reducio ad absurdum and
the method of exhaustion, Archimedes deduced the volume of a sphere from its surface area.

On the other hand, in the rediscovered text by Heiburg in 1906 of The Method of Archimedes Treating
of Mechanical Problems—To Eratosthenes, an innovative approach of using a lever system to derive the
volume of a sphere directly from the volumes of a cone and a cylinder was introduced.

Sir Thomas L. Heath’s edition in The Works of Archimedes and The Method of Archimedes were referred
in this article in the discussion of Archimedes works.

1.2 Liu’s works

His commentaries to Jiu Zhang Suan Shu were most of Liu’s remaining works. However, it should be
highlighted that Jiu Zhang Suan Shu was already a classical text to the contemporary of Liu. Containing
246 arithmetic application problems and the numerical solutions, and 202 Shu’s (#7, or algorithms),
the year of compilation of [iu Zhang Suan Shu could be traced as early the Han Dynasty in the first
century A.D.

In the original text of Jiu Zhang Suan Shu only included the numerical solutions and the algo-
rithms to the problems. Liu’s commentaries were great treasures in the development of mathematics
in Confucian Heritage Culture because his commentaries provided the mathematical reasons on how
the algorithms could indeed solve the problems stated which were also the important sources for the
successors to decrypt this major classical mathematical text in ancient China.

In Chapter 4 of [iu Zhang Suan Shu, a problem was stated to find the diameter of a sphere given
its volume. The algorithm in the book implied that there had been a formula in finding volume of a
sphere. However, Liu pointed out that the formula was wrong and disproved it by a cleverly designed
counter-example. Though he could not derive a correct formula, his contribution was followed by ZU
Geng about 200 years later and completed the search of the formula of finding the volume of a sphere
in ancient China.

In this article, Liu’s Commentaries to Jiu Zhang Suan Shu referred to the edition in Qin Ding Si Ku
Quan Shu (8k5€ WY Jii 4= 3, or Imperial Collection of Four Treasures) compiled in Qin Dynasty in 18th
century. In this edition, besides Liu’s commentaries there were also additional remarks given by LI
Chunfeng (Z¥2 )8, 602 — 670 A.D.) who had recorded the completion of works by Zu.

2 The approaches to find the volume of a sphere

In the following section, mathematical details will be discussed briefly. The article did not intend
to give the complete proofs, but some mathematical insights would be highlighted as the points for
further discussion in Section 3.
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2.1 Archimedes’ ‘mechanical proof’

Stated as Proposition 2 in The Method of Archimedes Treating of Mechanical Problems, Archimedes first
considered three solids: a sphere; a cone with height the same as the diameter of the sphere whereas
the diameter of the base doubled that of the sphere and a cylinder of same base and height to the
cone.

Next, he compared the areas of the cross sections of the solids parallel to their bases. Cut the solids
at the same distance from the top of the solids along the height. One could prove that the ratio of the
area of the cross section of the cylinder to the sum of the area of the cross section of the cone and the
sphere is equal to the ratio of the height of the solids and the distance that was fixed. Denote A(X, h)
as the area of the cross section of solid X at distance h from the top of the solids, one could derive the
following:

A(Cylinder,h) x h = [A(Cone, h) + A(Sphere, h)] x 2R

where R is the radius of the sphere.

The most interesting part of this proof was that Archimedes treated the above expression in a
way analogous to the weight (i.e. force) and the moment arm. Hence, he ‘balanced” the weight of the
cylinder to the cone and the sphere with an aid of a lever system. It should also be noted that the
moment arm of the side of the cone and the sphere was fixed but that of the cylinder varied as the
distance of the cut.

Lastly he treated all these circles as thin slides that would add up to the solids. With proper ar-
rangement (the cone and the sphere placed vertically at the distance of 2R away from the pivot on
one side and the cylinder placed horizontally along the lever from the pivot to the distance of 2R on
the other side), one could find out the volume of the sphere by considering the position of the centre
of gravity of the cylinder, which lied on the position which was at a distance of R from the pivot.

2.2 Archimedes’ ‘formal proof’

In On the Sphere and Cylinder, Book 1, Archimedes somehow extended his idea on finding the area
of circle by comparing the area of the inscribed and circumscribed regular polygons. For the case of
sphere, he compared the solid of revolution of the inscribed and circumscribed regular polygons.

Archimedes claimed that the volume of a sphere was four times of the volume of a cone with the
base equal to the greatest circle and height equal to the radius of the sphere. To prove the claim, he
constructed two regular polygons with sides of 4n. One of which was inscribed in the greatest circle
of the sphere whilst the other circumscribed the circle. With a suitably large n, one could control the
ratio of the sides.

Moreover, with the similarity property of the solids of revolution of the polygons, one could ac-
quire the ratio of volumes of the solids as the cube of the ratio of the sides. Archimedes then went on
using reducio ad absurdum to remove the possibility that the volume of a sphere was greater or smaller
than four times of the volume of a cone with the base equal to the greatest circle and height equal to
the radius of the sphere.

'Heath, T. (ed.), 1912, The Method of Archimedes: A Supplement to the Works of Archimedes 1897, Cambridge: the University
Press, pp. 18-21
2Heath, T. (ed.), 1897, The Works of Archimedes, Cambridge: the University Press, pp. 41-44.
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Even though the proof was logically sounded, one would be aware that if Archimedes did not
know the exact ratio between the volume of a sphere and that of a cone, the proof would have broken
down because it would be impossible to choose the number n to control the ratio of the sides. Hence, it
was reasonable to believe that Archimedes did find out the method of finding the volume of a sphere
somewhere before he worked out a formal proof in On the Sphere and Cylinder, Book 1.

2.3 Liu’s work and Zu’s completion®

In the last question in Chapter 4 entitled “Shao Guang” (/b %, or “The Study of Unknown Breadth”), it
stated “Given a sphere with volume 4500 units, find the measure of the diameter” (5 H P4 T A H
R, FRIOAZ B £ #£47T). The provided algorithm to the solution was (1) Multiply 16/9 to the volume (
BRI+ /<7 2 Ui —); and then (2) take the cubic root of the product (AT 5557 /72 CIEIER).
In other words, the formula of finding the volume of a sphere could be rearranged as:

V= %CF’ = %m«i‘
taking 7 equal to 3, which was a common practice in ancient China.

Liu gave a possible reason on the formulation of the above relation by considering a sphere which
was inscribed by a cylinder and the cylinder was inscribed by a cube. He believed his precedents
took the cross sections at the greatest circle of the cube horizontally and vertically and compared the
sphere to the cylinder and then the cylinder to the cube. The following table illustrated the shapes of
the solids:

Horizontal cross section | Vertical cross section
Sphere | Circle Circle
Cylinder | Circle Circumscribed square
Cube Circumscribed square Circumscribed square

Since the cross sections of the sphere and the cylinder were in one way the same and in the other
way a circle to its circumscribed square, meaning that the ratios of cross section areas were 1 : 1
horizontally and 7 : 4, or 3 : 4, on vertically. Multiplying, the ratio of volume between a sphere and a
cylinder was hence 3 : 4. Similarly, the ratio of volume between a cylinder and a cube was also 3 : 4.
The product of these ratios deduced that the ratio of volume between a sphere and its circumscribed
cube was 9 : 16.

Liu was well aware the logical loopholes of this argument: the cross sections of the solids were not
necessarily always touched each other but the cross section of a sphere must lie in the interior of that of
the cylinder, and that of the cylinder must also lie in the interior of that of the cube. Hence, this method
was an over-estimate of the volume of the sphere. But since approximating 7 by 3 was an under-
estimate, Liu concluded that the formula suggested was just accidentally a reasonable approximation
(& AU/ 2 AR AR L E AR L)

He went on to construct the special solid Mouhefanggai which circumscribed a sphere to demon-
strate that the estimation was better in estimating Mouhefanggai than the corresponding sphere.

3LIU Hui, LI Chunfeng (eds.) (BI#iE, 250 J83:82), Qin Ding Si Ku Quan Shu: Jiu Zhang Suan Shu.
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Given a cube with side length d, its inscribed Mouhefanggai was constructed by the perpendicular
intersecting surface of two cylinders of diameter d, i.e. the segments of axes of the cylinders with end
points at the bases were perpendicular bisectors to each other. Hence, the shape of all the cross sec-
tions of Mouhefanggai in the direction perpendicular to any one of the axes were all circles of diameter
d whereas that of the cube were all squares of side length d. Therefore, Liu claimed that the approx-
imation method was more suitable for finding the volume of Mouhefanggai instead because the cross
sections really touched each other everywhere along the axes. However, since a sphere was inscribed
by Mouhefangguai, the approximation was an over-estimate to a sphere (Il AL/ % H).

Noted that if one considers all the cross sections of the sphere and Mouhefanggai in the plane
parallel to the plane containing the axes of cylinders in the construction of Mouhefanggai, all the cross
sections of Mouhefanggai were the circumscribed squares of the cross sections of the sphere which were
circles everywhere along the axes. Hence, Liu pointed out that the exact ratio between the volume of
a sphere to the corresponding Mouhefanggai was 7 : 4, or approximately 3 : 4. However, Liu failed to
discover the method of calculating the volume of Mouhefangguai.

It took two hundred years to completely solve the problem in Zu. Zu” works were almost lost. The
only remaining results were remarked by Li in Jiu Zhang Suan Shu. Zu was recorded to be the earliest
mathematician to state explicitly the ZU’s Axiom (B [BO7 RS , #F2ALR , AR EL), or known
as Cavalieri’s Principle.

Instead of directly found the volume of Mouhefanggai, Zu picked out one-eighth of Mouhefanggai
and the cube and studied the difference of the cross sectional areas of the cube and the part Mouhe-
fanggai along the the plane parallel to the plane containing the axes of cylinders in the construction of
Mouhefanggai. He figured out that the difference was equal to the cross section of an inverted square
pyramid with base length and height of d/2 at the same height. Hence, he found out the volume of
Mouhefanggui by subtracting the volume of pyramid from the cube and also completely discovered
the precise formula on finding the volume of a sphere.

3 How do these related to students in secondary school?

Without any knowledge of calculus for students in Key Stage 3 in Hong Kong who need to understand
and use the formula of finding the volume of a sphere4, it is important for teachers to explore the
means to account for the formula. It is thus reasonable to study how the formula was originated and
how can such historical findings be integrated in students’ learning. Three approaches have been
discussed. In this section, some comparison will be made in terms of the cultivation of students’
development of ‘mathematical mind’.

One may begin with whether the discovery of the volume of a sphere cohered with the geometric
intuition. Interestingly, Archimedes and Liu both adopted the use of ratio to represent the volume of
a sphere, though the objects of comparison were different.

In Archimedes” “formal proof’, solids of revolution of the inscribed and circumscribed regular
polygons were compared with the sphere. Such comparison is natural because it is visually well ac-
cepted that a circle can be infinitesimally approximated by a regular polygon. Most students might

*The Curriculum Development Council, 1999, Syllabuses for Secondary Schools: Mathematics (Secondary 1-5), Hong Kong:
The Education Department, p. 20.
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have been equipped with similar techniques on finding the area of a circle which they were usually
taught to approximate the area of sectors by the area of triangles.

However, the major difference between the treatment of the area of a circle and the volume of a
sphere is that it is easy to rearrange the triangles in a way that students could easily find the area
by simple calculation, but finding the volume of the solid of revolution is somehow as difficult, if not
more, as calculating the volume of the sphere directly to students. Indeed, Archimedes did not directly
calculate the volume of the solid of revolution either. Instead, he planned to complete the proof with
more than 20 propositions which pointed to transform the solid of revolution into an isosceles cone
of the same volume with known base and height. The procedure was far more complicated than the
case of finding area of circles.

On the other hand, Archimedes reached the finish line on finding the volume of a sphere in a much
faster way with the aid of a lever system. Not entirely mathematically, it is worthwhile for students to
experience that one can ‘borrow’ the idea in the fields of studies other than in mathematics to solve
mathematical problem. The starting point of formulating this approach might be a simple geometric
observation that in the following figure, AABC was similar to AADB:

A

where ABC is a circle with diameter AC, and BD perpendicular to AC. Then it is easy to come to
the relation AD? + BD? = AC - AD. And the most intelligent part was how Archimedes transformed
the lengths stated in the relation to a physically sounded setting for the lever system. Though the
transformation of the sides was quite artificial, it may give some insights for students to read through
a basic geometric property to solve a more complicated situation.

Compared with Archimedes” approaches, Liu and Zu'’s approach relied on another geometric in-
tuition, namely Zu’s Axiom. Liu and Zu studied the sphere by the set of cross sections like Archimedes
did in his ‘mechanical proof’. The shape of Mouhefanggai was unfamiliar, but obviously Liu con-
structed it in the sense of refining an approximation. Knowing the limitation of the approximation
given in Jiu Zhang Suan Shu, that a cube or a cylinder was too large to touch the sphere, he refined
the shape of inscribing the sphere by intersecting another cylinder in another direction with the con-
sideration that a cylinder touched a sphere at the two end points of the small circles other than the
greatest circle. Hence, the intersections of two perpendicular cylinder touched the sphere as a square
circumscribed a circle.

The idea of refinement was important in mathematical studies. Students in secondary schools
might have an illusory thought that all mathematical problems could be solved directly starting from
the very beginning, and if one could not solve the problem in such a way he/she failed in the whole
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problem. Students could be demonstrated with such an example that in the history of mathematics,
mathematical breakthroughs were highly valued even though such breakthroughs may not solve the
entire problem. Since most of the mathematical contents in the Mathematics Curriculum in Hong
Kong are well developed mathematical facts and the emphasis on the process of development of
mathematics is yet to be put, more accounts on the mathematical achievements in different stages in
the history of mathematics could plant the humanity root back to students rather than considering
mathematics as an artifact.

Zu’s work demonstrated another advanced way of thinking. The idea of observing the exterior of
Mouhefenggai was another breakthrough in attacking the problem. It is also a vital technique that a
student in mathematics should be well equipped with, and it is another way to transform a mathe-
matical problem to another ‘solvable’ problem. By a wise application of Gou-gu Theorem (2 i & ),
or Pythagoras Theorem, Zu related the difference of areas of two squares with a third one. Zu’s work
could serve as a demonstration on inter-relating various mathematical knowledge.

Educationally, the three approaches were both valued means in demonstrating how a mathemati-
cian attacked a mathematical problem with diverse emphasis. Studying across different approaches
to the same problem by comparison and contrast could create a more comprehensive mathematical
view. It is note-worthy that finding the volume of a sphere is just one of the remarkable examples
in the history of mathematics. More similar comparative studies can be done to enhance students’
development in ‘thinking mathematically’.

4 Conclusion

What Archimedes, Liu and Zu had accomplished elegantly demonstrated the transition from intu-
ition to abstract mathematical concept in different angles. The inclusion of these historical significance
may interest students in mathematics to explore the development of mathematics in a humane and
comprehensive way instead of learning mathematics through mechanical calculation. The mathemat-
ical ideas, the historical perspectives and the pedagogical measures should enhance each other in the
long journey of developing a mathematical mind.
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ABSTRACT

In this study, we consider perspective drawing of the West and East. In particular, we are pay
attention to the Western perspective (one point perspective), and the Eastern perspective(multi
point and parallelism) Moreover, we research the reason: why the Western perspective drawing
had not developed after its drawing was introduced in the East?

Keywords: Key words: math, art, one point perspective, perspective drawing, Western perspec-
tive, multi point perspective, parallelism perspective, projective geometry,

0 Introduction

We know that Ancient Greek math with logical geometry of deductive system had developed proofs,
on the other hand the East Chinese math with calculate skill was developed by administrative man-
agement. Because Euclidean geometry’s proofs systems was developed to persuade every mathe-
maticians, and the East Chinese math proofs systems was not serviced in math. It was studied only
measurement for national land and king’s reign. In this study, we are going to pay attention to per-
spective drawing of the West and East. Also we consider issue: Why the Western perspective had not
developed in the East?

1 Difference way of thinking in the West and East

Why one point perspective drawing was developed in the West? The Western people want to free
away from the monotonic Medieval times paintings, and to acquire more realistic and 3-dimensional
paintings. We can find the change from multi vanishing points to one vanishing point in the pictures
of painter such as Duccio, Dieric Bouts and Leonardo da Vinci. The perspective is exact mathemati-
cal ratios in only one 3-dim space. Finally, Renaissance perspective artists had developed projective
geometry. What is the influences of perspective in the West? Western people have had some self-
concentrated thinking, so point of view is just my eyes. In Chinese culture, people have a philosophy
such as theory of Bulgazi: It means that mankind couldn’t understand the reason and principle of the
world. Their point of view is long distance far away from me. In the East, Chinese artists had used
parallelism and multi vanishing points in their drawings. Figure 1. is a wall painting of tunnel in Don-
huang where the Chinese west cities. There are many vanishing points that located in the central line.
Figure 2. is a parallelism drawing of Chinese in 17hcentury. So I think that one point perspective is
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a influence of European individual personality: Subjective self-consciousness is strong. On the other
hand, many vanishing points and parallelism drawing is a unique Eastern way of thinking: Human
could not understand the nature and universal principle, and human is only a part of nature.

2 Western perspective was introduced to China

In 1601, a missionary Matteo Ricci of Society of Jesus, arrived at China with 3 holy drawings and sev-
eral books. Then the Western perspective was introduced Chinese court painters. An Italian painter
and missionary, Castilione had taught to Chinese court painters about perspective and shading in
painting. Hence they added perspective to Chinese traditional painting style. Actually, in 11" cen-
tury, there was a unique Chinese perspective: artist Kuo Hsi invented Samwon-Bub i.e. High Per-
spective, Deep Perspective, Wide Perspective. This Chinese perspective drawing was introduced to
Korean artists(Figure 3, 4, 5). In 1698, a priest Giovanni Gheradini had painted some wall pictures
and ceiling painting of Beijing Sanctuary. Moreover, in 1735 Chinese artist Yeon(%f- 7y &) translated
a book "Method of Perspective; which had written by Baroque artist Andrea Pozzo. The book was
published in the name of "Sihak; : It means theory of seeing.

3 Why the Western perspective was perished from China?

Figure 6 is a Chinese famous painting of some spring evening party in the garden of peach flower.
The Western perspective was a little bit accepted. But not perfect! Even though some missionaries
of society Jesus had introduced and taught the one point perspective into Chinese people. But the
Western perspective had not set up and then perished. Firstly, those missionaries were banished by
Portugal. Secondly, I think because of absence of geometric proofs. On the other hand, in the West,

9th

the perspective had become a great paradigm of art history until 19™ century.

4 The Western perspective landed into Korea

In 1636, Korean prince Soheon received the Western drawing of God from Adam Schall at Beijing. In
1720, a noble man Lee Keeji wrote an essay for Beijing: "Essay of Western Painting; . In 1765, math-
ematician and scholar Hong Dae-yong visited Beijing and then discussed with German Hallerstein
and Gogeisl. At that time, He described the characteristics of the Western perspective such as sense
of distance, realistic and stereoscopic painting. In Choson dynasty, Korean scholar and noble man
Hong Dae-yong wrote math book: there were ratio rule, reduction of fraction, measure of area and
cubic volume. But the book had not proofs such as Euclidean geometry. A Choson noble man Lee Ik
had come back to home country with "Element of Geometry; of Matteo Ricci.

In Choson painting, the one point perspective was accepted aggressively. Figure 7 was painted
artist Kang Hee-on. However, the one point perspective was disappeared in Korean drawing.

5 Conclusion

In the 17" century, influenced by a Catholic missionary, Korean and Chinese painters accepted west-
ern perspective. But, its drawing had stayed in a short period of time in the Eastern. In the West
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culture, sprit of proofs brought about perspective notion and then it changed paradigm of art. Finally
it had dominated painting style during several hundreds, moreover it had influenced into Projective
Geometry. On the other hand, in the East(China, Korea), even though the Western perspective was
accepted and applied in their drawing, it was disappeared because of lack of sprit of geometry.
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ABSTRACT

If necessary, we shall review the numerations used by the Mayas and the Aztecs. We will
propose a survey of Mesoamericans’ arithmetic and time calculations. And, we will present and
discuss a main thesis.

The thesis in focus has two major aspects: historical and epistemological. The presentation
will take up and criticize the traditional belief that affirms that Mesoamerican peoples shared the
same type of calendar, the main characteristics of which are the two following: a) this calendar
would have been obtained by the combination of the almanac and of the solar vague year, two
cycles respectively of 13 x 20 days (dated by expressions of the form aX') and of 18 x 20 + 5 days
(which the Mayas dated by 365 expressions of the form aY’, and b) this combination should have
produced, in the Mayan case: a Calendar Round not of 260 x 365 = 94 900 days but rather of only
18 980 days dated (aX,8Y), or, in the Aztec case: an Aztec century of 52 years distinguished
by expressions of the form aX p. From an epistemological point of view, we will survey the why
and how of some historical misunderstandings of the most original creations made by the ancient
Amerindians, and the fact that certain colonial documents asserted that the Indians had a ‘real’
calendar, that is to say a calendar in sync with the annual course of the sun.

In contrast to the thesis b), my second objective is not really a proposition or a conjecture to
be demonstrated, but a presentation of some Mayan and Aztec creations in arithmetic and time
computations. These creations that could advantageously enter the curriculum of the classes of
mathematics to widen educational horizons by teaching students to include, accept and under-
stand the real problem of translation among foreign thoughts and cultures. Certainly, some an-
cient Mesoamerican creations may be taken up directly by mathematics classes, on the condition
that teachers will first be trained in this very uniquely-evolved cultural domain. This, indeed, is a
necessary condition for anyone wishing to avoid both the impulsive projections or interpretations
which led Caramuel (1670) to produce a ‘monstrous hybrid” as called by Herndndez Nieto (1978)
and which led Waldeck (1838) to see elephants on the text of the central panel of the Temple of the
Inscriptions of Palenque.

1 Invitation to look mathematics made outside of the Occidental realm

My presentation invites researchers, teachers and didacticians of mathematics to step outside the dis-
ciplinary monologues and to open the windows of the classroom and of students’ minds to diversity
in the cognitive world.
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1.1 Open your mind

For being mathematically educated is also to be able to escape the routines and to have a free thought,
it is also to know how to reject arguments based on authority or faith. This type of education is ob-
tained by exposing one’ s self to the problems of others, interactively and in proportion to the open-
ness of each to the questions that call out to men of all times, places, cultures and languages. To more
clearly focus on the essential, my presentation is based on the comparative analysis of calendars used
in the Ancient Mesoamerica by Mayan and Aztec peoples. This presentation will examine the regards
cast upon the mathematical practices that were made and unmade outside of the Occidental realm. It
will be shown, in particular, how the Europeans caused, before having even understood it, the loss of
the Mesoamerican expertise concerning calendars and computation. It also gives credence to those,
who, in the Colonial period, claimed to have and to use a calendar that they qualified as “real”, a
calendar that did not lie and did not need to be reset. In doing so, we will discover that a wall of in-
comprehension looms before anyone who engages in a genuinely original or profound thought, even
when it is as simple as a child’ s expression, a student’ s question or a first step into Mayan arithmetic
knowledge.

Inviting the creations of Mesoamerican scribes into math class may contribute to the development
of the capacity to translate and to break down the walls of incomprehension, and it is also an homage
to the memory of the Numbers, the Numerations, the Calendars--- forgotten in the shadows cast by
the expansion of the European Enlightenment.

1.2 Shock between Ancient and New World

When a people conquers another, exploits them and imposes its language and its currency, the cultural
values of the indigenous peoples react brutally to the slightest decisions of the actors engaged in
these historic circumstances. At the beginning of the colonization process, the conquerors deny any
valuation of the immaterial productions of the peoples whom they are in the process of vanquishing,
overcoming and exploiting!. Later, when the atrocities committed begin to be known, voices are
raised denouncing all kind of ethnocide. Often in vain. On the one hand because the mass of the
colonizers will not heed these voices, and, on the other hand, because the weight of time makes it
difficult to see and to admit the existence of ways of thinking which are so radically different.

For this reason, even the most understanding cannot avoid acting in their own self-interest and
finish, like the explorer Waldeck, by hallucinating . *# — f i ;G} _ Ll
elephants while copying the glyphs from the cen- 3§34 iy e
tral panel of the Temple of Inscriptions of Palenque.
Here are two fragments of the panel showing the

glyphs ]2 and H3 respectively drawn by Waldeck S I

" Linda Schele (1942/1998)

and by Schele (an expert in Maya eplgraphy) Jean-Frédéric Waldeck (1766/1875)
Beyond provoking a smile, Waldeck’ s approach bears a lesson: sure of the architectural prowess
of their pyramids, deserted for centuries, but ignoring virtually everything of the prestigious past of

the Mayas who had built them, Waldeck sought to explain their presence and their beauty. A credi-

! If pressed, they sometimes finish by explaining their exactions by providing justifications which are as false as they
are sectarian and partisan: since we are defeating them, their gods have clearly abandoned them, and even if their gods have
fled, it is because their works are the fruit of the devil or of their savage nature. In either case, they must thus be destroyed
and eradicated, and their authors must be punished or educated; in short, indoctrinated or reconditioned.



André CAUTY 523

ble civilizing force was thought to be found in the great African civilization of Egypt. In doing such,
Waldeck placed himself within the small circle of a handful of scholars and explorers who fought
against the doxa of the period which affirmed that Mesoamerican cultures were inferior to those of
the ancient world. And the star civilization of the period was Egypt, following its revelation to the
world through the embarkation of 68 scholars in Bonaparte’s 1799 campaign. In spite of the open
mindedness of Waldeck and of a few other scholars, the Mayas (and the Aztecs) were viewed as sav-
ages or, at best, as half-civilized. The title, Notes on the semi-civilized nations of Mexico, Yucatan, and
Central America by Albert Gallatin (1845) perfectly illustrates the ambiguous, touching and arrogant
nature of these scholars, both sufficiently open to study the facts of indigenous cultures and insuffi-
ciently open enough to grant them the title of “civilized” and to cease describing them as children,
primitives or irrational beings. During the XIX*" century, Mesoamerican values were relegated to
the secondary market of semi-values. Well beneath those of the Greek or Roman classics, and even
inferior to more prized exotic values such as those of the Egyptians or the Chinese.

The same type of incomprehension of the other has been described by Herndndez Nieto (1978)
under the appellation of “monstrous hybrids”. This concept is clearly exemplified by the study of the
works of a Spanish Cistercian of Czech origin, Juan Caramuel de Lobkozitz (1606/1682). Concerned
with “penetrating with an open spirit the arithmetic in use in ancient Mexico”, Caramuel refuted
the erroneous affirmation of Brother Alonso de Molina stating that Aztec numeration did not exceed
8 0002. On the other hand, he also rejected the exact and recognized theory of the vigesimal nature
of Nahuatl numeration. Regarding this, Caramuel presents his own interpretation of the numeral ex-
pressions that he has “manipulated” to the point of perverting the Nahuatl numeration into a purely
quinary system®(base 5 numeration). In other words, Caramuel’ s vision, which is both curious and
benevolent, produced a hybrid — the purely quinary “Caramuelian” system mixes Aztec numerals
and those invented by Caramuel — the parthenogenetic fruit of his solitary manipulation of Nahuatl

numeric expressions?

. Caramuel’ s hybrid is monstrous, first because he fuses groups of numeric
expressions which were conceived and which develop in worlds having virtually no points in com-
mon: a numeration that is both Aztec and quinary simply does not exist. Second, because Caramuel’
s chimeras are still-born which never have had any existence outside the study by H. Nieto (1978) of
the Caramuel’ s manuscript. Otherwise stated, Caramuel allowed himself to be carried away by an
“impulsive interpretation” (Luria;1966).

Incomprehension of the thoughts of others obstructs, via the prejudices it provokes, the work

of scientists, whether that of the epigraphist or the historian. Diego de Landa, one of the very first
framework familiar to him: that of Latin alphabetic writing. Incapable

?Caramuel wrote “but I show that the Aztecs arrived at the number of 31 250, or even further” (p. 93). Limited to 160
000 for the mathematician Geneviéve Guitel (1975).

3“Segtin el sistema defendido por nuestro autor las operaciones serfan todas dentro de un orden quinario, en el cual
cinco rayas darfan una unidad del orden superior, y cada posicién equivaldria a 527 (p. 91).

*Which constitute — in the opinion of all witlessness’ who have testified on the witness stand of History since the
beginning of the Conquest — a vigesimal system of numeration of a “well-organized variety ” in the terminology of Guitel
(1975).

°For the (poor) reason of being able to better combat “idolatry” in the Mayan texts.
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is of the logo-syllabographic type.

Whether called a “monstrous hybrid”, “Waldeck’s elephant”, or even the “self indulgence of
the ethno-X”, the concept reflects not the ineluctable fact of projecting its own frames of reference
and its own forms of knowledge upon the foreign work that it is trying to understand, but rather the
failure to submit all readings and interpretations to systematic and collective criticism, criticism that
is at the least interdisciplinary and interethnic or intercultural.

Whatever the motivations, in face of the Occidental productions, both material and immaterial,
=i " pushed by the Spanish colonists, occasionally the
curiosity and desire of the Autochthones matched
€ adoption. And vice-versa. With the exception that
the inequality which is inherent to the condition of

servitude has strongly limited the transfers in the
Autochthon-European direction to the simplest forms. For example, the inescapable fact that only
the Autochthons are forced to learn the language of the latter. Thus, the Amerindian languages are in
danger everywhere, while in every State of the continent the official European languages have been
enriched over five centuries by a more or less important number of lexicological and grammatical
contributions which, of course, distance them somewhat from the languages of their actual neigh-
bors and ancient metropolises. Today for example, the Spanish spoken in Merida (Yucatan) is not

exactly that spoken in Merida (Venezuela). Nor that you hear in Spain or on the Zocalo of Mexico.
The elements of history of the numerations presented in this talk show that the “soft” form of

colonization is often proved to be more “effective”®in the long term than the brutal form of those
who seek the pure and simple eradication of the Autochthon’ s creations and the death sentence for
their native creators. As I stated in beginning this introduction, the result of a half-millennium of
European colonization is very clear as far as numerations are concerned. The current inhabitants of
Mesoamerica all use’in their day-to-day lives: both the metric system imposed by the Revolutionaries
of 1789 as well as the numeration of decimal position and Indo-Arabic numerals that they exhibit, for
example, on the license plates of the vehicles driven today by certain descendants of the Mayas, the
Aztecs, and others. Otherwise stated, the meeting between the two worlds unleashed a chain reaction
leading to a numerical deculturation — if we may so say — that is nearly complete. A catastrophic
evolution (in the modern sense of determinist chaos theories) which leads to the disappearance of
the vigesimal numerations of two of the great American cultures: the numeration of position of the

®Thus, from a certain point of view, the “soft” is more menacing and dangerous for the indigenous productions. His-
tory should not forget that the Republican institution of “public, secular, free and obligatory” schooling, in France at the
beginning of the XX century, had as a collateral effect the disappearance from the public sphere, in only three generations,
of the majority of regional languages, of which the most vigorous, like Basque or Breton, owe their survival to the force
of will of militants who succeeded in integrating them into the school system and a select few other public spaces such as
radio or TV waves.

"Even the menus at Chinese restaurants note their prices in Indo-Arabic numerals!
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Mayas and the additive numeration of the Aztecs®.

Like the French (and others!) who still know and use upon occasion the numeration in roman
numerals, the Mayas or the Aztecs may still write numbers in the vigesimal numeration of days gone
by, provided that they master the system and know its particularities’. But these numbers in ancient
writings do not leave the context of private or semi-public use, and are prohibited on identity cards,
passports, checks, or again in scientific or technological articles. These pseudo-vestiges thus produced
at present (for instance in the bicultural schools) do not allow a return without risk towards the past,
and suffice only quite imperfectly in the quest for the lost numbers of the Mayas.

For spoken numerations, the current situation is a bit more nuanced, for it also depends on the
linguistic resistance of the Mesoamericans, varying according to the peoples, the circumstances and
the period. Thus, we observe a continuum of multilingual situations which simultaneously confronts
those who only (or only still) speak Spanish with those who speak only one or more Indian languages.
In any case, an indigenous speaker may know all or part of the spoken numeration of the Indian
languages which have evolved!’and which are themselves more or less open to borrowing and to
mixing. The most frequent case at present is to hear mixes in which small numbers are most often
spoken in the Indian language and the greater (especially when they relate to the globalized world) in
Spanish. One reads, for example, in a text relating a marriage ceremony “tehuan quinequi dos ochenta
uan chicuase totolme” or “we want two hundred and eighty pesos (in Spanish) and six turkeys (in
Nahuatl)” (Dehouve;1978:190).

1.3 A brief survey

As they have disappeared, the modern readers can no longer debate face-to-face with the scribes of
the classical period. In order to use the corpus of equations that utilize the lost numbers, the modern
reader may, however, count on the collective capacity of the scholars who discover one by one the
documents left by History, who decipher them and who translate them. It is through them that we
can hope to enter into the cognitive universe — a priori strange and objectively foreign —: the Mayan
Arithmetic Intelligence.

8Tt must be noted that the initial conditions of these two dramas were quite different. On one side, an Aztec Confed-
eration with a centralized political system, hierarchical and strongly bonded by a very ritualized religion. On the other,
dispersed Mayan populations among which one of the principal points in common was the continued divinatory use of
the tzolkin, the “week or year” whose 260 dates allowed thousands of numerological inferences lending themselves to the
acts of divination.

For example, the best known irregularity is that of an 18-month year.

!The proactive formations characteristic of colonial Yucatec, are no longer used (and sometimes no longer even under-
stood) by the speakers of the tens of Mayan languages still practiced.
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_ Our advantage in this race for lost numbers is that our champion, the Mayan scribe
%% of the Classical period, is without contest the only Mesoamerican prior to the meet-
/ ing of the two worlds, who has left a treasure of mathematical vestiges. Sometimes this
remained treasure is petrified in the ruins of astronomical observatories or in the align-
ments of monuments like the Temples of the group E of Uaxactun (Petén, Guatemala).

Sometimes in the mathematical tools painted in the codex in order to serve in the
~ resolution of the problems of the mastering of time. The deciphering of the Dresden
= Codex confirms this observation and reveals certain instruments developed by the
scribes: several systems of written numeration, several calendars, a forest of cycles,

= - a system of units of measurement for time, multiplication tables for all of the cycles,
e
RO 5

ST tables of dates that are invariable by this or that multiple of these cycles.
In order to succeed in their activities, inextricably divinatory | AT PrpLpi
and astronomical, the Mayas needed writing (vase Kerr 1185), |
spaces for discussion and for calculation (vase Kerr 1196), and
diverse arithmetical-calendarial tools such as tables of multi-
ples and tables of dates (Dresden Code p. 24). They also needed
astronomical observations. Before beginning, here are the prin- =
cipal tools of the Mayan astronomer /astrologist: "

1) a spoken numeration of protractive-type

2) alogo-syllabographic writing system (Hoppan;2012)

3) a written positional and vigesimal numeration with zero that distinguishes between the cardinal
and ordinal faces of the integers, and thus opposes the times and dates

4) a vigesimal system of units of time measurement (called the periods, P;): the tun “year” (360-d)
plus the open list of its multiples like katun and baktun, and two submultiples (uinal “month of
20 days” and kin “day”)

5) astronomical observatories

6) a graphic system which produced tables of multiples and charts of dates
7) four intertwined calendars, namely:

a. the Long Count, CL, theoretically open and isomorphic to the set of natural numbers, which
dates the day by their distance ) (c;P;) at the origin of Maya chronology (the 12/08/-3113 in
concordance GMT with the constant 584 284)

b. the tzolkin “divination week” of 13 x 20 days, which provides 260 dates aX

c. the ha’'ab “solar year” of 18 months of 20 days and 1 rest of 5 days, which provides 365 dates
BY

d. the Calendar Round, CR, which results from the combination of tzolkin and ha’ab, and which
provides 18 980 dates of the form (aX, 3Y")

8) ephemeris to track the phases of Moon and Venus, the return of eclipses--
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1.4 Main thesis: Mayas and Aztecs had different manners of writing dates

Unlike the Mayas, the Aztecs did not have four intertwined calendars. They were using two calen-
dars!!: the first dates the days, and the second serves to identify the years. The first, called tonalpo-
hualli in nahuatl, is the twin of Mayan tzolkin of 260 dates aX. The second is a cycle of 52 dates
aX p that distinguish and define 52 years (forming what it is called the Aztec century, SA) through
the intermediary of an agreement. One particular day, for instance the first day of the first month of
the year, is distinguished and its tonalpohualli date X p is used as the “proper name” of the year. In
other words, that day is, by definition, the day eponymous of the year; it is also said the Year Bearer.

DATE MAYADE TYPE CROU (aX, fF) | DATE AZTEQUE DE TYPE (aX. aXp) OU SA

(chic-ome =35 + 2)

pour Yaxkin
les katun :

Le jour
T Acatl

9-haktun I-katun (date X))

= [0-tun ;  O-uinal

de I'an
8 Acatl

0-kin (date aXp)

i | 6 Aban 73 Yax

Saibe € (Ouaest) de Qulrigea,
Reabal, Gustemnata . 78 Anis 155

Only a detail separates Mayanists and Nahualists. For the former, the Maya calendar contains
exactly 18 980'2 kin ‘days’. For the latter, the Aztec calendar consists of 52 xihuitl years whose total
in days — determined by the type of the year —is supposed to be the same: 52 x 365. A supposition to
be confirmed or invalidated. Showing that the Maya CR of 18 980 days and the Aztec xiuhtlalpilli of
52 years are two different types!'®of calendars, this presentation invites the reader to reconsider the
traditional thesis according to which the sharing of a mutual calendar is a defining trait in the concept
of Mesoamerica (Kirchhoff, 1943).

All Mesoamerican calendars seem to be defined by a common structure of a product determined
by cycles whose root is the combination of an almanac of divination of 13 x 20 days and a vague year
of (18 x 20) + 5 days'*. The calendar expressions in fact combined in the Mesoamerican hic et nunc
are, however, visibly different between the two peoples. Each city followed its own rules for dating
events and distinguishing days.

Common to all Mesoamericans, the ‘almanac’ dates are confirmed'®from the middle of the VIIth
century B.C. until the colonial period. These are expressions of the form X, where a follows a cycle
of 13 successive wholes, and X a cycle immutably ordered of 20 day-glyphs. In other words, a cycle
which is the product of 13 x 20 = 260 dates, established with the order: s(aX) = [s1(a), s2(X)]
where the ‘s’ are the ‘successor’ functions of the cycles being considered.

"Like all peoples, the Aztecs have been subjected to the seasons, to the variations of the received solar energy. They
divided the solar year into 18 months but they did not do an annual 365-calendar and they wrote no date of the form Y
(Cauty:2012).

12GCM (260, 365). Is one fifth of the product tzolkinzha’ab = 94900. It is also 949 uinal ‘months’, 73 tzolkin or 52 ha’
ab. Its double, 2 CR, equals 65 cycles of Venus.

BIn spite of a common origin and important similarities such as those that can be made between the Mayan 52-cycle of
the Bearers and the Aztecan 52-cycle of the Eponyms.

“That is to say: Mayan tzolkin or Aztec tonalpohualli of 260 days and Mayan ha’ ab or Aztecan xihuitl of 365 days.

5The oldest are anthroponyms (Urcid, Pohl and others).
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Nearly absent with the Aztecs, the vague year dates are later and are only clearly attested to with
the Mayas!®. These are of the form 3Y’, wherein 3 follows the cycle (0,19) and Y the ordered cycle
of 18 named!”Months, veintena, of 20 days, and of the named compliment Uayeb. Thus a set of 365
days/dates for the vague year solar ha’ ab, equipped with the orders’ :

s"(BY) = [s3(B),Y] foreach Y # Uayeband B < 19
s'(19Y) = [53(19),54(Y)] = [0,54(Y)] foreach Y # Uayeband 8 = 19
s’"(BUayeb) = [s3(3), Uayeb] for each 3 < 4
s’(4U ayeb) = [s3(4), s4(Uayedb)] = 0Pop

2 The product tzolkin X ha’ab of the Maya and the cycle of Bearers

The CR'®Maya is the ordered product tzolkin x ha'ab whose elements are couples (X, 3Y). The
study of the mathematical properties of the ordered products of ordered cycles has shown (Cauty;2009:20-
30) that the conjunction of three factors!?, along with the fact that 260 and 365 are multiples of the
same number?, has two consequences. First, to limit the number of CR dates to 18 980. And to pro-
duce, in addition, cyclic events?that are resumed by the theorem:

Whatever the integer P, the almanac date of the P! day of the vague year is of the form a X p,
where o follows the cycle of 13 integer almanac dates, and where X p follows a class, modulo 5, of
four X day names.

Each day of the vague year is thus associated with 13 x 4 = 52 almanac dates who characterize it
and succeed one another year after year according to the law: s(aXp) = s(a)s(Xp) = [(a + 1),
(X + 5)]. The value P = 0 distinguishes and defines the 1% day of the 1% month of the Mayan year,
the New Year. Applied to this day, the theorem states, first, that the Mayan New Year is associated
with four®tzolkin X p day names. And, additionally, that each New Year date o X p distinguishes
and defines a ha’ ab year in the group of 52 years that make up the CR. In other terms, the system of
dates aX p supplied a practical meansZ3to distinguish and name the years of a CR: by making a X p
the eponym for the year.

16The 0 Yaxkin of the Leyden plaque (17/09/320 greg.) is among the first evidence of 3Y" dates. The latter, from the Post
Classic, are in the codex (Dresden and Paris).

In colonial Yucatec, for example: Y covers the following (Pop, Uo, Zip, Zodz, Tzec, Xul, Yaxkin, Mol, Ch’ en, Yax,
Zac, Ceh, Mac, Kankin, Muan, Pax, Kayab, Cumku) that closes the compliment Uayeb. To know the date 3Y" of a day is
equivalent to knowing its position 4y in the ha’ ab: the cycle of the ha’ ab dates ordered by s’ is isomorphic to a group of 365
natural integers fitted with the natural order of integers.

8Tts Mayan name is unknown. But its value of 2.12.; 13.0. is established. Mayanists use the expressions: Calendar Round,
Wheel Calendar, Ritual Calendar.

“F1: the rules for formulating the expression composed of dates (tzolkin, ha> ab and CR), F2: the type of enumeration of
the pairs X 3Y, and F3 : the relative position (determinable by the origin date 4 Ahau 8 Cumku) of tzolkin and ha’ ab at
the moment of starting the CR.

*Their GCD 5, greatest common divisor.

ZOccasion to celebrate, each year among the Maya, the change of year Bearer; and every 52 years among the Aztecs, the
Bind