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History and epistemology in the education of mathematics
“¥rom infant school to university”

This summer university had as a goal to supply extra formation to tcachers of mathematics.
This formaiion refers to contents as well as methods of education of mathematics, This sunnmer
university enriched ail participants, because teachers (from infant schoeol to university) as well as
research-workers (in didactics, history or epistemology of mathematics) could exchange views
about the imporlance of history and epistemology. Furthermore (hey could be complementary to
one another in Lhe working-out of lessons of mathematics and education-projecis. This summer
university directed also towards those who are involved in the teacher training of the different
levels.

The history throws light upon different facets of mathematical notions and theories, rheir -
bulent course of lifc and the change they have endured. By this one understands in a better
way which obstacles one has to face during the acquirement of mathematical notions. The
epistemology draws up an inventory of the nature of obstacles that have to be overcome. By
episternological thresholds is meant : the enormous distance between a notion of daily life and
the correspending theorctical concept. These two disciplines -history and epistemology- show
that the argumentation (of an exposition). the thinking about the exactness (precision), the way
of working, the link with other branches (scientific subjects), the prevailing puadigms, evolve
in time.

The necessity of particular intermediate steps dwring the leaming of one or another part of
mathematics can become more clear by the study of history and epistemwology. In this way
history and epistemology are inscparably connected with mathematics, in particular, with “the
act of mathematics™. 1l the education breaks the links between history and mathematics. the
result is poverty, scantiness,

An historical sludy of the origin and evolution of notions and theories. forms an important
source of inspiration for teachers and developers of cricula. On the one side they can draw
upon meaningful examples and contexts to use in the class-room. On the other hand it is inter-
esting for them to know the evolution of the theories that they are teaching. The history should
hold an important place in the initial and continned training of teachers so that future teach-
ers discover for a second time and in another way the subject-inatter. they are familiar with
m principle. The history leads to a reflection on mathematical contents and urges on “doing
mathematies”, All this means “doing epistemology”.

There also exists an epistemological study of the origin and maturing of a notion or theory and
this without referring to history. One can make a study of several phenomena which can be
cxplained by the study of mathemtics or lead (o mathematics: and this with special attention to
the steps of thinking within mathematics, the intermediate steps which cannot be omitted with
impunity and the factors which preveat the maturing of ideas. In this context we refer to the
work of Mach', who has analised in which way (he sensorial perceptions produce geometri-
cal thinking (for example connected with symmetries), Poincaré, Hadamard, Pa]ya?, Gomseth,
Werthcimer?, in hig study of the psychology of the form. Freudenthal®,

"For example in Ernst Mach. Die anafyse der Empfindungen ind das Verhiltnis des Plusischen zutn Paychis-
ehen, first edilion. fena 1886, Or sixih edition, {far more elaborated’) 1911; Or also L'anafvre der sensationr. Le
rappart du physique au psychigue, translated by F. Hggers and 1M, Monnoyer, Fdilions Jacqueling Ciambon,
Nirncs 1996,

*For example in G. Palya, feduction and Analogy in mathematics. Princeton Un. Press 1959,

*¥or exarnple in M. Wertheimer. Productive thinking, Harpers and Biothers, Now York 1943,

*For example in H. Freondenthal, Didacrical phenomenclogy of marhemarical seeacrves. D, Reidel, Dordrechi
1983,




Histoire et Epistémologie dans YEducation mathématique
“De la maternelle i Puniversité”

L université d'éié avait pour objectil de donner une formation aux enseignants de mathé-
matiques, du point de vue des contenus et des méthodes. Elle proposait de tirer parti de la
richesse due 3 la participation conjointe d’enscignants (de la alernelle & Puniversit€) et de
chercheurs (que ce soit en didactique, en histoire ou en épistémologie des mathématiques) pour
discuter I'intérét de 1’histoire et de 1'épistémologic, ot pour exprimer leur complémentasite,
dans élaboration et le vécu de projets d'enseignement. Elle ¢ adressaif aussi aux personnes
charpées de formation initiale ou continuée.

L histoire permet de voir les multiples facettes des concepts et des théories, de leurs avatas,
de leurs mutations. Elle peut sinon expliquer, du moins faire comprendre les obstacles rencon-
tés dans lo maitrse de ces concepts. L'épistémologie inventorie la nature et la raison d'&tre
des seuils (on désigne par le terme senif la distance qui sépare bien souvent une nolion [amnil-
iere du concept ou de la théoric qui lui correspond en wathématiques), Les deux disciplines
montrent Vancrage des objets mathématiques dans des problématiques déterinées, 1'évolution
de la rigueur, des idéologies. des formes du discours, des méthodes, des liens avec d'autres
disciplines; elles posent le probleéme des modéles généraux, ¢ est-a-dire des paradigmes. Elles
peuvent aussi mettre en évidence des passages obligds, incontournables, dans I'apprentissage de
telle ou telle théorie mathématique. En ce scns alors, histoire et épistémologie ne sont pas dis-
sociables de la mathématique, et en particulier de la mathématique en train de se faire. Lorsque
I'enseignement casse las liens de ["histoire avec la mathématique, il y a €riolement.

Létude historigque de la production et de I'évolution des concepts et des théories est une
ressowrce importante pour les enseignants et pour coux qui sont amenés & concevoir des en-
seignements. D'une pant. ils peuvent trouver tels quels (ou presque. - . } des exemples significat-
ifs, des situations 4 exploiter en classe. D' autre part, il est intéressant pour eux dec connaitre les
évolutions marquantes des théorics & enseigner : ¢esten guelque sorte leur culiuge qui est ainsi
cnrichie. L'histoire a une place importante a prendre dans la formation initiale et dans la forma-
tion continuée des maitres : ¢lle entraine ces derniers A découvric antrement une matiére qu'en
principe ils connaissent hien, et 4 se poser de nouvelies questions & son propos; elle améne une
réfiexion sur les matiéres mathématiques, une oceasion de faire des mathématiques. Poser ces
quesiions, ¢'est faire de 1'épisiémologie.

L'émde épistémologique de la maturation d’un concept ou d'une théorie mathématique peut
ne pas fatre référence a I'histoire. On peut €tudier des phénoménes de tous ordres gui se 1é-
solvent au moyen de mithémaligues, qui provoquent, enclenchent une pensée mathématisante,
en 5'intéressant particulirement a I'évolution de cette pensée, A ses passages obligds, 4 ce qui
vient entraver cette maturation. Hiustrons cc propos par quelques noms ; Mach® lorsqu’il anal-
yse commenl les sensations engagent la pensée géometiique (en particulier, en ce qui concerne
les symétries), Poincaré, Hadamard, Polya®, Gonseth, Wertheimer” dans son Etude de la psy-
chologie de la forme, Freudenthal®,. ..

SPar exemple dans Bmst Mach, Die anafvse der Empfindungen und dus Verhdltnis des PRysischen s Pryehis-
chen. premigre édition, Iena 1886, on sixiéme ddition, {beaucoup plus volumineuse) 19115 ou encore L'analyse
des sensations, Le vapport du physique au pyyekigee, waduit par F. Eggers et LM, Moonoyer, Rditions Tacqueline
Chambon, Nimes 1996,

“Far exemple dans G. Polya. Induction and Analogy i mathemarics. Prnceron Un. Press 1959,

Pac exemple dans M. Wertheiter, Productive shinking, Harpers and Brothers, New York 1943,

*Par exemple dans H. Freundenthal, Didactical phenomenclogy of mathematical strucares, D. Reidel, Dor-
dreche 1983,

Geschiedenis en epistemologie in het wiskundeonderwijs
“van klenterschool tot universiteit”

Deze zomerunivessiteit had 1ot doel een bijkomende vorming te geven aan wiskundeleerkoachten.
Deze vorming heeft zowel betrekking op inhoudelijke als op methodische aspecten van het
wiskundeonderwijs. De zomerunmiversiteit was verrijkend voor alle deelnemers omdat zowel
leerkrachten (van de kleuterschool tot universiteit) als onderzoekers (in didactiek, geschiedenis
of epistemologic van de wiskunde) met elkaar van gedachten kunnen wisselen over het be-
lang van de geschiedenis en de epistemologie en elkaar kunnen sanvullen bij het nitwerken van
wiskundelessen en onderwijsprojecten. De zomeruniversiteit heeft zich ook tot diegenen die
betrokken zijn bij de opleiding van leerkrachten van de verschillende niveaus gericht,

De geschiedenis brengt verschillende facetten aan het licht van wiskundige begrippen en the-
orién. hun woelige levensloop en de wijzigingen die ze hebben ondergaan. Hierdoor begrijpt
men beter welke hindernissen in de weg liggen bij de verwerving van wiskundige begrippen.
De epistemologie inventariseert de aard en het waarom van drempels die diensn overschreden
te worden. Onder een (epistemologische} drempel wordt de enorme afstand verstaan die een
begrip uit het dagelijks Jeven scheidt van het overeenkomstige theoretische concept. Deze twee
disciplines tonen hoe de wiskundige objecten geworteld zijn in probleemsituaties en hoe de
vorm van een betoog, het denken over exactheid, de manier van werken, de band met andere
vakgcbieden en hel beersende paradigma alle in de tijd evolueren. De noodzaak van bepaalde
lussenstappen bij het leren van een of ander stk wiskunde kan door de studie van geschiede-
nis en epistemologie ook duidelijker worden. In deze rin zijn geschiedenis en epistemologie
onafscheidelijk verbonden met wiskunde, meer in het bijzonder het “wiskunde doen™. Als het
onderwijs de banden van de geschiedenis mer de wiskunde verbreekt, betekent dit een ver-
schraling. Een historische studie van het ontstaan en de evolutie van begtippen en theoriefin
vormt een belangrijke inspiratiebron voor leerkrachten en curriculumontwikkelaars. Fnerziids
kunnen ze er betekenisvolle voorbeelden en contexten uit putten ot in de klas te gebruiken.
Anderzijds is het voor hen interessant om de evolutie te kennen van de theorign die ze onderwi-
jeen. De geschiedenis zou een belangrijke plaats moeten innemen in de initifle en voortgezette
lerarenopleiding, zodat toekomstige leerkrachten de (in principe vertrouwde} leerstof op een
andere manier herontdekken en er zich nieuwe vragen over sigllen, De geschiedenis leidt tot
een reflectie over wiskundige inhouden en zet aan om wiskunde te bedrijven. Dit alles is aan
epistomologic doen.

Er bestaat ook een epistomologische studie van het ontstaan en de rijping van een begrip of een
theotie zonder le verwijzen naar de geschiedenis. Men kan allerlel verschijnselen bestuderen
die met wiskunde op te lossen zijn of tot malthematisering leiden, met bijzondere aandacht voor
de denkstappen bij die mathematisering, de tussenstappen die je niel ongestraft kunt weglaten,
de factoren die de rijping van idegn in de weg kunnen staan, We denken hierbij aan het werk
van Mach®, dic geanalyseerd heeft hoe de zintuiglijke waamemingen het meetkundig denken
voortbrengen (bijvoorbeeld in verband met symmetrién), Poincaré, Hadamard, Polya'™, Gon-
seth, Wertheimer'!, in zijn studie van de psychologie van de vorm, Freudenthal 2.

“Bijvoorbeeld in Brnst Mach, fe analyse der Empfindungen und dus Verhdioiis des Plysischen zum Psychis-
chen, eerste cditie, Tena 1886, of de zesde aditie, ¢(heel wart nitgebreider) 19LL; of nog L'analyse des sensatfony,
Le rapport du phvsique au psychigice, vertaald door B Eggers en J.M. Monnoyer. Editions Jacqueline Chambon,
Nimes 1996,

YBijvoarheeld in G. Polya. Induction and Analagy in mathematics, Pringeton Un, Press 1950,

' Bijvoorheeld in M. Wertheimer, Producrive thinking Harpers and Brothers, Now York 1943,

PBijvoorbeeld in H. Freondeathal, Didacrical phenomenology of mathematical struciures, D, Reidel. Dordracht
1983,
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Figures et letires mathématiques :
nécessité visuelle et nécessité discursive

BARBIN Evelyne
IREM Paris 7, IUFM de Créteil {France)

Abstract

Un texte mathéniatique est un texte qui se lit, oil se tient un disconrs, mais le texte
mathématique est aussi un texte qui se regarde, ol des traces sur le papier demandent et
font compréhension, qu'il s'agissent de figures géométriques, de lettres ou de symboles.
Nous nous proposons d'examiner, a partir de textes historiques, quelques aspects visuels
du texte mathématigue.

Dans une premigre partie, nous comparons nécessité visuelle et nécessité discursive a
partir de démonstrations de théorémes de géométrie glémentaire, celui sur les trois angles
d'un triangle et celui dit de Pythagore'. Dans nne seconde partie, BOUS 1ous iNtETEs50NS
a distinguer I"usage des lettres, selon que la stabilité visuelle de leurs traces sert unique-
ment & la représentation de choses, on selou que 1" agencement des iraces permet aussi, de
plus, d'exprimer visuellement une composition des choses représentées. Nous utiliserons
les deux termes de litrération et de littéralisation, pour marquer cet ajout dans le fonction-
nement des letires d'un texte mathématigue. Ceci est examiné dans des textes d' Fuclide,
de Peletier du Mans, d” Amauld et de Bellavitis, of nombres et grandeurs sont représentés
et composés par des traces géométriques et littérales. Dans une troisiéme pactie, ki propo-
sition VT du livee T des Eféments d'Euclide, telle quelle se it et telle qu'elle se voit chez
Euclide, Hérigone, Amauld et Bellavitis, nous fournit un exewmple tiés simple de la pulsa-
tion entre le discursif et le visuel® quand il s'agit de voir des gnres comme des mots faits
de droites et de voir les formules comme des figures faites de lettres.

'Mous reprenons ici britvement une partie de arlicle “La démonstraton : pulsation entee le visuel et le dis-

cwsit”. in Prodiire et live des texves de démonstration. IRMAR, Universitd de Rennes 1 pp.39-67,

*voir GUItarT, La pulsarion marémarige, U Harmattan, Paris, 1999, 0°157, pp. 160-167,




1 Nécessité visuelle et nécessité discursive

1.a nécessité d"une proposition comme celle gui conceme les trois angles dun triangle peut
ére d'ordre visuelle, Voir de myltiples triangles aux formes varides ne permet pas d'énoncer
quelque chose, mais voir se composer trois copies d'un méme triangle permet d’affirmer que
les trois angles d'un triangle se juxtaposent pour former un angle plai ou deux angles dreits
(fig.1). La composition du dessin n'est pas fortuite, elle dépend d'une intelligibilité, mas c’est
la stahilité de la composition, valable pour n’importe quel triangle, qui fait nécessité. La vision
dépend aussi d’une intelligibilité, il favt voir en méme temps les trois angles comme ceux d’un
méme triangle, et comme ceux formant un angle plat. est un regard théorique, mathématique.
qui est porté sur le dessin. On voit un dessin, mais on regarde une figure. Le seul discours qui

snffirait donc serait : “Regardez”.
/\ 4

L

FIGURE 1
La proposition XXXII du Livre 1 des Eléments d’Euclide énonce que

dans toul biangle, un des cités éent prolongd, 1'angle extdrienr est égal aux deux angles intériews
el oppasés, el les wois angles intériewrs du wiangte sont égaux i deux droir',

Puis, ce qui est rituel dans 1'ouvrage euclidien, cet énoncé Unpersonnel est repris en disant
une figure. Dire une tigure (Figure 2) demande unc littération des points, des droites® et des
trianglcs, ¢'est-a-dire une letire pour dire un point, deux pour une droite, rois pour ui tnangle.
Le texte se poursuil par :

Soit e viangle ABC, et qu'un des cdtés BC, soit prolongé av-deld jusquen D, Je dis que I'angle
extériewr, celul sous AC D, est éaal aux deux angles intdriens et opposés. ceux sous CAD, ABRC,
et gue les tois angles intérienrs du Lriangle, ceux sous ABC, BC A, CAB, sont égaux i deux droits.

Dire une figure permet d’atfirmer, de maniére personnelie, la proposition : je dis gie.

A
E
B C D
Fraure 2

VEUCLIDE, Les Eféments. trad. Vitrac, vol.l, PUF, Paris, pp. 253-56.
2comme Euclide, nous appelons deoite une droite finde (ce que I'on appelle anjourd hoi segmen).

La démonstration qui svit est expression d'unc nécessit€ discursive. selon deux modes.

D’une part. le discours exprime une nécessité déductive : cette proposition prenant place
dons un syst2me axiomatico-déductif. elle doit Gtre dédvite des axiomes et des propositions
précédentes. Ces propositions sonl réactivées grice aux lettres de la figure, et le discours fait

"

usage des mots “en elfel”. “puisque”. “donc”, etc. Huclide derit :
g 4

En cifer, que par I point 7, soit mende C'F paralléle 4 la dreite A5 (prop. 31). Puisque AR est
paralléle il CF et que AC tombe sur elles, les angles altemes, ceux sous BAC, ACE sont égaux
enire eux. Ensuile. puisque AR est paralléle i CE et que 1a droite BE ombe sur elles. 'angle
cxtérienr, celei sous EC I, est €gal A celui sous ABC, intériewr et opposé (prop. 29).

[)’antre part. le discours indique quels sont les angles qu’il faut regarder pour les comparer
et Tes juxtaposer. Buclide dcrit :

Etil o aussi é¢ démontré que celui sous ACE est égal i celud sous B.AC. Llangle lont entier sous
ACH est dune égal aux deux angles inérieurs el opposés, ceux sons BAC, 4RC (n.g.2), Que soit
ajouté de part el d'antre celui sous ACE, Cenx sous ACD, ACEB sont done égaux aux brais sous
ABC, BUA CAB. Mais cenx sous ACLD, ACE sont égaux A deux droits (prop. 13); danc ceux
sons ABC, BCA, CAE sonl aussi égaux 3 denx droits (n.c.1).

Ainsi, ce discours correspond i la nécessité visuelle de 1a premiére figure (Figure 1}, mais
I"abréviation de la figure de la proposition {Figure 2). Ie fait qu’elle ne soit qu'une partie de ia
précédente, réclame un discours plus long que “regardez”, avec des “aussi”, “mais” et “dong”.
La démonstration est ici une “lecture raisonnée du dessin™,

Le discowrs d'Evclide est un discours raisonné sur des figures, oir les figures participent
elles-ménmes du raisonnement. En cffet, les figures des propositions doivent nécessairement
étre construites & la régle et au compas, et inversement, la possibilité de telles constructions
découle d'une nécessité dizcursive el axiomatique. Adnsi, les trois premigres demandes du
Livre 1 permettent la construction de droites ef de cercles i partir de points ¢

1. Qu'il soit demandd de mener e ligne droite de tout point & tout point,
2. Et de prolonger continfiement en ligne droite une ligne droite limitée,
3. Er de décrire un cercle G partiv de fout centre et ent moyen de tout intervalle.
Les figures sont donc obtenues par composition de traces géométriques élémentaires que sont
la droite ct le cercle. Au long du Livie 1, les propositions relatives aux constructions, par
exemple plus haut celles de droites paralléles, s'entremélent A des propositions qui, 4 la fois,
sont nécessaires a lewr déduction, et rendent nécessaires leurs possibilités.

Les autres demandes peuvent étre interprétées, de ce point de vue, comme les prémisses
4 un discours axiomatique sur des figures. Par exemple. la demande 5, 57 une droite tombont
sur deux droites fait les angles intérieurs et du méme 6té plus petits que dewx droits, les dewx
droires indéfiniment prolongées, se rencontrent du cété o sont les wngles plus petits quee dewx
droits, permet de dive Fexistence d'un point de rencontre éventvellement inaccessible sor la
feuille & patir de traces locales?, Les notions communes concement alors )a possibilité de dire
I'égalité des choses. les figures, & partir de I'ajustement ou de la juxtaposition des traces, les
dessins :

1. Les choses égales & une méme chose sont aussi égales entre elles,
2. Ersi, & des choses égules, dex choses égales sont ajoutées, les touts sont égaux.

SBKOUCHE, De la démonsteation en géométrie, in Le dessin géomérrique. de ta main & I ordinatewr, IREM de
Lille, 1920, pp. 197-58.
*GUITART, op.cir, n° 7. pp. 212-214.




3. Etsi, & partir de choses égales, des choses égales sont retranchées, les touts sont égais,
4. Et si, & des choses inégales, des choses égales sont ajontées, les touts sont inégaux.

3. Et les doubles du méme sont égauix.

6. Et les moitiés dit méme sont égales enrve elles.

7. Et les choses qui s ajvstent les unes et les aurves sont égales entre elles.

5. Et le rout est plus grand que la partie.

La derniére notion commune, deax droites ne contiennent pas une aire. permet de dire une
droite par les deux lettres qui désignent les points de ses extiémités, puisque AF désigne sans
ambiguité 1'unique droite joignant 4 4 B, Dans le texte euclidien, il peut aussi éve mentionné
un rectangle 15 ou un cané /5, et ces deux figures ont alors A et B comnme sommets opposes,
Ainsi, la désignation nc peut sc passer de ce qu’elle désigne, de la race, du dessin. .

L' ouvrage d'Euclide est traduit et commenté dans de nombreux ovvrages des 1657 of 1790¢
siecles. Le Cours marhémarigue d'Hévigone de 1634 est I'une de ces reprises des Eléments,
elle est intéressante du point de vue de I'usage des letires dans les figures et dans le discowrs
mathématique. Dans les £/éments, ['usage des letires ne vise pas 2 abréger te discours, les lctires
n'ont pas un rdle opératoire sur fe discours mais pour le discours, Il n’en est pas de méme
dans le Cours mathémuatigite, qui cst voulu comme un “cours mathématigue démontré d'une
nouvelle, bréve, et claire méthode, par notes réelles & universelles, qui peuvent étre cntendues
facilement sans ['usage d'ancune langoe”. La langue dont Hérigone ne fait point nsage est
celle de I'articulation grammaticale de vocables, car les mots de la langue vont &tre remplacés
par des lettres ou des symboles, et 1a disposition en colonne va suppléer aux conjonctions de
subordination.

La démonstration de la proposition XXXII, De tout rriangle, Pun des cdtés étant prolongé,
langle externe est égol aux deux inrernes & opposéds @ & les trois angles internes de tout
triangle, sont égaux & dewx droirs, est 1a suivante’

A E
8
B
C D
Hypoth w201 | <eed2/2 <D,
abeest A, lconcl, | < acd 2/2 2t b,
bedest — — — —. 201
Reguw demonsts., ) cat < b2/2 < aed
< acd 2/2 < ad- < b - < ach commun.add,
Preparr, 2al  j<at < bt <ach2/2< acdt < ach,
31.1 oe == hn, 13.1 bl aodd < neh 2722,
Denonsiy. 2.conel, | < a+ < b+ < ach 2722,
@291 | < eoa 2/2 < a, lal

THERIGONE, Cours mathémartigue, Le Gras, Paris, 1634, pp. 37-38.
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La démonstration du: théotéme de Pythagore dans les Eléments d'Euclide est un aulre exern-
ple pour comparer néeessite visuelle et nécessite discursive. Tl fant montrer que le carné BCDE
est égal (en aire) 4 la somume des carrés AB/7( et ACKIT (Figure 3).

FIGURE 3

Cette proposition est I'avant-derniére du livre 1, et la démonstration est donc déduite d'un bon
nombre de propositions qui précédent. en particulier, des propositions qui énoncent que denx
parallélogrammes de méme base et situés entre les mémes paralléles sonl €gaux {cn airc). et
guiun triangle est égal (en aire) & un parallélogromme de méme base et situé entre les ménes
paralléles. Elle est relativement longuef, puisqu'il faut démontrer que Ta figure construite est
valide, par cxemple que AC est aligne avec le ¢dté AG du can€ construit sur A 8.

Schopenhaver, dans Le wonde comme volonté et comme représentation, qualifie cette dé-
monstration d’éwange et d'absurde. It derit -

Elle se donne une peine infinie pour détruire I'évidence, qui i est propre. et qui d'aillenrs est
plus i sa portde. pour lud substituer une évidence logique. [- .. ] A nos yenx, ia méthode d' Euclide
n'est gu'une brillante absuidité. |. .. ] La démonstration boiteuse el méme caplieuse d' Buclide naus
almndonne an pourquod, tandis que la simpie Ggure {Figure 4] [. . . | nous fail entrer du prenuer coup,
et bien pies profondérment que la démonstration. au ceeur méme de la question ; elle nous améne i
e plus intime conviclion de Ly nécessité de cette proposilion et de sa liaison aver "essence méne
du rer.:tang]e?.

it
iy,

FIGURE 4

En effet. en copiant huit fois un triangle rectangle isocele, et en faisant deux assembiages
différenis, on peut donner & un cas particulier du “théoréme de Pythagore” wn caractére de
necessité visuelle (Fignore 5).

“BUCLIDE, op.cir., pp. 282-84.

"SCHOTENHAUER, Le monde comme volonté ef comme reprérentation. irad. Burdzan, PUF, Paris, 1966, pp.
106-110.




FIGURE 5

La figure de Schopenhauer peut étre rapprochée de celle du dialogue du Ménon de Platon®.
Ceci afin de remarquer que, dans le texte de Platon, le discours sur la fipure vient suppléer a une
impossibilité de dire un nombre. En effet, la premiére question que pose Socrate i 1'esclave est
de dire le ¢&i€ d’un carré domt I'aire soit double de celle d'un cané d'aire deux. Cette question
est remplacée, dans la deuxigéme partie du dizlogue, par celle de montrer un carré dont 1aire
soit double de celle d'un carré donné. Chaque étape de la construction indiguée par Socrate
peut-gtre vue cormme celle &' une composition de traces géométriques {Figure 6).

FIGURE 6

Une généralisation de la figure de Schopenhauer, produisant une néeessité visuclle du thé-
oréme de Pylthagore, peat étre celle de la démonstration du 3éme sigele de Liv-Hui (Figure 73
ou celie des Elsments de géonmétrie de 1753 de Clairaut (Figure 8}

" .
e D H C F
bla
(=101 f
hten ?E?l E
Hle rouge d
SOt
ol A
!
cnt;‘r‘c h
FIGURE 7 Frouri 8

Pour Clairaut, Je théoréme de Pythagore est la conséquence de la construction d'un carré
égal i la somme (géométrique) de deux carrés, construction gui généralise la construction d'un
carté douhle d'un autre, ¢"est-a-dire la construction de Socrate. Il dcrit :

SPLaTON, Envres complices, vol. [, wad. Robin, Gallimard, Paris, 1950, pp. 530-535.
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Supposons présentement quon veuille faire un caré égal 4 la somme des dews camés inégaux
ABDd, CFE{, ou, ce qui revient an méne gu’on se propose de changer 1a figure ADFE fil
en un carré. En snivand Iesprit de la méthode précédents [Faire un cairé doeble o'un auie|, on
cherchera s°il n'est point possible, de wouver dans la ligne DF, quelque point H. tel 1° Que tirant
les lignes AH et HE. o [aisant towrner les visngles ADH, EFH, antour des paints A et E,
Jusqu’a ce qulils aient les positions Adh, E fh, ces tiangles se joignent en f; 2° Que les quatre
cités AH, HE, Eh kA, solent égaux et perpendiculaires Jes uns zux autres,

QO ce point H se trouvera en faisant D H égal au ciné O F ou £F. Cur de 1'égalilé supposée entre
DH et CF.jl suil premiérement goe si "on fait toumer A7) H antour de son angle 4. 2n sorte qu’on
lui donne la position Aeh., 1e point 7T arvivé en / sera distant du point £ d'un intervalle éxal 3 DF.

De la méme dgalité supposée entre DH et CF. il suit encore que H F égalera D', et qu'ainsi le
miangle EFH toumant awour de £ pour prendre la position Efh. le point B amivera au méme
point b, distant de ¢ d'un imervalle égal 3 DF.

Done la figure ADF E fd sera changée en une figure i quatre ¢dtés AHER. 1l ne s"agit done plus
que de voir sj ces quaires cOlgs sont égaux et perpendiculaires les uns aux autres,

Ce discours est celui de la visualisation de figures en mouvement (Figure 9),

FiGuRe @

2 Nombre et grandeur : traces géométriques et traces littérales

Dans les mathématiques d'Euclide, nombre et grandeyr sont des choses de genres dif-
ferents : le nombre est du domaine du discret, de 1arithmétique, tandis que la grandeur est
du domaine du continu, du géemétrique. Méler nombres et grandeurs serait faire un “mélange
de genres™, et leur traitement spéeifique fait done 1'objet de livees différents. les livres VI, V1L
et IX pour les nombres, les livies Vi et X pour les grandeurs. Cependant, les nombres sont
représentés par des droites. Ainsi. apiés I'énoncé de la proposition 1 du livre VI, “Deux nom-
bres inégaux étant proposés et le plus petit étant retranché du plus grand de facon réitérée et en
allernanee, si le reste ne mesure jamais [le reste] précédent jusqu’a ce qu’il resle unc unité, les
nombres initiaux scront premiers entre enx”,

Euclide écrit que

En effel. que deux nombres AR, C D, le plus petit étant retranché du phus grand de facon réitérée et
ert alternince. le reste ne mesure jamais le [reste] précédent jusqu'a ce quil reste une unité. Je dis
que A5, C'D sont premiers entre eux, c'est & dlirg quene seule unité mesure A8, D7

Les nombres sont done visualisés géométriquement par des figures géomélriques, qui, clles-

mémes, sont désignées par des lettres (Figure 10).

SEUCLIDE, Les Eléments, wad. Vitrae, vol.IT. PUF, Paris. - 290,
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Cette liltération permet de voir et de dire les différences successives de nombres sans les
particulariscr par des valewrs, la décomposition des traces géométriques donne a voir et & dire
ceile des nombres :

Carsi AE, €0 ne sont pas premiers entre cux, wi ceitain nombre les mesurera, Quiil les mesure ¢t
gue ce soit £: EL, 3 one parl que © D mesurant BE, il tesie F.4, plus pelit que lui, el d'autee pait
que, AF mesurant DG, il teste G, plus petil qoe i, el que (G mesarant FH, il reste une unité
HA

Cest ainsi gue la visualisation et la littération de la proposition 2 du Livree X sur les
grandeurs, trouvent une similarité avec celles de la proposition précédente. Dans celle-ci, il
s'ugissait de dire une condition de primalité pour les nombres, dans 1'antre la condition con-
cernc lcs grandeurs ;

Si, de deux grandeurs inégzales 1a plus petite étant retranchée de la plus grande de Lagon réitdide et
en altermance. le demmier resle ne mesure jamais le Jweste] précédent, les grandevrs seronl incom-
mensurables. '

Euclide écrit :

En cffer, AR, C' D étant deux grandeurs inégales et AR la plus petite, 1a plus pelite élant retranchée
de 1a plus grande de fagon réitérée ot en altemance, que le reste ne mesure jamoads le resie prdcédent.
Je dis goe les grandewrs soat incommensurables.

La figure littéralisée et dite est semblable i la précédente (Figure L1).

E G
— b hb—p— B
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- : D
FIGURE 11

Dans algebre symbolique du 16&éme sigcle, les irrationnels sont dé-géométrisés. D'unc
part, ils interviennent comme racines d’équations, et non pas dans un rappoit géomeétrigue,
I autre pact, ils vont &rre vus et dits avec les symboles de I'algébre, et non 4 partir d'une figure
géométrique. Ce qui. du coup, met en évidence le statut symboligue des figures géométrigues el
les figures numériques. C'est ainsi gue, Jacques Peletier du Mans défend 'usage des nouveaux
signes de 1'algébre en dorivant

Et qui blamera mon Livie, pour contenir iouveaux signes ou caractires © qu'il pense. qu's nouvel
art, ROUVERNX Commencenents et nomvelle matigre. Qu'il perse encore que bonte 1" Arithmiétiqee ne
5¢ SOtail passer de figures dlémentaices : lesquelles. combien qu'elles semblent plus servie & 1 oeil
sensitif qu”aw spirituel (comme sont 1, 2. 3, 4, etc.) toutefois sans elles ne e sauraient Faire accune
opérations arithmétiques sinon en I'air. La Géomeémiz méme a ses lignes, el encors ses superficies
& corps maleriels @ pour montrer que les sens exterieurs sont messagers sujets & moyenneurs de
ceun de deduns' !

Les signes de 1’algébre sont done des traces assimilées i celles des nombres et des figures.
Les symboles pour les nombres radicanx s'écrivent en suivant la progression arithmétigue :

prog. arithmétique : 0, 1, 2, 4. 4, 5, .16
nombres radicaux : 1. R, ¢, T, OC. B, ..CCCC.

Peletier remarque que les nombres radicanx sont ainsi plus aisés 4 voir qu'a dire ;

Ausecond rang, sonl les caractéres des nombres radicaux qui appartiennent 2 1" Algebre, portant levr
dénomination. Savoir est, . Racine, €. Cense, 7. Cube, {7, Censicense, elc. Le demier emme est
Censicensicensicensique : comme vous voyez par e signe CCCC. Et encote que le mat semble étre
mde, il suffit qutil soit signifianl. Car ¢'est beancoup d'avoir donne nom i choses si inosilées et si
pen pmtique’esu.

Les wrois sortes de “‘nombres appartenant 4 I"algébre” sont caractérisées par fa manigre dont
sont composés Hitteralement les différents symboles, ce qui permet anssi de les “prononcer™,
Les premiers nombres de I'alggbre sont les “nombres cossiques™, ils ont un signe postposé,
comme 3R, 6 C, 25T qui se prononcent ois racines, six censes, 25 cubes. Les seconds
sont les “nombres irrationaux™. ils ont un signe préposé, comme € 20 gui ye prononce Racine
censigque de 20. Les woisidmes ont un signe préposé et 1 autre postposé, comme € 8 7 il s¢
prononce Racine censique de huit Cubes. Les algorithmes des opérations sur les nombres de
I"algébre sont ensuite donnés 4 voir et & dire 2 I'aide de ces symboles, et de nouveaux signes,
comme p. et n. pour Iaddition et la soustraction,

Peletier parle des “nombres de 1'algébre™ pour des choses qui ne sonl pas des nombres
entiers. tout comme il considére que les irrationaux sont des nombres. Tl éerit :

Mon sans propos s fait nn doute sur les nombres imationoug, s°ils sont nombres ou non. Car d'une
pawt il est certuin qu'ils sont quelque chose © vu que par lenr aide. on parvicnt, pan seulement &
la preuve, mais aussi § la peécision de nombrewr didoremes. dont les nombees rationaux ne fonl
gquiapprocher ... 1. Davantage ils ont leur algorithme, lear ordre et régles infaillibles, tut ainsi que
Tes rationauy, comme nous avons i voir.

Ainsi, I"assimilation des irationaux & des nombres repose sur celle des algorithimes des opéra-
tions sur les uns et les autres, qui repose @ son Lour sur une similitude visuelle et discursive.

La “grande regle générale de I'algébre” explique comment se construit le discours de 1alge-
bre :

"Paeme de Jacques Pelelier sur le prumjér Tivre de son Algéhre, in PELETIER. L'Algébre. Jean de Toumes,
Cologny, 1609,
"PELETIER, ap.cit., pp. 8-9,




Au Heu du nombre inconnu que vous cherchez, mette: | R, Avee Taquelle faites voue discours selon
la formalité de Ta question proposte © ot gu'ayer mouve une équalion comvenabie, ef icelle réduite,
si hesoln est.

E algéhre de Peletier fait usage des traces géométriques seulement lorsqu'il s’agit de résoudre
un peohléme du second degré : “il v a deux nombres, desquels les quarrés ajoutds, font 205 @ &
les deux nombres multipliés 1'un par 1'autre font 787, Bl commente :

Cest comme s'il se proposait, il y avne ligne divisée en deux parties indgales : le quarré de lagquelle
cst fair de deux guarrés particuliers avec lears deux soppléments {...] ¢ les deux quamés joints
ensemble faisant 203, el I'un de suppléments 78, Quelles sonl les parties de la ligne 7 le mels cect
au long & (n d'apprendre an lectenr 3 approprier les questions Arithmétques avx Géowéigues:
Iesquelles s¢ rapportent les unes anx ques quasi paniout.[. .. ] Soit donc 1a ligne AB. divisde an
paint €. Ft mettons pour la portion 4C, 17, Dont le quaré est 1 C. Partant I'antre quarré sera 205
. L0, Duguel 1a racine est G 205 10",

A
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FIGURE 12

Far conséquent, le nombre inconnu est vu et dit, & 1a fois, 4 I'aide dune lettre, par 1 I, et
d'une droite, par AC. Pu coup, la droite AC n'est plos littéralisée par deux letives, A et O,
mais par une scule, R. De la méme fagon, une seule letwe, C, représente un caté. Les lettres
se mélent dans le discours de 'algébre A des symboles de nombres et d'opérations. Alors gque
la géométiie grecque séparait nombres ot grandenrs, 'algebre les mélange, car, comme le dit
Peletier, il est bon d'apprendre 4 appropricr les questions arithmeétiques aux péomeélrigues, 4
associer les signes de I"algthre & ceux de la géométric.

Prés d'un sigcle plus tard, dans ses Nowveaur éidiments de géoméirie de 1667, Amnauld
littéralise la géométre. Mais, il ne veut rien voir derriére la letire, que la lettre elle méme.
Amnauld écrit an début de son ouvrage a titre de “supposition”™ :

Je suppose enfin qu'on 5 aceoumme i concevolr généralement las choses en les marquant par des
lettres saus se metlre en peine de ce gqu’elles signifient, puisqu’on s en sert que pow conclure que &
est b, que cest ¢, ou e qui est peis pour 1 méme chase en matiére de grandeur, sur toul en général,
que b est ¢gal & b, et ¢ A ¢, ou que b multiplié par ¢ est égal & b multiphié par 2 |. . 1. L'une des plus
grandes utilitds de ce waité, est d accouumer espeit 3 concevoir les choses de maniére spirituelle
sans 1'aide d”aucune imnge sensible, ce qui sert beancoup i nous wendre capables de la connassance
de Dien & de noe fme ',

VPELETIER, op.cit., pp. 194-196.
HARNAYLD. Nowveais dléments de géomderie, Savreuy, Pars, 1667, p. 4,
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Pour Lui, I'étude de la géomélrie permet de parvenir & 1a piété, parce qu'elle éloigne Vesprit de
choses sensibles et sensnelles.

Cependant. dans le choix des mwots “grandeur linéaire”™ et “grandenr plan™ d' Arnauld, il est
claiv que les lettres se réferent 3 du géomstrique. Ainsi, une seule leftre renvoie a la ligne
tandis que la concaicnation de deux lettres renvoicnt av rectangle, et donc an plan. La compo-
sition des lettres a done une signification géomélrique. on parlera ici d’une “littéralisation” de
la géomélrze. Arnauld éeorir

Multiplicr ou Multiplication s"exprime ainsi b en c. el se marque ainsi I > c. ou plus brigvement be.
{-. .10 il faut remarguer qu'tne grandeur marquée par un seul curactére comme &, on ¢, 5" appells
grandeur linéaire f...]. Que §'il w'y 1 eu que denx grandeurs lingaires qui ajent €€ multiplices
T'une par l"autre, ce produit s"appelle grandeur plane ou plan. [.. .1 Lorsque les deux grandeurs oot
chacune deux termes, parce que deux fois deux four 4, § faudra faire 4 multiptications partielles
pour avoir le produit total

b+e
En produit pb + pe+ gb — ge'®,

P+q

La figure du rectangle est assimitée 4 la multiplication de deux grandeurs droites figurde
par la concaténation de deux lettres. Mais les lettres ou les concaténations de letires peuvent
aussi représenter des nombres, des plans, des solides. La possibilité de concaléner indifférem-
ment foutes ses lettres signifie-t-if Ia liberté de multiplier indifféremument nombres et grandeurs
géométriques de toutes dimensicns ? ¢"est-a-dire des grandeurs hétérogines 7

Des grandeurs de méme genre s’appellent homogénes. comme deux nombres, deex li gnes, deux
surfaces, De divers genres hétdrogénes, comme un nombre of une ligne; une surface et un solide,

Amauld répond affimativement :

On croit ordinairement que les grandeurs de divers genres qu'on appelle hétdragénes ne se peuvent
pas multiplier. Cela ne me parait pas vrai, ou a besoin & explication. [.. . ] Ce qui ne peot se multi-
plier par la natuee se peut multiplier par unc fiction d'esprit par laquelle La vérilé se décowvie aussi
certainement gue parles imultiplications réelles. .. . T On muliiplie aussi par la méme fiction & esprit
des surfaces par des surfaces, quoique cela donne pour produil une étendue de quatre dimensions
qui ne peut &tre dans 1a natuge, '

Avant Jui. Descartes a monté dans La géometrie de 1637, comment, 4 condition d'introduire
une droite unité. la multiplication de deux droites est une droite. Mais pour Arnauld, fa vérité
des “produits imaginaires™ de surfaces ne sanrait dépendre de la lingarisation cartésicnne, qui
leur est visiblement élvangére.

Tout comme on somme ¢t on multiplie des nombres, et sans changer les formules littérales
exprimans les algorithmes opérationnels, dans la méthode analytique, on somme et on multiplic
des droites ayant méme direction. Dans son Exposition de la méthode des équipollences de
1854, Bellavitis se propose de faire de méme pour des droites n'ayant pas la méme direction. I
introduit pour cela une méthode el un nouvean “graphisme™ :

¥ ARNAULD, op.cit., p. 6-11.
" ARNAULD, apreir, . 38.
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Cetle méthode donne satisfaction an désir exprimé par Carnok, de rouver un algorithme qui représente
2 la fois la grandeur et la position de diverses pariies d ane figure; il en résulte ditectement des so-
Iutions graphiques. élégantes et simples, des problemes de géoméuis"".

Le caleul des équipollences a des régles qui s’exprime graphiquement. La régle [indique que,
quels que soient les trois points A, 73, ' on a tonjours

AB+ BC A
Cette régle s’cxprime visuellement par lu dispacition de la lettre 7. Bellavitis la commente en
monirant qu’'elle peut servir 4 des démonstrations visvelles, oi il ne s’agit pas de regarder des
figures mais d’avoir I'eil sur des lettres et des formules. I écrit :

Celle régle est ¢ un continuel usage pour substituer une droite 4 d’autres [ . J. Nous ¥ jeindrons
une régle pour distinguer d'un coup ¢ wil qu'elles sont les équipallences idenliques, de maniére
qu'on puisse s assurer de leur exactitude sans ascun effort 4'¢sprit. et sans regarder le moias du
monde ki figure [ - . ]. Ainsi. par exemple,

AB 4+ BCQAD -CD
et une dquipndlence identique, paisque

A%~ BZ-BZ-CZIQAZ-DZI—(CZ- DI

D’ autres régles concernent 1’addition et I’inclinaison des droites :
Régle IT: Sim/L QnM N etine /1 # ine MN
alors m = = (.
Régle T : 61 LA 4+ N - NL D Cetine LM = dnc AN
alors ine. N L = inc. MWV £ 1807
et gr. N L= gr LM -+ gr MN.
Régle IV :si LA + N FNL OO
et ine LAL + dne LN = 2inc M N
alors gr LA = gr.V L.
Ceci indique gue la géométric vectorielle, comme la géométe analytique. s’ appuie sur la vision
des lettres et des signes autant ou plus que sur celle des Agures géométriques.

3 Visuel et discursif : la proposition VI du livre IT d’Euclide

La proposition énonce que

siune lgne drodle est coupde en deux parties dgales, et sl on luk ajoule directement nne droite, le
rectanghe compris sous 1o dicite endére avee la droite gjoutde. el sous B droite ajoutée, avec le quarrs
de la moitié de 1a droite entigre, cst dgal au quané décitr avec ba drolte composéde de Tn medlié de la
droite entizre et de 1a droite ajoutée. comme avec wae seule droite.

Puis Euclide tient un discours sur la figure lettrée (Figure 13} :

Qu'une ligne deoite AL soit coupdée en denx parties égales au point <7 qu'en lui ajoute ditectement
une aure droite 5.5 je dis que Ic rectangle compris sous AD, DB, avec le gquarmé de 5 est dgal
an carré de CD. 10
YBELL AVITIS, Exposition de fa méthode des dquipnllences, trod. Laisant, Gauthier-Villars, Pads, 1874, p. 2,

BRELLAVITIS, gp.cir., p. 10.
BBUCLIDE. Les Eléments, trad. Vitrae, vol. I, PUE, Pagis, p. 335,
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FiGure 13

La néeessité visuelle du résultat peut tenir en un simple mouvement de la figure initiale (Fi-
gure 14). Tandis que 1a démonstration d"Euclide cst assez longue, elie exprime une nécessité
discursive en s’appuyant sur deux propositions du Livee T: la proposition XXX VI sur I'éealitd
des (aires de) parailélogrammes de méme base et de méme hauteur, qui permet d’aﬁimer
I'égalité des {(aires des) rectangles AL et CH, et la proposition XV11I qui permet d’affirmer
I'égalité des (aires des) rectangles CH et HF. Le discours misonné sur la figure indique les
parties qu'il faut comparer ct juxtaposer : )

Que LG - qui ewt égal au camré sur BC - so0it ajouts de part et &' awtze, Te rectangle conteny par
AD. DB, avec le carré sur C'F es1 donc €zal ay gnomon NP avee LG, Mais le snomon VOS2
etsont le carré CEF {1 tout entier - qui est celni déerit sar €7, Done e rectangle [, .. ].

FIGURE 14

La démonstration comespondante d'Hérigone abrége le discours?, La disposition en colon-
nes évile 'utilisation des “donc”, “car”, “puisque”. ctc., ef la numérotation des propositions
précédentes pernet d'indiquer quelle est la proposition appliquée pour affirmer une noyvelle
conséquence logique. De nouveanx symboles sont introduits 3 la place des mots “cairé” “reclan-
gle‘l’. “paralléle”, La propriété de la transitivité de 1'égalité est ainsi vue sur des écrilures Syl
boliques. D plus. Findication de la juxtaposition des ajres est marquée par le signe arithmétique
+. Tout ceci permet de voir cette juxtaposition comme une somme.

F E
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MHERIGONE, op. cit.. pp. 77-T8.




Hypoth. i Demonsty.
ac 2/2 ¢cb, const. | ceest . cd,
. abd est ... led2 | kg &bl snt O
' Requ. = demonsty; 431 | Ohe 2/2 Dlch,
O, adb+O.cb 2/2 .cd, w6 | Clak 242 Llich,
Prepaer. Lal | Ohe 2/2 Olak,
46.1 | ce est O.od, Bci commun.add,
Lp.) | fd est digmer. Zal | gromldg 2/2 i,
30| bg =cf | de, O ke commun. add.
311 | al = cf, Lal | gnomkdg+[kg 2/2 ai Oladb+kgUlch
311 | lhi=ad, Lol | gnomkdg+lTkg 2/2 ceQ.cb,

concl. lag. | Oladb+[d.ch 2/2 O.ed

L'abréviation symbolique d"Hérigone n'induit pas une nécessité autre que celle du discours
euclidien. En revanche. la littéralisation de la géométrie d’ Amauld procure un nouveau type
de nécessité, une nécessité que ’on peut qualifier de “littérale”, Le livre XIV des Nouveairx
éléments de géometrie est consacré “aux figeres planes selon leurs aites. ¢'est-d-dire selon la
grandeur des surfaces qu’elles contiennent” et commence avec le rectangle. Dans la partic
intitulée “De la puissance d'une ligne comparée avec la puissance de ses parties”, Arnauld
€nonce comyie (roisidéme Lxiome ;

C'est la méme chose de mnltiplier te out par Te toat. & de multiplier Ie tout par chacune de ses
parties, o de multiplier chigue partie par tontes s pattics,

Puis il éceit comme “avertissement™ ;

Ainsi le plus grand mystére powr ne point s¢ brouiller est de nommer chague ligne autant que I'on
peut par un senl catactére, afin que deux caraciéres joints ensemble puissent marquer une multipli-
cation, ¢ est-a-dire i rectangle, & de marquer par un méme caractére les lighes égales?’ .

Trang 1a littération des figures par Euclide. une ligne droite (finie) est désignée par deux lethies
qui dénomment deux points. Tandis que duns la littéralisation des tigures par Amauld, une ligne
droite est désignée par une seule lettre, La cornposition ou la concaténation de deux lettres
a un sens opératoire ef géomeétrique, celui de fabriquer 4 partir de deus droites une “chose”
héigrogéne et d'une complexité supérieure, un rectangle.

Les formulations lettrées des propriétés de 1a sonune et de la multiplication correspondent 3
des propriélés géométriques. Ainsi, Arnauld donne comme exemple du troisiéme axiome

laligne b soit divisée en rois portions inégales que j appellerai .. . il est visible que c'astla méme
chose de multiplier b par b, ce gul donne b6, que de multiplier b par toutes ces parties; c'est-a-dire
par ¢, par o & par §. ce qui donng de.bel. b} ; & par conséquent

bb = be+ bd + bf.

= ARNAULT, op et p. 285,
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Le discours est accompagné d'une figure (Figure 15). et la question est de savoir i quelle vision
se réfere Amnauld quand il éerit “qu’il est visible que™ - celle de la figare on celle de la [ormule 7
5'il s"agit de s’appuyer sur la vision de la figure, n'est-ce pas contraire i la “supposition” du
premier livie qui demande de concevoir les choses sans I'aide d'images sensibles ? En tous les
cas, 4 partir de ia, la vision de la formule algébrique. oil la lettre b se disiribue sur ses parties
sera suffisante pour valider des propositions géomeétrigues.

b

be bd bt

FIGURE |5
En cffet, Amauld littéralise tout e livre IE des Eléments d'Euclide, en remarquant que :

ainsf presque toutes les propositions du second livre & Euclide ne sonc que des corollaires de cet
axivme & de cet averlissement=,

La démonstration de la proposition VI tient seulement en Ia formule
bl | 2c) + e = (b4 )™

Avec le “graphisme” de Bellavitis. [ vision de cette formule se complexifie, car elle va &tre
transfermde en une équipollence. Une telic transformation fajt I'objet d"un “théoréme général”
qui produit de nouveaux théorémes, Bellavitis énonce ;

Theoreme général : (oute propricié des points d'une dinite dorme un théoreme relatif aux pointy
d'mn plan. par e senl changement des équations en £quipollences™.

Suivons le premier exemple qu'il donne :
Brenons pour exemple la formule alzehrigue
b= 20) 4 0% = b+ ? (1

qui conduit 3 la propriété VI du second livie ¢ Buclide © si une droile B0 est divisde en ¢ duale-
menl, ¢esl-d-dive si BC— OB, et que A soit un point quelconque dans son prolongement, on
iura

ABAD 4 (BC)® = (A, {23

Ainsi, Rellavitis part de la formule algébrique (1), dont il commence par donner une vision
géométrique (Figure 16), la formule correspondant 3 une littéralisation de la figure. Puis il lctoe
la figure et il obtient ainsi I"équation (2}, qui comrespond 2 la littération de la figure (Figure 17).

ZARKAULD. op. cir., p, 287.
FBELLAVITIS, ap. cit.. p. 21
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L'équation (2) concerne trois points A, B. et 7 d'une droite (Figore 18}, donc d’apres le
théoreme général, elle reste valable si les trois points sont des points du plan (Figure 19), c'est-
A-dire encore, que I’ équation (2) peut étre transformée en une équipollence. Ceci est facilement
démontré cn utilisant la régle I, que nous avons commente plus haut. Bellavitis écrit

Pour véiifier cette équation ]. . . |, observons s Uéquation
{AZ — BZW{AZ —DZ)+ (B3 - CZ)" = (AZ - CZY*
devieny identique dans I'hypothése BC = (D, ¢"est-b-dire
EZ-CZ=0Z-DZ

Aprés avoir fait cette vérification, nous avons le théoréme suivanl © 5t nn cdié 2D du uiangle ABD
est divisée par Ie miliew en ¢, 1"équipollence suivante aura toujours lieu

ABAD + [BCYV £ {ACY. ]
En effct, Ic calew? est le méme, que les points 4, B et D soient alignés on non, done
I"équipolience est vraic lorsque AB 1) est un triangle, Le passage de 1'équation 4 1'équipollence

correspond A unc transformation e la figure géométrique initiale (Figure 18 et Figure 19). nous
avons rainlenant un théoréme sur la figure du triangle.

D

R
FIGURE 18 FIGURE 19
Comme le remarque Bellavitis, ce nouveau théoréne, sous sa forme générale, présente
peu d'atilité. Cependant, it mootre gu’il admet deux corollaires importants. Le premier est

le théoréme dit de Pythagore. le second est Iinscription de 1'angle droit dans un demi-cercle.
Examinons, la déduction du théoréme de Pythagore, Bellavitis derit

i6

Corollaire L 8i 2ine. OB = ne, AL 4 180, Jes deur premiers ermes de 1'équipollence windme
auront la méme inclinaison ; d'ob, parla régle I,

-(AB.BD) = gr (AC.CA) = gr.(CB)?

cf. en outre,
inc. BA +1ne AD — 2ine.C B = 2 inc. D',

Cetie derniére relation, appliquée 1" équipotlence
EA4+ DB+ A Q0,

donne, Laprés Ia regle 1V,
grAE =grAD.

La condition in¢.Z'B - inc. AC = %907 signifie que I'angle ACH est droit, et les deux gquations
refatives aux grandeurs donnent le héoréme de Pythagore

C(AB) = (40} + (OB

La déduction est purement calculatoite, elle repose sur des transformations de formules
par application des regles 11T et IV. D'une certaine fagon, le calcul de Bellavitis parfait celui
d'Amauld, puisqu’il permet de se passer de U'image de la figure. Ainsi. pour le théoreme
de Pythagore, il n'y a méme plus de figures carrées, mais des puissances de grandeurs. Le
“théoréme général” du graphisme de Bellavitis demande une multivision d'une formule letirde,
une formule algébrique devenant une équation géomeétrique, une équation devenant équipol-
lence par le senl jeu des significations accordées anx symboles. Mais notons que cette multi-
vision correspond A des litteralites différentes d’une figure géometrique, selon que les lettres
désignent des points ou des droites (finies). Notons aussi que la multivision des letires comes-
pand & une muhivision des figures, car un (riangle peut &ire vu comme trois points, trois droiles
ou une ajre délimitée par trois droites. Le mathématicien tient un discours sur des figures et des
lettres, mais ce discours ne dit pas toujours la multivecité de son regard,
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L. [Aristippus inage]
Caption : Enclid's Elesments ied. David Gregory), Oxford 1703, frontispiece

Can mathematics education learn from its history ?

FAUVEL Iohn
The Open University (UK)

Abstract

In 1570, at the Univessity of Oxford, a young lecturer calied Heury Suvile opened his
lecture course on mathematical astronomy by telling the story of Aristippus the Secratic
philosupher. According to the Roman writer Vitruvius, Aristippus was shipwrecked on the
caast of Rhodes, and struggling with his comirades out of the storm-tossed waves came to a
beach on which there were geometric drawings in the sand. “Be of good cheer” ke said to
his comrades. “for I see the marks of human-kind " Humanity is defined and characterised
by its being a mathematizing species; wherever there is mathematics there is civilisation,
The image from antiquity becanie a symbo! of the University of Oxford's mathematical
aspirations, formiing a background to common beliefs abomt the signiicance and role of
mathematics in the ensuing centuries.

This use of the past as a guide and tnspiration, testifying to mathematics as a symbol
and characterization of humanity, can be seen as forming a thesis which we can hold up in
opposition (o 4 second image, also produced in Oxford, three centurics later.

In a book called Ficmre lagic: an attempt to popularise the science aof reasoning {1874),
Alfred Swinbume drew a picture showing all the living world passing into a monster logical
sumsage-machine, emerging in uniform parcels under the watchful gaze of Professor Logic,
who cheerily reflecred:

“I's with ow machine here as it is with the ordinary sausage machine, never mind
what the matertal is-50 Jong as the shape is right, Large or small, young or old. flesh or
stone, you must all pass tuough, for Professor Logic isn'( particular about the mater,

all he concems himself with is the form™ [p. 37

This symbolic image can be taken (o stand for the numerous interventions down the ages
suggesting that mathematics is involved in something inhuman, mechanical; that mathe-
matical medeling misses the point and unweaves the rainbow; that mathematics teaching is
an anti-homanistic shuttering, a closing down, of human aspirations. And as we will see,
the critique made of mathematics and mathematics education as being mechanistic can he
extended to the educational pelicies within which the educarion is experienced.
Somewhere in the historical dialectic between the conceptions underlying these two im-
ages there may lie a resolution which with strength and energy can be used in constructing
the best possible framework for mathematics learners of the future. 1"l come back to these
symbols later and draw more out of them for this purpose, after making some observations

on internationalism in our community.
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1 Reflections on internationalism: states, people and the New World

Order

1'm drawing today particularly on the British experience because that’s what I know best, but 1
would like 10 think thar any ideas and insights we may be able to glean from that situation are
transferable elsewhere and make sense in other nutional coniexts too, One of the few reassuring
aspects of the “New World Order” is the sense that, through meetings such as the European
Summer University and the growth of international travel, people in diffevent countrics arc able
10 develop a new sense of kinship and shared experiences in one world despitc the selfish sell-
imporiance of politicians. We can learn from each others” experiences of the moderm state how
to Linprove individual lives as much as possible even while politicians iry to impose and magnify
divisions.

After all, one of the most moving and important insights into the Great War, which men were
{ighting not very far from here 85 years ago, came from that incident at Christmas 1914, when
the opposing troops came out of their trenches to exchange cards and cigavettes and food ra-
tions, and sang together Silenr Night-Stille Nachi, heilige Nachir-until the officers on both sides
discovered what was going on and pur a stop to it immediately, pointing out that if this kind
of thing spread there would be no point in having a waz, and that would not be at all goud for
armaments manufacturers.

One thing we can learn from intemational gatherings, such as the Eurcpean Summer University,
is how we foot-soldiers in the educational trenches can leam to control our officer class, the
politicians, better. This involves learning from those in other countries how they have achieved
certain improvements in educational provision: we in Britain want to find out from you how the
Danes have managed (¢ get the importance of history of mathematics recognized and written in
to the National Curriculum: how the French have managed to build up and sustain the splendid
1IREM structure which enables (eachers throughout France to participate in research activities
promoting the better wtilization of history of mathematics in the classroom; how the Dutch
have got 10 the point of talking about the possibility of teachers being seconded to smdy for
PhDs with funding cover supplied to their schools; how rhe Italians have managed to sustain
the importance of peometry and its history in their schools when it has nearly vanished in
some other countries; how the Portuguese managed to support the sending of some 250 of their
mathematics teachers to (he previous Furopean Summer University, the wonderful History and
Pedagogy meeting in Braga three years ago; how the Swiss manage to trust their teachers enough
to keep thern free from the layers of constraints and bureaucracy that keep teachers elsewhere in
a state of siress with no pedagogic advantage; and above all, afler four happy days in Louvain-
Ja-MNeuve, we want 1o leam how the Belginns have persuaded their town planners to design a
university city free from cars and on a human scale, ermbodying so lmpressively the humanistic
structural values of the Middle Ages and High Renaissance. In short. each country has aspects
to its educational provision, and its social-pelitical context, from which other countries can
learn-bath positively and negatively: what to cherish, what (o avoid.

20

TR LOUIOAL HATHAGT WACHINE.

2, [Logical sansage maching]
Caption : Alfved Swinhume, Picniere logic, 1874, p.35

2 History and mathematics education over 400 years

What have we in the UK to offer you? There may be an object lesson here, in contrasting two
apparently contradictory aspeets of British history. On the one hand, we have one of the iongest
taditions of taking the history of mathematics seriously, both intrinsically and in connection
with education, On the other hand. the UK doesn’t seem to have benefited frorm all this history
in termg of what is actually happening in the majority of our schools at the moment: (here is no
mention of history in the National Cursiculum for mathematics, and pressures on teachers muke
it hard for thern to develop historical interests, So there is some dissonance here which needs to
be understood.

From the very first printed mathematics textbook in English, history of mathematics has
been invoked as an aid to the pedagogic strategy-in a variety of ways, just like now. Robert
Record in his algebra text The whetstone of wit (1557}, for example, tried to create intercst in
the activity of taking a cube root, by including a memorable anecdote about the Greek heritage
of the problem. [n Record’s accounl {derived trom Eratosthenes), the Delian problem, that Bf
doubling the cube, waz proposed by the gads as a means of deliverance from a plague. But the
first mathematics teacher in England, and maybe anywhere, to 1ake the history of mathematics
seriously as an integral part of mathematics research, teaching and exposition was John Wallis at
the University of Oxford in the seventeenth century. He was working within an ideclogy already
tilting that way, set in train by Sir Henry Savile when he founded two chaits in mathcmatical
sciences. in geometry and astronomy, together with detailed instructions for how the subject was
to be taught. The core of the teaching of both subjects, as laid down by Savile, was e.rp?mmrfon.
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of ancient rexts. Thus the professor of geometry was to give public expositions of (he whole
of Fuclid's Elements, Apollonins’ Conics, and all the works of Archimedes; i other words,
the method for mathematics teaching was historicall ¥ based, and primary source based. (This
may be te do with the Reformation; aflter all, that is Just what protestants do with the Bible),
At all events, Henry Savile is a prime example of a great teacher who developed a style of
teaching mathemmatical sciences based on the use of history as intrinsic to the subject and vital
for communicating the traditions of the pitst to the next generalion.

John Wallis was (he third Savilian professor, as they were calledl. of geometry, and ool up and
developed this pedagogic challenge by writing a great Treaiive of algebra (1685). This is at oace
the first major algebra text in English of this size and the first history of algebra, or indeed of any
mathematical subject, in English. For Wallis, algebra is its history: to learn algebra is become
familiar with the progress of the subject up to now, and to do research in algebra is to stand al
the trontiers, with the knowledge of the past around you, and move forwards, while dipping in
to the past, rediscovering and reinventing the sometimes confusing or hidden messages from

long ago.

In this way, there was alveady by 1700 influential interest in Fngland in the mathematical past,
and cxamples of its use in a variety of ways in teuching the subject. But of course, these studies
were at university level and we are talking about a very small munber of people. There was no
national school system, and such schools as there were taught mathematical skills in practical
contexts such as navigation, book-keeping, and sa on,

Let the centuzies roll on. The nineteenth century was that in which the framework of today's na-
tional education system was laid down. In the aftermath of our “Industrial Revolution®, various
components began to emerge and take shape, for a range of 1easons, including liberal philan-
thropic responses 1o the human misery of industrialization as well as its need for an educated
workforce. These components included such things as development of examinations: training
of teachers; compulsory education, first primary then secondary, in Acts of 1870 and 1902;
development of scholarships and State funding mechanisms; and eventually, only recently, a
National Curriculum.

Surprisingly, perhaps, the nineteenth century was one in which mathematics education was
more histotically imbued than at any other time. This was for two main reasons: one was
the extracrdinary place which was occupicd by one 2000-vear-old textbook. Euclid’s Elements.
The other, which we may think was not altogether compatible, was a growing educational ide-
ology, that mathematical ideas in the individual develop along the same lines as their historical
developraeni-irom which it would seem to follow that mathematics teachers, or al least curricu-
tum designers, necded to know the history of mathematics (o order materials for presenting to
pupils.

First, Euclidean geometry. Other countries taught Euclid. of course, but ot with quite such
single-mindedness, nor with quite the English obsession with the text of BEuclid's Efements
itself. The French were relaxed about teaching geometry from Clajraut or from Legendre, but in
England only Euclid would do. This was widely commented upon. The great Eritish algebraist
James Joseph Sylvester recalled in 1868 his mathematical educalion in the 1820s in these terms:

The caly swdy of geometry made me 5 hater of geomey., .. T koow there are some who rank
Euclid as second in sactedness to the Bible alone, and a5 ane of the advaniced outposts of the British
Constitation,

To account for the dominant and sacred statys of Euclid's Elements it is sufficient to notice that
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#t served other functions too. In particolar, the other skills it was thought to teach were just
what were needed for the intellectual part of governing an Empire (Sylvester's romark about
an advanced outpost of the British Constitation was shrewdly positioned.) The intellecrual
case for Buclid’s Elements was well stated by William Whowell, the Master of Trinity College
Cambridge:

Theae is no study by which the Reason can be so exactly and digarously exercised, In learning
Geometry the smdeat is rendercd familiar with the most perfect exainpies of strict inference; he is
cornpelled habitually to fix his artention on those conditions on which the cogency of the demon-
stration depends. He is accustomed to 3 chain of deduction in which each link hangs liom the
preceding, vet without any insecurity in the whole; oy an ascent. beginning (rowm the solid groond.
in which each siep. as soon as it is made., is @ foundation for the further ascenl. no Jess solid than
the: first self-evident truths, Hence e learns continmity of altention. coherency of thought, and
confidenice on the power of human Reason 1o arrive ar the Truth.

Of course. in the hands of u nimaginative or badly (rained teachers all this was for nothing, and
it is not surprising that the controversies around Euclid grew louder as the century wore on.
Indeed the UK's main organization for mathematics teachers, the Mathematical Association,
was founded out of a society set up to replace Euclid’s own text by other geometry textbooks.
One of the leading campaigners on this issue at the tum of the century. the engineer John Perry,
wiote

Like all the men whe ardgate o themselves the right 1o preach on (ks subject, T was tn my youth
i kean geometrician, loving Euclid and abstract reasoning. But T have taught mathematics to the
average bay at a public schoot, and this has enabled me to get a new view, Ihave seen faces bight
outside my room covered as with 2 thin film of dullness a3 they entered; [ Lave seen men [ 1lose
in half an hour (as men did in the firs; day of slavery in old times) half their feeling ol manhaod;
and I have known that, as an orthodox teacher of nrathematics, [ was really doing my best to destroy
young souls,

As the result of feelings and rhetoric such as this, the primacy of Euclid was successtully chal-
lenged and overthrown, followed barely half a century later by the virtual disappearance of
geometry as a school subject. though that’s another story. The main point is that, for a long
periad of time in England, lemning and reproducing the text of Euclid was more Important than
developing geometrical understanding, which is the kind of thing to give history (and mathe-
matics) a bad name.

Another strong educational ideology of that century was the view that a young person's mathe-
matical development mirrors the history of mathematics itself. The didactic implication is that
mathematical topics should be taught in an erder, and perhaps in a way. which is supposed to
reflect the historical evolution of mathematical discovery. On the whole this idea was, and is,
a foree for good as it focuses concern on the development of the individual, thus happily fit-
ting in with other notions of child-centred learning which were becoming consolidated at this
time. Throughout its long history, the idea has provided further encouragernent for the history
of mathematics in an educational context, Indeed, this precise argument and connection was
made by the gieat French mathematician Henrj Poincaré, at the turn of the century, who was
very interested in mathematics education and wrote:

One cannot reflcct on the best method of imbuing virgin brains with new notions withoul, at the
same time. reflecting on the manner in which these notions have been acquired by our ancestors,
and consequently on their true origin-that is, in reality, on their truz nature. . . .
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Zanlogists declare that the embryomnic development of an animal repeats in a very short pel:iod of
tine the whole histosy of it ancestors of the geological ages. It seems to be the same with the
development of minds, The educator must make the child pass theough aff that his_fathers .hm'c
passed through, more rapidly, bub without missing a stage. On this account, the history of any

science must be our fst guide.

Even at the time, the idea did not go vnchallenged. John Perry, who we saw ezlu‘licr‘ (‘ie.stroying
young souls through teaching Fuclidean geometry, was equally eloguent in his criticism of a
mindless application of the growing recapitulationist orthodoxy:

Because the embryo pusses Hinpugh all e stages of development of it ancestors, a boy of the I'I:ille—
teenth century must he tought secording to all the systems ever in use and in the same owder of lmj-e.
[.-. ]"Think of compelling all emigrams o pass to Amedca through Cuba, because Cuba was dis-
covered first. Think of making oys leam Latin and Greek before they can write English, bacause
1.atin and Crreek were the only languages in wlich there was a literaiuce konown (o Boglishimen 450
years ago. |- ] Wis oot merely in anilhimetic and geometry, but in the higher parts of mathemalics
thar this waste goes on. Newlon employved geometical conics in bis astranormical studies, and me-
chanics was developed; and therelore it is [hat every young éngineer must sludy mechanics IJu'oL'lgh
astronomy, and he daze not think of the differential calculus until he has finished geometrical conics.

Of course there is still a great deal to be said for a more sophisticated versio‘n o.f mca?nulat‘w-
nism, and indeed in our ICMT Smdy on The Role of the Hi.vror:v ofMarhemam‘:s in the Feachm:q
and Learning of Matheinarics there is a whole chapter on the historical .formz.nmn of mgthe.rnan-
cal thinking, S0 any prablem isn’t the model as such, but the crassly umntelll.lgen_t appllcaﬂon of
it which has been too prevalent in the past. Whatever 1ts failings, the Iecap.llul.almmst p.nsrulate
did have the effect of forcing serious consideration of history of mathematics in education.

Through these and in other ways the history of mathematics has been a regu}ar theme of Engli.sh
discmﬁse ahout mathematics education duning this century, and indeed for s:evefal cc_munes
before that, one way or another. By the 1990s, there has developed a lot D‘f senOEls interest
among a relatively small group of people, and more ge:neral interest in, or llp-SC}'\’lCE IF), t:e
history of mathematics among a much wider group of People; but no h.l.m of I'ustor?* in the
National Curriculunt, though of course no positive bar either, on using history as a fesource
for beiter delivery of the marhematical objectives and teaching outcomes .of the Curriculum.
We do know, from swveys prepared for our ICMI Stdy, that many c‘ourm'les make a sti‘ogger
encouragement 1o teachers to use history-of which the Dutch-speaking part of Belgium is a
good example-or even require it in some places, such as DeM{ark and l‘\Tom-'ay 50w fmme
extent the problem is a British one. But in the structures of what is happening perhaps there are

wider lessons too.
3 Analysis of the problem

Ta put this into perspective, and give us a framework for-ana]ysi‘s. 1 want to use thi.e recent \iv?rk
of the young Hong Kong researcher Lit Chi Kai. For hl:‘i MPhil IthE!ilf-‘. at the Ch.mese Ur‘m er-
sity of Hong Kong, Chi Kai has investigated aspects of 1nl1‘€)duc1ng history of mathc1naﬂcs 1_r1
classrooms, including teacher reactions. He garnercd the views of 3?0 lll:;l.tht:l‘l’l.éltlcs lez_mrhels
in 41 Hong Kong secondary schools, and found that although .m_ust lh_mk h13l}ly and posntl\fre]y
towards history of mathematics, most, too, do not nake use of it in thtlr‘teal:lung‘_ He t.hen went
on 10 ask them why not, why there is a dissonance between tieir beliels and (heir actions, and

he found four reasons in particular

s lack of knowledge

+ lack of supporting materials

¢ sludents and parents too concerned about examination scores
# curiculum too packed.

This overail perspective, the four main reasons given by Hong Kong teachers for their hesitation
in miking use of historical materials, ties in with our experience in the UK, in the sense that it
is very difficult to find anyonec-any teacher, any member of the mathenatical community-who
will not say that they think history of mathematics is a good rhing. And yet the use of history
Temaing a rinority pursuil for those relatively few pupils lucky enough to have teachers with
the confidence or enthusiasm to over-ride these dilficulties.

So we need to address these reasons. They fall visibly into twa parts. The first two, the lack of
knowledge and the lack of supporting materials, is being rectified actively by teacher trainers in
collaboration with organizations such as the Summer University, the HPM committes of ICMI,
and national bodies in many countries. So in time these need not be major stumbling blocks.

The second two, pressures of examinations and curriculum, are to a great extent outsicle direct
control of teachers and take us ro the effecis of what are primarily political decisions. This is
true even though the proponems of using history mi ght want to claim that deeper understanding
would benefit students’ examination scores and would make a crowded ciriculuin easier. not
harder, to assimilale. But there remains a problem of perception.

I'should observe too that the first two reasons are also the result of political judgements. The
increased difficulty. in the UK, in supporting teachers with issues such as historical knowledge
and resources arises directly out of political pressures for local management of school budgets.
Ten or 5o years ago the Tharcher government forced local education authorities to devolve
budgets down to schools, which has had the entirely predictable consequence that there is less
money for things which only larger budgets have the flexi bility and vision ta accommodate.
Teachers who used to be able to apply for central funding, for such things as attending meetings
to be informed and trained in using history, now must persuade their headmaster or school
manager to divert funding away from repairing the classroom toof. That is Jjust one instance of
the rippling consequences of decisions taken for other reasons,

This is not to say that politicians are unaware of the importance of history. In 1990 the UK’s
Education Secretary, David Blunkett, made an apparent exception to the lack of history of
mathematics in the National Curiculum when he advised schools that the wartime exploits of
the Bletchley Park codebreakers should be on the history cutriculum for all pupils over the age
of eight. Tt was at Bletchley Park, a Victorian mansion in Buckinghamshire, that fron: 1939 1o
1945 a team of mathematicians and other codebreakers, among them Alan Turing, worked with
great success to decode German Fnigma signals and others. Among the decoding apparatus
constructed by workers at Bletchley Park was the world’s first large electronic programmable
computer, called Colossus. The Education Sectetary was impressed with the way in which
studying this history could motivate young people. “This is a good opportunity”, he said, “to
tuim them on to something that brings history alive and which makes them think pusitively ahout
how they might contribute in their own lives” {Carvel 1999, p. 4.7 Tt should be noted, though,
that this use of history is for its morale-raising vakue. not for any contribution it might make to
mathematics education.

Overall, we can see that the state of mathematics cducation, and the role history is allowed
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10 play in that, are deeply political issues. To understand where we have got to and how, and
what to do, involves looking again at the political and social inflnences and consiraints on
educational policy and practice. I now pull out again the two introductory images, and explote
(he idea that mathematics education has developed within a tension between humanization and
mechanizalion over the past centuries. 1 will just give a [ew pointers to ways in which these
show themselves.

4 Mechanization versus humanization

The specific image of the logical sausage machine is interesting because it captured the spiril
of the age, and we find Hend Poincars, once again, using similar imagery in his analysis of
current trends within mathematics. Poincaé was rather suspicious of the formalist approach to
mathenatics, of the school of David Hilbent, and sativized it in these terms:

Thus it will be readily understood thal. in order 10 demonstrate a theorem, it 15 ot necessary or
even useful 1o know what it memns. We might replace geometry by ihe reasoning plana imagined by
Stanley Jevons: o, if we prefer. we mightimagine a machine where we pul in axioms at one end and
take oul thearemns at the other, like that legendary machine in Chicage where pigs go in alive and
comne out transtormed into hams and sausages. | Mathematics and logic’. in Scietce and metiad. .
147],

This kind of critique has been an important tlwead in mathematics education down the ages.
Whether you need to understand what you are deing, in demonstrating some technical skill, is a
perennial issue that keeps rewrning. Its focus classicus is perhaps the dispute between William
Oughtred and Richard Delantain in the 163(0s over whether in order to use a slide rule you
needed to be taught the principles of logarithms, Ever since then question has been a recuirent
one of how 1o strike the right balance, in education, between deep understanding and technical
facility.

The perception that mathematics is somehow damagingly close to the mechanistic aspects of
the age has long been held in some guarters. A famous eary proponent of this cultural criticism
was the English poel William Blake:

I hun my eyes to e Schools & Universities of Eaope

And there behold the 1.opm of Lacke, whose Woof rages dire,
Washed by the Water-wheels ol Newton: black the ¢loth

In heavy wrezthes folds over every nation: cruel Works

Of many Wheels I view. wheel wilhout wheel, with cogs tyrannic
Moving by compulsion each other. not as those in Eden, which,
Whee] within Wheel, in freedom revolve in harmony and peace.

One of the most influential treatments was that of the English novelist Charles Dickens, in his
novel Hard Times (1854). Sometimes considered Dickens’ greatest novel, Hard Times is aboit
precisely the dialectic of my opening images, the rival claims of humanity and mechanization

in education, Farly in the book. the schoolmaster Mr M’ Choakumchild (who would be Maszer

Kindkeler or M. Etoufféléve in Belgiutm) is introduced as both a victim and a symptom of the
mechanization of edvcation:

He and some one tmndred and forty other schoolmasters had been lately lumed at the same time, i
the same Factory, on the same principtes, like so many pianoforte legs. . .. Orthography. ctymology.
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syalax. and prosody, biography, aswonomy, geograply, amd general cosmography, the scisnces of
compound proporicn, algebra. landsurveying and levelling . .. were all at the ends of his ten chilled
fingers. .. . Ah, rather overdone. M Choakmnchild, I he had only learnt a litde less. how infinitely
Belter be might have aught much more! [pp. 52-53].

This message has been well absorbed in the University of Leuven, it is gratifying to notice,
whose publicity brochure contains an explicit disavowal of mechanistic kindkeler pﬁnciples:.
speaking of Leaven’s comunitment to the broad ethical, cultural and social context of educa
tion, the brochure goes on to say that “Rather than passing on mere factual knowledge. [KUL]
promotes the skills of idenlifying, formulating and solving problems. It creates the necessary
conditions for a stimulating educationat experience” ’

Dickens’ eriticism is just one part of a long tradition of socio-cultural awarcness from long he-
tore him. until now-Charlie Chaplin was making a similar point in his great film of the 1930
Modern Times, The same mechanistic ideology criticized by Dickens in education, and Chaplin,
in ‘indusu'iul management, fuels the limited imaginations of our present poliliciané. The havoe
being created in mathematics education today, and education generally, threugh managerialism
and matket solutions-the pressure towards examining and agsessing evea‘ythj;g so that what is
unassessable drops cut of the aims of education-tesults from just the same attitudes of unimag-
inative self-rightecusness that Dickens noted.

We may ask what the forces of humanization have been deing, whether, apart from criticizing
the mechanigtic trends. there is any countervailing force with a positive constiuctive ideojogy.
There is, of couzse. the whole movement in which we are involved. towards the incorporation of
history as a humanizing influence, restoring and sustaining for young people and their teachers
some of the important human values in education. But we have other examples from history too
and I mention just one, the case of Mary Boole (1832-1916}. She is not very well known now.

and il.‘ldeed was never very influential outside & small circle, but English mathematics educator.;
have in recent years increasingly found inspiration in her work, particulurly ar primary and mid-
dle schaol fevels. Mary Boole was the widow of George Boole, the great English mathematician
z_after whom Boolean algebra is named. He died young. in the 1860s, and she Tived for another
50 years and conutbuted a number of books towards developing the mathematical imagination
of the child. Her books jnclude such titles as Logic taugir by love, and Phifosoplty and fim of
algebra. These give enough idea, for now, of people who have been striving to promote other
than mechanistic values and whose influence within educational ciccles is a good one.,

5 Conclusions

The main directon of these remarks is that there are grounds for guarded optimisi. My reading
of history is basically a cyclic one: those who forget history are doomed to repeat it. Few are
more vulnerable to this inexorable law than the politicians who pride themselves on starting
afresh, discarding the past and cbliterating it from their memories.

In 1861, for example, nearly 140 years ago, a Royal Cormission in the UK reported that the
best and cheapest way to extend elementary education was to fund teachers according o the
examination successes of their pupils, so-called "payment by results’. Because this gystem
locked to be very cheap, the goveriment of the day enthusiasticalty adopted it. In vain did
wiser voices uzge that it would lead to terrible consequences for the education system: it would
lead to a reduced curricutum, where only the minimum that was examinable wonld be taught: it
would encourage the ncglect of moral and other dimensions of a rounded education; the status
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of teachers would be lowered; grants to schools would be reduced; so would local interest in ;
schools;. .. and on it went. All this happened just as foreseen, and it rock 30 years to get the .
systern of “payment by results” stopped and to repair the damage. Those who notice tendencies
in later governments towards payment by results have a responsibility 1o point out the historical
precedents, and hope that a government is not 50 set on abolishing the very idea of history that
it cannat heed the omens, !
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In his great novel on mechamzation in education. Hard Times, Charles Dickens [oresaw. it is
interesting to observe, precisely the consequences of Reagano-Thatcherite policies of the [980s: E
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It was a fundamental principle of te Gradgrind philosophy, that everything was to be paid for. No- |
body was ever on any accounl o give anybody anything, or render anybody help without purchase,

Gratitude wus to be abodished, and the virtues springing from it were not to be. Every inch of the ‘J
I

existence of mankind, from birth to death, was to be a bargain across a counter. And if we didn't g g E‘
get 1w Heaven that way, it was not 2 politico-economical place, and we had no business there, Fard % 3 £
Times (1854), p.3H. : ;E § B ..
'- i g fyf
Tt is the application of such principles to education that has led to some deplorable consequences ] i i E i3 =§ ; H
in current practice, but the lesson of history is still that these things will pass. Mathematics edu- f £} iz EE g H £f
cation can indeed leamn from its Tustory, but most effectively if those responsible for educational :
pelicies will listen.
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During the Middle Ages merchants went along the houses with their basket with goods.
They tried to barter and their job was very different from the occupations of their later
colleagues. In the sixteenth cenfury merchants stayed in their oftices and sent their ta-
velling salesmen out. Business travels hecame longer, merchants went overseas to different
countries, they had to pay salaries, custom rights, costs of transport, assurances of goods,
etc. They needed to change money in many diffcrent ways, becanse each city had its own
maoney system. They visited exchange banks where moneychangers took care of their af-
fairs. Bankers and bookkeepers were needed. Many merchants earned a lot of money and
they needed carpenters, bricklayers, gold- and silversmiths and others to spend this money
by building houses and filling these with uxury poods.

The job of the merchant and his calenlations became more and more complicated ad he
felt the need of a new arithmetical method. a written arithmetic that could help him to write
down his big numbers and his extensive calculations. During the Gfteenth and sixteenth
century the new scriptural arithmetic with Hindu-Arabic numbers cume into use in the
Netherlands. Many arithmetic books were written in the vernacular, but in spite of thar it
Iasted several centuries before the new arithmetic had superseded the old ome completely.

What are the contents of the Dutch arithmetic books of the fifteenth and sixtesnth cen-
furies? Why does it take such a long time before the new arithmetic was the onc and ouly
method? At which schools was the new arithmetic laught? Thesc are the main problems
dealt with in this aricle,




1 Schools you could count on

During the fifteenth and sixteenth centuries most children visited primary school during a few
years and then left school because they had 1o help their parents and work for a living. Some
children went to Latin school. There all education was in Latin, The pupils were taught the
subjects of the triviwm: grammatica, rhetorica, dialectica. They also learned Latin prayeis and
church-singing becaunse they had all kinds of tasks in the Latin service in church. Arithmetic
was not a subject on the timetable of this school.

The sons of the merchants, who were predestined to tollow in the steps of their fathers, were not
interested in Lalin and church-singing. They needed a school where they could learn practical
and appiied arithmetic. Such a scheal did not exist, but merchants, bankers and other financial
and admanistrative practitioners started their own private schools where their sons could learn
arithmetic, book-keeping and French. French was the most important huginess language in that
time. These schools were called 'French schools’ although the other subjects were taught in
vernacular. It is clear that these schools were good nurseries for future merchants, bankers and
money changers.

The arithinetic books used ai the French schools were wiitten in vernacular and in the prologue
ihe authors mention the kind of pupils they are aiming at: merchants, bankers, bookkeepets,
money changers, but also technical practitioners like carpenters, smiths, mintmasters, etc. The
books contain many financial and technical arithmetical problems that had w be sclved by these
people in their daily practice. The arithmetic with the Hindu-Arabic numbers is very suitable
to solve these problems and the authors give long explanations about this new arithmetic. The
new arithmetic is the most important subject in the arithmetic books, but besides that many
authors also include a chapter on the old arithmetical method. the traditional calculating with
coins. Using this old method vou don’t need (o write und that was a big advantage, even in the
sixleenth century, when the ability of writing was s1ill quite rare. In primary school the children
first lewrned (o read and then 10 write. Most children left school belore they zol wriling lessons.
Around 1600 about 60% of all men and 40% of all women were able to sign their marriage
certificate. That means that during the sixteenth century many pcople could not write. If vou
can’t write but yet want to do arithmetic, you can choose the traditional way of calcunlating,
arithimetic with coins, for which you only need a few lines and some coins.

2 The old and the new arithmetic

In the sixteenth century the counterboard has horizontal lines. You can place coins on or be-
tween the lines and in this way you can express numbers and calculate. This board is a varia-
tion of the traditional abacus of the old Greeks and Romans. They used a board with vertical
columns. During the Middle Ages (his abacus underwent some changes and was turned a quag-
ter.

At the end of the Middle Ages some people even use another variation of the abacus. They
calculate with coing without lines. [n figure 1 von see a picture fromn the fifteenth century
French arithmetic book ‘Le livre de getz'. Three merchants calculate with coins without using
lines. This method is also found in a Dutch arithmetic book by Christianus van Varcnbraken
trom 1532,

[n using this method you start by placing coins on a vertical ling. These are the so called
‘liggers’ in Duich. or “layers’ in English. The first layer indicates the ones. The second layer
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indicates the tens, the next one the hundreds, etc. The fields between the layers also have a
value, increasing from 5 to 50, 500, etc. Figure 1 shows what the number 3767 looks like in
coins.

If you can express numbcers with coins you can make calculations with coins and it is indeed
guite easy to add up and subtract. Multiplving and dividing is a hit more complicated, but for
people who can’t write calculating with cains is a good alternative.,

During a very long time both arithmetical methods, the old and the new one, stayed inuse. In
figure 2 you see them together being practised at the same table. On the left you see the modem
scriptural method with the Hindu- Arabic numbers and in the middle you see the traditional way
of calculating with coins. This picture is from the title page of the arithmetic book by Adam
Ries from 1533, Ries expiains that the traditional calculating with coins
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Tigure 1: On the left: Three merchants making a calcalation with coins withour lines, from the French "Livee
de getz”, 15th century. On the right: The number 3767 expressed in coing, from the Dutch avithmetic book by
Christianns van Yarenbraken, 1532

Figuie 2: The old and the naw arithinetic at the same table. On die left the modem seripral method with
Hindu-Arabic nombers. in the middle the raditional calculating with coins, Title page from the aithmetic book
by Adam Bies. 1533
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is a good preparation for the new method with the pen. He describes both methods, Other
authors, also Dutch ones, do the same, Tt seems that many people in those days could work
with both methods. The mathematician Petrus Ramus used the new arithmetical method in
his “Arithmeticae libri tres’, but in private, he said, he prefered the traditional way with coins.
ki sounds more or less like the way we use our pocket calculator nowadays., Sometimes we
cipher on paper and sometimes we choose a calculator. Tt depends upon the problem and the
circumstances.

Finaily the modem way of calculating with the pen was prefered to the okl manner. But this
happened only after a very long period. Even in 1698 coins were steuck in the Southern Nether-
lands. Andin 1707 Leonhard Sturm explained in his *Kurtzer Begeift der Gesammten Mathesis”
how to calculate with coins.

Why did it take such a long time before the new method was accepted everywhere? It is clear
that it has many advantages. For instance you can casily check your calculation afterwards. In
arithinetic with coins, the numbers vou start with disappear from yout counterboard during your
caleulation. Of course you can check by vsing the check of nines, but it is impossible fo read
again the process afterwards. In the new anthrmetic you can.

The new method has more advantages, In using Hindu-Ambic numbers it is easy to write
big numbers and to exwact reots or calculate with fractions. And finally, you only need one
instrutnent for making your calculation and noting the result. So why the delay?

First because many people could aot write, secondly the use of zero in the new method, If
you we calculating with coins the zero is not necessary. Zere means an enipty space on your
countingboard and that is ne problem at all: nothing means nothing. In the Roman nombers it
is the same, You don’t need a zexo.

But in the new system vou do, You have to write a sign. although you mean nothing. And at the
same time this magical sign can change the value of a number when it is added to it. 4 doesn’t
mean the same as 40! People found this difficult, so that authors gave long explanations about
the function of the zero.

Some people ware even opposed to the new number system, In Florence the guild of money
changers forbade their members to use the new numbers in their cashbooks for fear of [raud.
This hap- pened as late as 1299. In 1202 Leonardo of Fisa had cxplained the new method in his
‘Liber abaci', when it was completely unknown it the Netherlands.

The oldest Dutch arithimetic book in which the new arithmetic is described, was written in 1445,
There are two other Dutch arithmetic manuscripts from the fifteenth century, but most of the
Dulch arithmetic books were written and printed in the sixteenth century. At present we know
36 arithmetic books from these 1wo centuries: 12 mamiscripts and 24 printed editions. Eleven
of the 36 arithmetic books are either a reprint or a copy of an earlier work. On first view the
books do not leok like anthinetic books, Dutch authors didn’t use arithmetical symbaols, hat
described their caleulations in words and complete sentences. The German Johann Widman
already used arithroetical symbols in 1489 but he was hardly followed by his Dutch colleagues.

3  What could you learn from a sixteenth-century arithmetic teacher?

The most important aim of the authors of the Dutch arithmetic books was to teach their pupils
the new scriptural arithmetic with Hindu-Arabic numbers in order to apply this to all kinds of

technical and financial arfthmetical problems.

First the pupils had to learn how to read and writc the new Hindu-Arabic numbers. The authors
wanted (0 show that the new number system is very suitable for writing down big numbers
systematically. Christianus van Varenbraken gives an example of a number consisting of 1§
figures. Try to imagine what this number looks like in Roman numbess and you will realize the
advantages of the new system.

If you know how to read and write the new nusbers you will have to learn how to do calenlations
with the pen. All Dutch arithmetic books start explaining how to add, subtract, nltiply and
divide. Somelimes the authors even treat halving and doubling. The arithmetical operations
1ook rather modern. We use the same methods nowadays, with a few differences when it comes
to division.

The different money systems of the cities could make calculating rather complicated. In figure
3 you see a subtraction with 1wo amounts of money: 298 pounds, 19 shillings, 14 pennies and
16 mites are subtracted from 334 pounds, 13 shillings, 9 pennies and 13 mites. You have 1o
know the Ghent system, in which: | pound equals 20 shillings, 1 shilling equals 12 pennies
and 1 penny equals 24 mites. It is clear that this made calculations very difficult and there were
muny mistakes, as you see in the final result of this example: 11 pennies ought Lo be 10 pennies.
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Figure 3: Sublraction of two amounts of money from the arilhmetic hook by Christianus van Varenbraken, 1532,

When the authors have explained the arithmetical operations they next discuss rules to solve the
applied and practical arithmetical problems. The rule of three is the raost important onc. It is
used to find the fourth number in proportion to three given numbers. Because of its importance
some anthors introduce this tule in a beautifully decorated frame, Figure 4, This picture is rom
the atithmetic book of Peter van Halle, 1568. The text says: The rule af three, how your can find
the fourth nionber out of three numbers.




Figure 4: Introduction of the rule ol (nee in the arithmetic manuscript by Peter van Halle, 1568.

With the rule of three you can solve all kinds of problemss in the life of merchants and finan-
cial, administrative and technical practitioners : problems about buying, selling or exchanging
of goods, about partnership, changing money. calculating of inlerest, about insurance. lproﬁ(.s,
losses, making alloys. etc. Look for instance at the problem on selling cloth in figure 5. This
problem is from an ancwymous arithmetic book from 1578,
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Figure 5: Linen sale from an uncnymons arithmetic book, 1578, fol. 32r.

If 7 ells of tinen cost 16 pennies, how much dv 124 ells cost? N
Place the three given numbers on a line. Multiply the last two numbers and divide the product
by the first one: (16 < 124} : 7 =283 pennies. In figure § you see that 3 is not ticked off. That

is the remander.

The following problem is a bit more difficult. You can read it in figure 6. It is from the arithmetic
book by Peter van Hallc, 1568: If 10 mowers can meaw 15 hectaves of land in 7 deys, how many
days do 16 mowers need to mow 20 hectares of laud? ‘

In this problem you have to use the rule of three twice: once in the normal order and once in the
inverse direction. The final outcome s 5 5/6 days.
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Frgure &: The problem of the ten mowers (rom the arithmetic book by Pater van Halle, 1568, fol. 95r

Money changers had o solve problems like the one in figure 7: A merchant Jfrom Florence
went ter the exchange-bank in London in order to change 120_ ducars a1 42, pennies edach into
angelots ar G6_ pennies each. The question is: How many angelots will he get in London?
The calculation here is: (120_ x 42..} : 66 _ = 76 angeloten and the remainder is 594,
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Figure 7: The proflern of changing money from the arithmetic book by Adrisen van der Gueht, 1569, fol. Y6r,

4 Words used for arithmetic

Mostly the teachers at the French schools were the authors of their own arithmetic books. Thev
did their very best to make the arithmetic as clear as possible to their pupils, They gave long
explanations and very many problems to prepare their pupils for their future jobs.

Alas, especially in the early arithmetic books, there is one aspect that made their explanations a
bit obscure. Alrhough the authors wrote their books in the vernacular, they userd many traditional
Latin arithmetical tevns and that was dilficult for pupils who did not understand Latin, Bul an
arithmetical vocabulary in Thich did not exist.

In the sixteenth century the authors tried to make the Latin tecms clear in different ways:

1. they gave the Lutin words Dutch endings:;
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For instance;  addito —-  adderen

sunima —  SupHe
unitas — uniteft
quadratus —  quadraet

2. they tried to describe the Latin word and added Duwch expressions to it
For instance: in sich selve multipliceren
(multiply in himself = to square) getal dat gi begeert te delen
(number that you want to divide = division number) gebroken geral
{broken number = fraction)

3. they tricd to find Dutch translations of the Latin words. Most of the time they used
existing Duich words:

Forinstance: differentia  —  verschil
radix —-  waortel
substractio —  aftreckinge

4. sometimes the authors created completely new Dutch words:
For instance:  arithmetica —  rekenconste
additio —-  optellen

and soon,
Some of these inventions became part of the Dutch arithmetical vocabulary,

If a gixteenth centory arithmetic teacher wanted to write his own book he started by using books
of his predecessors. We would call this plagiarism, but in those days it was quite normal 10
compose a new book with material from existing books. Of the 36 trangmitted Dutch arithmetic
books at least 31 me based on one or more sowrces. Thers is a dense network of relations
between the arithmetic books, Take for instance the book of Gielis van den Hoecke from 1537.
He may have used the works of Euclid, Ptolemy and Regiomontanus. He translated and adapted
fragments from Grammuteus, de la Roche and Rudolf. In the same way Van den Hoecke used
the works of his predecessors, his work was used by later authors. Some colleagues copied
his whole book, others used fragments or made adaptations. Some books seems to have some
relation with the book of van den Hoecke although it is difficult to prove that. Probably some
linking books between those have been lost in the course of time. The book of van den Hoecke
is just one example. Acithmetic books of this time heavily depend upon emlier books,

If an author copied pieces from the works of his predecessors he also copied their terms and if
he feared that the copied terms were not clear enongh for his pupils, he added some extra terins
or descriptions. The consequences of this practice are that the amount of arithmetical terms
in the books is growing during the age. Authors made no choices between terms and used all
synonyms they knew.

Sonmetimes several synonyims appear in the same sentence. Gielis van den Hoecke starts his
chapter on addition with the title: “Additie, vergaerderijughe, sommerijnghe”. He uses three
different words to announce “to add’. Van der Gueht has used the wotk of Van den Hoecke, he
starts addition with the tidle: “Additie, vergaerdeiijnghe, sommerijnghe ofte toedoeninghe”. He
even added a fourth rerm.

Van der Gucht used many different sources in corposing his book, The consequence is that he
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has a stiiking nunber of arithmetical synonyms. For instance: he uses 13 different words for “To
add": adderen, brijnghen, inrekenen. vekenen, sommeren, tochrifnghen, toedoen, verzaemen,
tegader adderen, tegoder doen, in een somme brifnghen, tegader tellen, samen tellen.

Tn our eyes the big umount of synonyms in the sixteenth century arithmetic books is remarkable
and it seenis confusing, but in these days there was no standardisation of 1ertns. Finally, a long
lime after the sixteenth century, the biggest part of these terms disappeared, but it is striking
that among the sixteenth-centry arithmetical terms that many of them are still in use nowadays
in the Dutch arithmetic.

An important author was Simon Stevin. He was born in Brugge, probably in 1548, He moved to
the North in 1581 and became a student in [.eyden. He published many works on mathematics,
astronomy, physics, Iaw. He was the teacher of Prince Maurits and published his instructions
in the *Wisconstige gedachtenissen’. Stevin was convinced that of all languages Dutch was
by far the best for scientific purposes. In his works be introduced many new Dutch words.
Some became the only correct terms in the Dutch scientific language. Words like: wiskunde for
‘mathematics’, evenwijdig for ‘parallel’ and evenredigheid for ‘equality of two ratios™, etc. In
1585 Stevin published his “De Thicndc”. He described a new method to write decimal fractions
and how to use them in fundamenial arithmetical operations. None of the Datch termns he used
here are his own invention: he made a selection from the existing [6th century terms. We
may conclude that Simon Stevin invented many new Duich scientific terms, but for our Dutch
arithmetical terms we must thank hiz predecessors.

5 The combination of business with pleasure

Let us return now to the contents of the arithmetic books.

Among the many serious practical arithmetical problems for future merchants, bankers, money
changers. etc. you find problems that are not realistic at all. These are mostly funay story-
problems, probably to amuse the pupils 2nd make the program less serious.

Chrigtianus van Varenbraken (1532) starts this kind of problems always with the title: Questie
wit genouchren. which means: Problem for pleasure. Martin van den Dijcke (1591) has col-
lected all his recreational problems in a special chapter at the end of his book. He introduces
his collection as follows: Here you will find many different beautifil problems to sharpen and
enjoy vour mind. Tt is clear that these problems have a recreational function.

The following cxample is taken from this collection;

Hunneken Vine and Lysken Rinck are gening married. The bridegioom and his family are
waiting for the bride. The bride is walking towards her bvidegroom, but suddenly she stops
because her family has rold her thar she is breaking the rules. The horse has to go to the hay and
not the reverse. There is a fight benveen the bvo fmmilies but finally they reach a compromise.,
The bride goes 7/8 part of the distance between her and her bridegroon: backwards end then
again 8 2/3 steps forward, The bridegroom goes forward 1/5 part of the distance. Finally the
distance between the couple is only 3/5 part of one step. So they can kiss each other and the
auience faughs lowdly. The question is: How many steps were there benween bride and groon:
when the bride stopped walking?

Probably this problem was nice entertaininent in the sixteenth century classroom, but it could
play the same pait in a modern mathematics lesson, Funny problems are timeless,

In the following example from the same source we see that rivalry between cities is of all times.
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Once in an inn two men, one from Lowvain and one from Mons, were boasting. The man from
Louvain said: *Compared with Lowvain, Mons is just a pigeon house.” The man from Mons
answered that the length of the Mons cinwalls was 5/8 of a mile. But then it seemed that
the Louvain walls were | 4/1) miles long. The conversation ended with a bet: ‘T believe it ix
possible to place Mons move than 4. times inside the Lovvain walls. If not, T will pay for the
drinks.” Did the man from Lowvain win?

These types of problems were not only solved in the classroom but also probably in pubs or at
parties. It is like a modem quiz: a way to challenge each other.

We do not know how ald Van den Dijcke's problems are. He copied them from Godevaert
Gomparst, a sixteenth-century arithmetician from Antwerp and probably they have not besn
uscd in books of an earlier date. But some of these arithmetical ‘riddles’ are extremely old and
can be found in books from different times and cultures, like the "world famous® problem of (he
ring.

In a group of peopie there is a person who has a ring on one of his fingers, around a certain
phalanx of that finger. The leader of the game doesn’t know where (he ring is, but he asks the
group to do some calculations and finally when he sees their results he knows where the ting is.
The calculations are:

Double the number of the person that has the ring. (Fach person has a number)

Add 5 to this.

Mudtiply the result with 3,

Add the number of the finger

Place the muonber of the phalany behind the result and subtract 250.

If for instance the third person has the ring on his second finger around his first phalanx, the
final result of the calculations will be: 321!

1 believe that this problem can also be a big success in our modern clagsrooms, You can add
extra questions. For instance you can ask your pupils what will happen if the ring is on the tenth
finger. You can ask them why the trick works and it it will work with all numbers. And perhaps
youn can even challenge them to create their own hidden ring trick. In doing this you can turn
this exciting historical game into a rich and valuable math problem.

I found this problem in the arithmetic book by Peter van Halle (1568) and it also appeared
in the arithmetic book by Adriaen van der Gucht (1569). But the problem is much older. Tt
appeared already in the problem collection of Beda in the Sth century and also in the works of
Abu mansur {eleventh cenmiry), Fibonacci (thirteenth century), Chuquet and Calandri {fifteenth
century} and in many sixteenth century books: De la Roche, Ghaligai, Rudolff, Apian, Tartaglia
and Trenchant, And last but not least, the Putch arithmetician Willem van Assendelfr described
the ring problem in his book of 1621. it is clear that long after the sixteenth century these
probleins were as popular as they tumed out to be at a swnmer university in Louvain in 1999,
Which shows us that good problermns will keep their charm forever.

6 Couclusions
In the title of this article theve are tlhuee T-words: Trade. Tradition and Terminology, During

the fifteenth and especially the sixteentl century the inceasing tade caused an increasing need
for a writien arithmetic method, Merchants and practitioners of financial, administrative and
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technical professions learned to apply this new 1ethod Lo practical arithinctical problems.

During a long time both the new arithmetical method and the traditional method of calculating
with ceins stayed in use and many new books contained old and well-known problems, that
used to be selved for fon,

Many of the modern Dutch arithmetical terms have been invented by sixieenth century authors
of arithmetic books.

The sixteenth century was a lime of tradition and ambition. but people aiso liked partying,
During these parties pecople may have been challenging each other by trying to solve arithmetical
problems. Probably thesc accasions were a kind of Summer university-bangets-avant-Ta-lettre.
The most impertant lesson we can learn from our sixteenth centwy colleagues is: Always try
10 combine business with pleasurc!
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La géométrie et la natore des choses

{ ROUCHE Nicolas'
CREM-Nivelles {Belgique)

Abstract

Les perceptions portent sur des choses particuligres, individuelles. Mais les symétnes
| et les parentés de symétries induigent la formation d’ebjets mentaux péomérriques, gui sont
i des classes d'objets parcourvs en wmagination ¢t avssi cemées par le langage. Les déter-
| minismes géoméiriques reconnus dans Uaction (par exemple le dessin aux Instnuments)
i fournissent des inférences, dont les premiéres sont évidentes, relévent de la “lumidre na-
. turelle”. Et celles-ci ensuite se combinent en inférences non dvidentes, en pretves discur-

sives, Nows essayans ici de comprendre ce cheminement, en nous appuyant sur guelques

{ auteurs du XX sigcle, en particulier E. Mach, qui ont contribué 4 en éclairer certaines

; Elapes.

'Cet article a fait I'ohjet d'un exposé 4 "Université d'Eté européenne d’histoire et dpistémolagie des mathé-
matiques de Louvain-la-Neave en 1999, dont les Actes sont en cours de poublication. I1 ¢st reproduit jel avec
1"aimable autorisaton des orgamisaewrs de cette Université,
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Si pen que nous sachions encore du tmonde environnant
historique des premiers gémndires, i1 est loutefois

certain { - .. ] gue c'était uh monde oe “choses”

{parimi tesqueiles les homumes eux-mémes en lnt que sojets

de ce monde), X
EumuN HUSSERL

Un grand avantage de la géumétne, ¢’est précisément
que les sens peuvernt y venit au secours de I'intelligence,
et aident & deviner la raute 4 suivee,

HENRI POINCARE
1 Introduction : la lumiére naturelle

PasCaL écrivait en 1658 : “[L'ordre de ia géomeéuie] ne suppose que des choses claires et
constantes par la lamiére namrelle, et ¢’est pourguoi il est pacfaitement véritable, 1a nature le
soutenant au défant du disconrs”

Cetie citation appelle pivsieurs commentaires. Le premier est que Iadjectif constant n'a
pas ici son sens habituel d'invariabie. Dhans le dictionoaire de FURLTIERE [1694], le premier
sens de comsiant est “ce qui est certain de toute certitude™. el il en donne pour exemple : “Il est
constant que deux et deux font quatre,” Ainsi la géomeétrie dit la vérité, elle est selon les termes
de Pascal “parfaitement véritable”,

En I'occurence il s'agit d’abord de la vérité des premigres asseriions géométriques, celles
que 1'on supposc e ne démontre pas. En effet, on ne peut tout démontrer, done il faul bien
supposer des propriétés “sans discours”, ce qui veut dire sans preuve. Ces propriétés sont
garanties par “la nature”, ou plutdt elles somt reconnues sans préter au doute par “la lumiére
naturelle™, Dans fumniere nanwelle, il y a nanevelie qui renvoie 3 1a nature, sitge des proprictés,
et lumiére qui renvoie & 'esprit qui comprend, qui souscrit & I'évidence,

Passons maintenant du XVIIF™ sigcle A notre époque, et demandons-nous si la lumidre na-
turelle au sens de PASCAL existe encore awjourd hui, Est-ce qu'un &ue humain de nos jours
conviendra comme PASCAL de Pexistence de plans, de droiles et de points, de leurs inlersec-
tions, de I'existence des paralléles et des perpendiculaires, cte, 7 Oui sans doute, & condition
qu’il n”ait entendu parler ni des géométrics non euclidiennes, ni de RIKMANN, ni de la relativité.
11 doit s'agir d"un étre humain naif, quelqu'un qui, armeé de son seul bon sens, comrencerait i
s'intéresser aux phénomeénes péaméeriques et les soumettrait 4 expérience et au raisonnement.

1l existe encore aujourd hui, conune aun XVII'™ siecle, des évidences communes. 1.3 dif-
férence — considérable il est vrai —, est gu'clles n'ont plus la méme valeur de vérits. Nous
savons doténavant que la nature ne se révéle pas dans sa vérité profonde au regard naif. T.a
lumiére natarelle n'est plus ce qu'elle était. Mais les ¢vidences commumes engendrent encore
une géomeétrie naturelle & I'homme. Elles ne sont pas vraies au sens de 1a physique, mais elles le
paraissent. Elles sont le fondement de la géoméirie approximative adaptée i I"échelle humaine,

Si on acceple gu'un savoir ne pent commencer 4 se constiuire que dans 1'univers intelligible
de celui qui apprend, ulors la géométrie, guelles que soient les révisions radicales par lesquelles
elle devra passer pour rejoindre ce qu’on appelle aujourd hui les géométries, commence par les
évidences communes, par la lumiére naturelle.

L'objet de ce travail est de remonter, dans la mesure du possible, aux origines des évidences
communes de la géométrie. PASCAIL constatait ces vidences. Nons cssayerons de les expliquer
cn partant de la notion d’objet invariable chez MERT.EAU-PONTY [1947] et des obscrvations de
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MacH [1997] sur la perception des abjets symétriques. Notre espoir est que ces explications
aident & comprendre el organiscr les cheminements des éleves dans les débuis de la géomstrie.

La substance de cet article est tirée d'une étude réalisée par le CREM'. Pour ne pas allonger
Uexposé, nous avans décidé — non sans regret — de n’évoquer ici que des objets plans. Nous
renvoyons & CREM [1999] les lecteurs qui voudrajent approfondir 1a question, entre autres en
prenant en compte les objets & trois dimensions.

2 Percevoir
2.1 La constance de la grandeur et de Ia forme

Considérons un objet plan (par exemple une forme découpée dans du carton), d’ume taille
telle que le regard puisse I"embrasser lorsqu'il se frouve devant 1" observateur, en position frontale,
& distance de toucher. Nous avons {"impression que lorsque 1'objet est dans cetle puosition. nous
le voyons véritablement tel qu'il est. Nous privilégions cette position de perception commode,
par rappott i toutes celles correspondant i des distances et des orientations différentes. Toute-
fois, notre connaissance de ' objet englobe les souvenirs de toutes ces positions varides.

Que faisons-nous pour bien voir un objet de ce type rencontré par hasard ? Nous tournons
notre regard vers lui, nons I'cloignens ou te rapprochons de nos yeux pour le voir sous un angle
approprie, nous ajustons la courbure de nos cristalling pour le voir netternent. nos ajustons
"ouverture de nos pupilles pour qu'il ne nous paraisse i trop sombre, ni trop briltant, et nous
I'amnenons en position frontale?.

Aucune de ces manmuvres n'est inspirée par des considérations scientifiques telatives a
la distance, |"orientation, 1'éclairement, etc. Selon MRRLEAU-PONTY, cllcs se situent 2 i
niveau prélogique, et Ia position privilégiée est pergue cormme un point de maturité de la percep-
tion, cotume la position qui équilibre les influences de 1"abjet sur I'observateur. R. ARNHEIM
[1976] parle en I'oceurence de Hintelligence visuelle. Toutes les mancenvres décrites ci-dessus
s'enchainent en tout cas dans un ordre appropri¢ an résuliat escompté et sont guidées par unc
intention de connaitre.

On acceptera sans doute volontiers que la grandeur et a forme objectives d'un objet du
type considérd soient celles que nous lui atiribuons dans la position privilégige, Mais alors
comment reconnissons-nous que Lobjet conserve sa grandeur et sa forme, bien uUe SUR ap-
parence change selon les positions qu'il occupe par rapport & nous 7 En fait. I’ensembie de
ses apparences lies aux conditions de sa préscniation forme un systéme Stiucturé et, selon
MERLEAU-PONTY, la constance de cette structure — nous pouvons toujours retrouver une ap-
parence particulitre quelcongue — s”identifie & ce que nous appelons la constance de la grandeur
el de la forme.

Qui plus est, les changements de position de I'objet par rapport 4 nous et les changements
correspondants de la perception sonl continus, ce qui contribue i assurer "identité de 1" objer
pergu. Comme le dit R. ARNHEIM : “Dans la perception, les divers aspects d'un objet. loin
de constitier une “déroutante vatiél€”, s'enchainent en séquences continnes. Ce sont plus
quune multitude de cas éparpillés av hasard. des ransformations progressives.” Et il conclut ;
“I'identité n'a donc pas & &tre extrapolée au hasard.”

Yoir CREM. {19991

I autres mancenvres §'ajoutent i cela, qui dépendent de la forme particulibre de I"objet. Par exemple. s'il a la
forine d'une lettre, nous ke toumons dans le plan Frontal pour que Ja letire apparaisse dans la pasition notmale de
lecture. Sur certains de ces phénoménes qui dépendent de la forme de 1 ohjet. voir section 3.
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2.2 Reconnaitre les congrucnces

Continuons & novs intéresser i des objets plans indéformables et de dimensions modérdes.
Jusqu' présent, nous avons cherché a voir comment nous connaissons et wrivons i connaitre
un tel objet. Mais nous n'avons envisagé gqu’un objet quelcongue. Antrement dit, nous n'avons
pas pris en compte le réle joug par les diverses formes possibles de |'cbjet.

Or notre environnement — ruindral, végétal, animal, humain, fabriqué — est penplé d'objets
présentant des régularités, des symétries. Nous avons tendance 4 U'oublier 4 force de vivie an
milien deux, Or ce sont senlement ces objets gui ont permis la constitution de la géométde.
Celle~ci n’aurait pas eu de matériau dans un univers complétement désordonné.

Voyons maintenant coniuent nous arrivons a reconnaitie les symétries tes plus simples, a
savoir certaines congruences®. Dans I'immédiat, nous examinerons deux objets congruents,
mais nos conclusions s”appliqueront a deux parties congruentes d’un méme objet.

Av L) L4

FlGures |, 2¢t3

Soient par exemple les deux taches noires de la fignre L. Elies sont congruentes, mais on
ne §'en apercoit pas au premicr regard. Par contre, si on les découvie en position symétrigque
comme sur 1a figure 2, ou translatées ["une de 'antre comme sur la figure 3, on voit d’emblée
gqu’elles sont congmientes. Sur la figure 2, 'axe de symduic est “vertical”, ot de ce fait il
est dans le plan de symétde de Pobservatcur, Sur la figure 3, la direction de la banslation
est horizontale. Sur les deux tigures, le regard se déplace horizontalement chaque fois qu’il
passe d'une partie d'une des deux taches i la partic homologue de 1"autre (voir figures 5 et 6).
Par contre, les segments joignant des points homologues sur la fipure | paraissent disposés de
maniére anacchigue (voir figure 43,
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FIGURES 4, 5¢t 6

La congruence de deux taches se pergoit encore aisément — un peu moins toutefois que dans
le cas des figures 2 er 3 — lorsqu'elles sont symétriques avec un axe horizontal (figure 7), on
lorsqu’elles sont en situation de symétrie centrale (figure 8). Dans le premier de ces deux cas,
le regard se meut verticalement* pour passer d’un point & son homologue (figure 93, et dans le
second, il passe par le centre de symétrie” (Bgure 10).

*Nous préférons lo erme congruent i isemétrique, parce que ce derniee rervoie i des mesures. qui sont hors de
notte propos, Deux objets plans sonl eongruents 5'1ls sonl superposables, fut-ce apres retownement de 1'on deux.

I semble éabli (ef. CREM [19099]; que Péire bumain compare plus faciiement deux objets lorsqu'ils sont
situgs swrune horizontale que lorsque le repard doit descendre ou monter ponr passer de Tun & I awtre,

*Yoir CREM |19%9] pour une analyse plus détaillée des perceplions de congruences.
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FIGURES 7, 8,9, 10

En conclusion, i1 ¥ a des situations ol ia congluence se reconnail aisément, ou sans trop
de peine. {l en existe d’autres oii elle ne se reconnail pas : le regard est impuissant. D'oi la
question : gue peut-on faire pour €tablir la congruence de deux objets lorsqu’on ne la pergoit
pas directement 7 On peut d’abord recourir & des apérarions mécanigues, comme de les amener
dans une position ol on pergoit Jeur congruence, ou encore de les superposer, Mais on pent
aussi, si on en dispose, recowrir A un erirére intellectuel. Cest ce qu'illustre I'exemple suivant,
Sofent deux triangles disposés de telle fagon qu’on ne peut pas les comparer 4 vue. St on sait que
leurs c6tés sont égaux deux i deux, alors on sait aussi que les denx triangles sont cungraents,
La figure 11 illustee une sitmation de ce type,

_
=

FrGurn 1]

Faisons le point. Nous observons dés & présent, dans le cadre de notre analyse, un registre
€lémentaire de la pensée géomeétique. Nons nous sonunes en effet posé la question snivante :
quand peut-on dire gue deux objets ou deux parties d’un objet sont “les mémes™ du point de vue
de la grandeur et de la forme 7 On peut croire que cest 1 1'un des preniers problémes d'une
géométrie naturelle. Les critéres perceptifs et mécaniques, qui permettent pacfois 4’y vépondre,
relévent de Ta vie et de I'intelligence pratiques. On peut dire que la géomeétrie intervient dés que
des critéres intellectuels permettent d'inférer la congruence,

Vue sous cet angle, la géoméirie apparait comme un systéme d’instruments intellechels qui
pallie les insuffisances de la perception et permet de les dépasser. Elle étend notre connaissance
des objets au dela des limites, 4 vrai dire éroites, de notre perception®. Elle cst comme un
instrument d’optique qui donnerait plus de puissance & notre vue. En cc sens on peut dire
quelle nous aide & saisir I'espace. Comme dit H, FRECDENTHAL [1973], “la géométie au
niveau de base, ¢’est saisir 'espace™. En éclairant les sitnations spatiales, clle nous met i 1 aise
dans I'espace.

Toutefois, si la géométric commence avec les opératicns intellectuelles. il faut souligner
avec force qu'elle se constitue sur e terrain des expériences sensorielles et mécaniques et serait
impossible sans ces demiéres. MACH insiste beancoup sur cet ancrage de la géométrie dans la

SNous percevons mal, ou nous ne percevons pas du tout, non sealement les objets rop proclies ou trop éloignds,
ou myl orientés dans le champ de notre regard. mais encore ceux qui sont trop petils on rop grands, T est pa
exermple impossible percevoir la frme el les dimensions " une parcelle de terrain. 4 moins de ia survoler, Cest
bien pour cela qu'on en dresse un plan A échelle humaine.
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réalité sensible et I'action. Tl écrit : “Cesont [ ... ]les sensations d'espace [ . .. ] qui servent de
point de départ et de fondement 4 Loute géomduie.” Erencore : “Les propriéiés physiclogiques
ont probablement donné la premiére impulsion a la rechierche en géoméuie.” Cette affirmation
nous renvoie sans doute i une préhistoire mystérieuse oi les &tres humains, reconnaissant les
configurations symeétriques les plus simples. ont commencée a explorer plus avant I'espace 4 la
force de leur esprit.

MacH affirme enfin que la géoméude, née sur le terrain des perceptions et du fait de leurs
{inutations. ne perd pas le contact avec ciles. “Une géoméirie scientifique, écrit-il, est impen-
sable hors de la coopération de I’intuition sensible et de I’entendement.”

Ces affirmations ont des conséquences importantes, entre autres pour les enseignements
matermnel et primaire. Cest sur le terrain des percepiions et de 1action que se prépare 1'appren-
tissage de la géométrie.

2.3 Symdétries pergues et esthétigue

11 nous reste & expliquer un demier aspect des perceptions, avant de passer de celles-ci aux
concepts ; il s’agit de leur valeur esthébque. Commengons par quelgues observations. Bien
que le motif de base de la figure 1 — une tache quelconque — soit irrégalier, on éprouve une
sensation d’équilibre er d’agrément lorsqu’on en déconvre denx en position symétrique comme
sur la figure 2. Une sensation analogue émane de la figure 3, et davantage encoce lorsqu’on la
reproduit plusieurs fois pour former vne frise (figure {2).

333332

FIGURE 12

A confratio, cetie sensation agréable s’évanouit lorsque les deux objets congruents sont
orientds de fagon quelcongue : s donnent alors au contraire une sensation de déséquilibre, de
désordre.

Cette sensation esthétique est life 4 la présence des droites virtuelles qui joignent chague
point a son homologue, au parallélisme de ces droites et A leur horizontalité. D’autre part,
comme le nate MACH, le droite provogue par elle méme une sensation d'équilibre, particuliére-
ment vive lorsque son orientation s'accorde aux €léments de symétrie de 1'appareil perceptif de
I'ohservateur. Tl écrit: “La figne divite’ entous ses éléments. conserve la méme direction, et ex-
cite partout la méme sensation d'espace. D’oll son avantage esthétique évident. Par ailleurs les
lignes droites qui se trouvent dans le plan médian® ou qui lui sont perpendiculaires bénéficient
d’une situation intéressante, en ce qu’elles occupent une situation de symi€trie et se comportent
de la méne maniére par rapport aux devx moitiés de 'appareil visuel. On ressent toute autre
position des lignes droites comime une distortion par rapport 4 la symétrie et comme “allant de
travers.”

S’il est vrai. comme novs avens vu, que lareconnaissance perceptive de certaines symetries
simples soit au sewil d'une emprise mentale sur I'ordre des choses. qu'elle soit la porte d'entiée

"Dans cette citation, ¢ est MACH qui souligne,
EMACH entend par 13 le plan de symétrie du corps humain.
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et la condition d'intelligibilité géométrique du monde, cela nous parait d'une grande impot-
tance, entre autves sur le plan pédagogique, que les symélries pergues facilement soient aussi
potteuses d'un pouvoir esthétique élémentaire®,

3 Concevoir
3.1 Les deux faces des concepts

Lorsqu'on reconnait nne congruence visuellement ou mécaniquement, il s’agit toujours de
deux objets congruents particuliers. Par contre les criteres intellectuels, ¢ est-2-dire péométriques.
sont eux applicables & des catégories d objets, 4 des concepts, Nous en arrivons maintenant it
"étnde de ceux-ci. Mais comme nous nous occupons des origines de la géoméliie, nous envisa-
gerons plutiit les phjets mentauy. au sens de FREUDENTHAL [1983], que les concepts inscrits
dans une théorie mathématique de grande amplenr. T.es objets mentaux sont des concepts en-
core assez proches de ceux de la pensée commune et tontefois assez élaborés pour &tre déja des
instruments efficaccs d’organisation d’un champ de phénoménes'.

Un objet mental renvoie & un ensemble de choses possédant des caractdres communs'?.
Selon la distinction classique, um tel ensemble peut en principe &tre saisi de deux fagons © soit
en extension, c'est-a-dire par passage en revue de tous ses €léments, soit en compréhension,
¢'est-a-dire par 'ensemble des propriétés que possédent ses €léments el qu’ils sont sculs 4
posséder.

Chague objet mental géométrique est inévitablement saisi des deux fagons, La saisie en
extension est premiére, 1'esprit se représentunt les objets un & un. Mais elle devient difficile
lorsque le nombre 'objels va croissant, et impossible lorsque ce nombre est infini. T.a saisie
en comprehension est seconde, elle s eaprime duns une définition, elle renvoie au langage. 1.es
objets saisis en extension soni les référents de la définition, ils constituent son dostaine de sens.
Iis sont les sources de 'intuition, tandis que Ta définition se situe du c&té symbolique et formel
de la pensée.

Ceci dit, il devient assez clair que le savoir géoméirique aura tendance & se constiluer
d’abord 12 ob 1"accés au sens — 1a vue des concepts en extension — est le plus facile. Essayons
donc, en nous bomant dans un preniier temps avx objets mentaux qui renvoient i des figures, de
discemer précisément les types de figores dont les varianles possibles penvent éire imagindes
sans trop de difficuité, celles par conséquent qui opposent peu d’obstacles 4 un parcours cn
extension,

3.2 Formes libres 4 symétrie simple

La tache arbitraire de MACII (voir section 2.2), prise isolément, ne renvoie i aucune caté-
gorie particuliére d’objets géométriques. Par contre, 1 univers quotidien offre & notre perception

11 semhble bien que les symélries aisément pergnes, non sewlement sotent i I'origine de la pensée péométrigue,
mais encoce soient le matdriaun de base des arls plastiques ef de 12 mosique. Conune 1'éciit PICASSO [cié par
R. ARNHEIM [1976]) cn ce qui concerae son art © “La peinture est poésie ; elle s™éorit toufours en vers avec des
fmes plastiques, jamais en prose. Les rimes plastiques sont des formes qui riment entre elles ou qui créent des
assonances avec d'autres formes on U'espace qui les entonre,” Cette comparaison de Ja géométie et des aits du
point de vue de leur matériau de base est approfondic et illusoeée dans CREM {1909

%S ur Ia notion d"obfer nrenial et celle de phéiomeéne, of. 11. FREUDENTHAL [1983] on CREM [ 1999]

"Nous n'envisageons pas ici les concepts primitifs dont parle par exemple L. VYGOTSKI [1997]. Observds
surlout ches les pelits enfants. ils regroupent des objets ayant entre eux des liens parfois forits, et qui on tonl cas
ne se réduizent pas 4 un ensemble de caractéres comumins.
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une foule d'objels ou d’assemblages d'objets de formes libres ~ des formes non géométriques
au sens ordinaire de cc terme — ¢t qui pourtant manifestent une de ces symétuies simples dont
parlc MACH : syméirie orthogonale, translation, symétrie centrale. Ces formes symétriques
libres sont tellement répandues qu’il est & peine utile d’en donner des exemples. Mentionnons,
pour les symétries orthogonales, les papillons. de nombrevses feuilles, les photos du visage hu-
main de face', ... ; powr les translations, les (vises, les paplers peints, des mots écvits tels que
Honflon, ... : pour les symétries centrales, d assez nombreux motifs ornementaux.

A propes des objets de ce type, renversons maintenant le point de vue de Macil. Celui-ci
disait : si deux formes sont transformées I'une de 'autre par une de ces symétries simples, et
si en outre elles se présentent 4 1"chservateur en position privilégiée, alors celui-ci reconnait
sans peine lenr congruence. Or ce qui se passe aussi, ¢’est que dans les situations décrites, non
seulement la congruence des figures est reconnue. mals encore le ype de symétrie dont elles
semt le siege est idenrifié hai aussi.

Un objet présentant une syméhiie orthogonale est reconnu. en position privilégiée, moins
par I'évocation du retournement (ou du movveinent de pliage) qui envoie un cdté de I'axe sur
I'autre el réciproquement, que par la cotrespondance immédiatement pergue entre ses parties
gauche et droite. Les objets symétriques forment une catégorie. un objet mental, correspondant
a ce type de perception.

Une tranglation est reconmue comme telle, ¢'est-d-dire comme correspondant 3 un glisse-
ment d'ane forme vers |'antre sans changement de direction. Les objets ou igures se présemtant
sous forme de parties translatées les unes des autres forment une catéeoiie, un objet mental.
le lien enlre eux étant précisément ces glissements sans changement de direction. un type de
mouvement qui se retrouve dans tous.

La parenté€ des objets présentant une symétrie centrale est sans doute reconnue par I'évoca-
tion mentale, pour chacun d'eux, du demi-tour qui applique I"objet sur lui-méme,

Insistons, car ¢’est important, sur le fait que los reconnaissances dont nous parlons ne por-
tent que sur les symétics simples, celles identifies par MACH', et qu'elles exigent en outre
Ia présentation en posilion privilégiée. Les lois mathématigues plus compliquées de correspon-
dance entre formes ne sont pas pergues, ef ne sauraient étre considérées an stade nuissant de ta
géométrie,

3.3 Formes simples i symétrie modérée

Bornons-nous aux formes polygonales™, et commengons par les rectangles. Si on parti-
tionne I'ensemble des rectangles en classes de similitude. ce qui revient 2 considérer que deux
rectangles sont fes mémes §'ils ont méme proporton, alors un rectangle est déterming par un
seul paramétre, & savoir le rapport de grandeur de ses cotés. Ainsi, la classe des rectangles
considérés a similitide prés cst une fumille & un paramétre, Cette propriéié est importante ; elle
sc traduit par le fail que I"on peut représenter I"ensemble des rectangles par une vue ordonnée de
certains d’entre enx, en les disposant en une seule rangée. Clest ce que montre la figure 13, qui
ge parcourt aisément. Une maniere naturclle d'appréhender I'ensemble des rectangles consiste
a partir de I'un d’entre eux ¢1, dans un premicr temps, A faire tendre sa base mentalement de
manigre continue vers zéro, puis dans un deuxi®me temps a faire tendre sa base vers 1'infini. On
s'efforce en ce faisant de paccourir I'ensemble des rectangles en extension.

2Nous nous bornons jei 3 des objels Faciles  décrire en deux dimensions.

Y Celles—ci 5'étendent jusqu'a certaines simililudes, gue nows n'avons pas mentionnées pous ne pas allonger
Texposé (cf. CREM [1929)),

WPour un examen plus complet de la grestion, voir CREM [1999)|
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FiGure 13

Par ailleurs, les propriétés du vectangle sont nombreuscs. Seules les plus prégnanies. celles
qui 5" imposent le plus facilement & I"observateur, vont jouer lorsgqu’on s'efforce de e saisir en
compréhension. Mais encore chaque observateur a-t-il sans doute sa maniere de connaitre un
reclangle. Par exeniple, le rectangle en position privilégide peut &tre saisi par le fait qu'il 2
deux coteés verticaux et deux horizontaux. Ou encore parce qu'il a deux paires de cdtés dgaux
et quatre angles droits.

Venons-en maintetrant aux triangles isocéles. Is sont caractérisés, i similimde prés, par
le rapport de leur base 2 leur hauteur. Tls forment done aussi wne famille & wn paramétre. La
figure }4, aisée 4 parcourir d’un bout i I'autre. donne une idée raisonnable de fous les triangles
isocéles possibles : il s agit d'un essai de parcours en extension. Une autre idée de ces triangles
s'obtient & partir de I'un d’eux, dont on maintient la base constante, en faisant tendre sa hauteur
de maniére continue svccessivement vers zéro et vers infind.

WANANINN N N

FIGURE 14

Par ailleurs on saisit les wiangles isoceles en compréhension, en évogquant I'une ou 1'autre
de leurs propeiétés simples © par exemple. en position privilégiée, I'égale inclinaison de deux
cdtés sur la base honzonlale et la propriété de symétrie orthogonale.

Considérde de méme 4 similitude prés, la classe des parallélogrammes est une famille &
deux paramétres, Pour déterminer un parallélogramme. on doit se donner le rapport de deux
cotés adjacents, et I'angle qu’ils font entre eux. Du fait qu'il dépend de deux paramétres, le
parallélogramme est unc figure plus compligquée que le rectangle ou le wiangle isocele. La
figure L5 se présente sous forme d'un tableau a double entrée. Ce lableau, évidemment moins
aisé A parcourir que Ta rangée des rectangles ou celle des triangles isocéles, n’oppose néanmeoins
pas trop de difficulé 3 I'imagination : on accéde sans trop de peine en extension 2 la catégotic
des paralléfogranunes.

Pour saisir les parallélogrammes en compréhension, on considérera par exemnple, en position
privilégiée, | horizontalité et la congruence de deux cotés, I'égale inclinaison et 1a congruence
dex deux autres.

FiGure 15
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T est raisonnable de penser que la premigre géométrie raisonnée va se constituer  partir
de figures simples telles que le rectangle cu le triangle isocéle, ou relativement simples comme
le parallélogramme. Ces trois exemples suffisent i illustrer ce que nous entendons par figure
simple : une figure simple est ane figure aisément accessible en extension et en compréhension,
donc une fipure dom les vanétés se parcourent sans peine en imagination et dont certaines
propriétés caractéristiques sont saisies facilement.

Il existe, outre les rectangles, les triangles isocéles et les parallélogrammes, d’autres exemn-
ples de figures simples & symétric modérée. Par exemple, les figures formées de deux droites
sécantes {un parameétre}, ou de deux paralléles et une sécante (un paramétre}, les triangles (deux
parametres)*. Pour montrer par contraste ce qu’est nne figure simple, montrons deux sortes de
figures compliquées.

D’abord on ne reconnait pas & vize un heptagone (on un octogone}, méme s’il est régulier.
I1 faut pour I'identifier une intervention de l'intelligence, que ce soit par comptage du nombie
des c8iés ou par analyse détaillée des symétries. 1l en va de méme pour toutes les classes de
polygones régulicrs comportant beancoup de cdtés.

FIGURE 16

Considérons maintenant la classe des quadrilatéres. Montrons qu’elle est une fominille &
quatie paramérres. 30it par exemple, 4 Ta figure 16, vo quadiilatére quelcongue ARCTD, et
80iT & construire un guadritarére semblable & celui-la. On pourra se donner un cété [4'B
quelconque pour correspondre & [A ). Ensuite on reproduit 'angle . On construit [/3/C7] avec
un rapport & [4' 5] égal au rapport de [B(7] & [45]. On reproduit ensuiie I"angle 3, puis on
construit le cété [13CY| avec un rapport & [BC] égal au rapport de [ L] 2 | B¢"]. Comme nous
avons dii nous donner quatre mesures (deux angles et deux capports de ¢dtés) pour construire la
figure, la famiie a bien quaire parametres,

A cause du nombre de paramétres (on pourrait dire aussi de degrds de liberté), des phé-
noménes nouveaux appigaissent, que 'on n’avail pas rencontrés dans le rectangle, le tiangle
isocele ou le parallélogramme, 4 savoir la non-convexité et les points doubles (lorsque deux
cotés se croisent).

Lz vari€té des quadrilatéres. dont la fignre 17 ne donne qu'une faible idée, défie 'imagination.
On ne peut pas repreésenter cette famille par une figure analogue 4 celle que nous avons proposce

pour les parallélogrammes ; il fandrait ici constnuire un réseau de figures i quatre dimensions.

“Powr e complet, il faudrait encore citer les figiwes 3 zéro paramétres, c'est-a-dite celles qui sont toutes
senthlables entre elles : c'est le cas des carrés, des cercles, des paires de parulizles, etc. (cf. CREM [L999])

C [

FiGURE 17

Ainsi la [amille des quadrilatres, aisée  saisir en compréhension (quatre cotés rectilignes
enchainés} est extrémement difficile. sinon impossible, 2 saisir en extension. Seule In géométrie
raisonnde permettra d’acquérir des connaissances générales sur cette famille.

3.4 Le sens étroit et de sens large

Neus avens vu & la section précédente que les figures simples 4 symétric modérée, celles
qu_i sont au départ dn savoir géoméirique, sont saisies en compréhension par guelques pro-
prités caracicristiques. Toutefois, dés que nous éfléchissons i une telle figure, nous pouvons
faire €tat de toute I'expérience que nous en avons et d'une foule d'aulres propriétés. Celles-
ci s’expriment en termes de perceptions. de relations aux directions privilégides du monde
physique. aux syméhies de notre corps, et A toutes sottes d’expériences que nous avons de
la figure en question.

Prenons 1'exemple du rectangle. Nous savons qu'il possede quatre angles droits, des cotés
oppusés paralléles et égaux. que si deux de ses cotés opposés sent verticaux. les deux autres
sont horizontaux. Mais nous nous connaissons bien d autres propriétés du rectangle, acquises
lors de constructions, dessins, pliages divers. Par exemple :

chaque médiane d'un rectangle le divise en deux rectangles congruents {figure 18{a) et {b});

les deux médiancs &'un rectangle divisent celui-ct en quatee rectangles congruents (fignre 13(c)):
les médianes d'un rectangle sont perpendicnlnies el se coupent en leur milieu;

le rectangle posséde deux axes de symétrie orthogonate ; ces deux axes sont orthagonaux entre enx.
Les diagenales font apparaitre de nouvelles propriétés ;

chaque diagonale d'un rectangle décompose celui-ci en deux miangles rectangles congraents (figure
18(d) et (e} ; I'un quelconque des deux est superposable & I'autre par un mouvement d'un demi-tour
autonr du milicu de 1a diagonale en question,

Les deux diagonales décompesent ie rectangle en deux couples de triangles isocéles congruents (figure
18(f)) ; dans chaque couple, les deux toangles sont symeétriques orthogonaus on de antre.

Si on {race les médianes et les diagonales dun rectangle. on oblient une nouvelie décomposition
intéressante :

les médianes et les dingonales d'un rectangle décomposent celui-ci en huit triangles rectangles congru-
ents (fgure [8(g)).
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FIGUKE 18

Comme nous I'avons dit, toutes ces propriétes contribuent 4 la connuissance familidre du
rectangle, plus ou moins riche d'une personne & I"awre. Les structurations plus complexes
du ectangle n'en font habituellement pas partie. Par exemple, la plupart des gens ne pensent
pas spontanénent au losange que I'on obtient en joignant les milieux des cdtés d'un rectangle

{figure 18¢h}), et beaucoup moins encore au carré que forment les bissectrices d'un rectangle

{figure 13(j)). L'essenliel pour nous maintenant et pour ce gui va suivre, est que le recrangle
posséde pour chaque personne un visage familier fakt d'un certain nombre de traits fondamen-
taux, un paquet de propriétés. 1l ne se réduit pas & Ta définition qu'en donnent les dictionnaires :
un quadrilatére a quatre angles droits. Cette définition cerne son sens étroit. Mais il posséde un
sens large, soutien de la pensée créarive,

Notons enfin que le rectangle saisi en compréhension ne se raméne pas i un ensemble de
propri€tes juxtaposées. immobiles dans I'esprit, voudes i l1a seule contemplation. En effet,
ces propriétés, acquiscs dans le registre perceptivo-moteur, manifestent d’emblée des lens de
causalité, d'tmplication, On sait par exemple gue i on a dessiné une mediane d'un rectangle,
lorsqu’ on dessinera |*autre, on la trouvera perpendiculaire & la premiére. Par exemple encore,
i on coupe un rectangle suivant une diagenale, a/ors on obtient deux triangles et on peut su-
perposer 'un 4 autre par un demi-tour autour du milieu de ta diagonale. Ou encore, si on joint
les milienx des c4t€s successifs d un reciangle, alors on obtient un losange.,

Ainsi la constitution des objets mentaux en compréhension fournit immédiatement des
amorces d'une pensée déductive, Regardons maintenant ce phénoméne de plus prés, en tichant
d’expliquer comment naissent les premiéres inférences.

4 Inférer

Pour nous éclairer, commengons par quatre exemples d’ implications, en regardant pour cha-
cone ¢e qui en fonde 1'évidence. 1.es trois premigres sont des condilions sulfisantes pour qu'un
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quachilatére soit un rectangle. La derniére est unc condition suffisante pour qu’on puisse as-
sembler trois segments en forme de triangle.

4.1 Quatre exemples

DEUX COTES CONGRUENTS PERFENDICULAIRES A UN TROISIEME
Dans un plan frontal (un tableau noir par exemple), on fait le dessin suivant (figure 19) :

B E:] B T - B
r [ ' r
L ™ . — [ .
A A A L4 A [
FIGURE 19

on trace un scgment vertical [AB] ;

a partir de A et de B, et du méme ¢ité de | AL, on dessine deux demi-droites horizontales ;

on porte une méme distance sur chacune d'elles, ce qui détermine deux points ' et 7

on joint O et I ; le quadrilatére A5C L2 est un rectangle.

Cette construction faite ou refaite — en 1éalité de nombreuscs fois refaite en pensée — suffit
& m’assurer de la propriété suivante :

S$i un quadrilatére posséde deurx cotés congruents perpendiculatres 4 un méme troisidme et
situés du méme cdté, il est rectangle.

DIAGONALES CONGRULNTES SE COUPANT EN LEUR MILIEU

On articole en leur milieu deux tiges d'égale longueur. On dispose I'objet ainsi obtenu dans
un plan frontal, de sorte que [es deux tiges aient une pente €gale, en deux sens opposés (figure
20(a)). Les extrémités A et F sont alors sur une horizontale, de m&me que les extrémités 1)
et (. e méme A et D2 sont sur une verticale, ainsi que B et (7. Si on dessine le quadrilatare
ABC L, on trouve un rectangle (higure 200,

D <
ey
‘\\’; N //
. .
™
-
- ‘w\
//X \'-H
A - - ., B
Figure 20

Dol {a proprité suivante :

Si Ies diagonales d'un quadrilatére sont congruentes et se coupent en leur milien, le quadri-
latére est un rectangle.
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DEFORMER 1IN PARALLELOGRAMME

Voyons maintenant comment un mouvement contin peut aussi suggérer une détermination
de la forme rectangulzire. On réalise un parallélogramme avec des tiges articulées, et on le
dispose devant soi de maniere que deux de ses cdtés soient horizontaux. Les denx autres ont
un certaine inclinaison par rapport A Ia verticade. Muds ils sont paralléies, et qui plus est, ils
le demeurent lorsqu'on déforme continlunent I'objet. On redresse un de ces deux cdiés en le
faisant tendre vers la verticale. L'auwe arrive i la verticale en méme temps, et le quaddlatére
oblenu ainsi es1 bien un rectangle. On wrive ainsi 3 la propriété suivante :

51 un parallélogramme posséde un angle droir, il est rectangle.

L' INEGALITE TRIANGULAIRE

Considérons trois segments (ou trois tiges) dont 'un est plus grand que 1a somme des deux
antres. Distinguons trois cas,

Soit les deux plus petits mis bout a bout forment un segment plus petit que le troisieme.
Dans ce cas, on n’arrive pas a les assembler en triangle (figure 21(a)).

AN

Soit les deux plus petits mis bout & bout forment un segment égal au (roisieme. Alors on
n'arrive pas non plus i les assembler en triangle. En effet, lorsqu’on essaic, ics deux plus petits
nes se touchent que lorsqu’ils viennent 5°aligner sur le grand {figure 21(b)).

FiGure 21

FIGURE 22

Soit les deux plus petits mis bout & bout forment un segment plus grand que le troisigme.
Alors on pent les assembler en triangle. En effet, on peut disposer les dewx plus petits (appelons-
les [AB’ el [C'D]) de sorte qu'ils se coupent. Tournons ensuite le segment [AB] jusqu’a ce qu'il
passe par D). Faisons ensuite glisser D sur [AE] jusqu'a ce que £ vienne coincider avec 5.
Nous avons obtenu un triangle (figure 22}

Ces manipulations conduisent a la proposition suivante :

Si trois segments (inégaux) somr tels que le plus long est plus petic que la somme des deux
autres, alors on peut les disposer en triangle. Sinon ce n'est pas possible.
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4.2  Des conditions déterminantes évidentes

Apres avoir parcoutu ces quatre exemples d'inférence €lémentaire, voyons maintenant cc
yu'clles ont en commun. Dans chague cas, on a sous les yeux — ou comme image mentale — un
objet, une situation : un rectangle que 1'on cherche 2 dessiner, denx tiges que 'on assemble, un
parallélogramme articulé, trois tiges que 1'on cherche A assembler en triangle. H s agit de situa-
tions simples, d'objets que 1'on reconnait sans analyse, dont on connajt par ailleurs diverses
propriétés et que ’on sait manipuler. Dans chaque cas, on réalise réellemnent ou en pensée
une expérience, une action. un dessin et on conclut de la méme fagon : quand on fait telle on
telle chose, on oblienl tel ou tel résultat. En d’autres termes, telles ou telles propriétés que
I"on mobilise entrainent que I on obtient (ou que I"on ne peut obtenir) la figure souhaitée. On
reconnait celle-¢i sans analyse, ou au moins de maniére implicite, sans recourir i une définition,
Par exemple, on n'a pas besoin de formuder que si deux cétés sont horizontaux et les deux autres
verticaux, on a bien un rectangle. Ou encore on reconnait un triangle & voe,

Nous appelons condifions déterminantes d'un Lype de figure ou de configuration géométri-
que, des conditions suffisantes obtenues ainsi par expérience réelle ou mentale,

Les conditions déterminantes nc portent bien entendu pas sur une seule figure, une seule
situation. Lorsqu'il était ci-dessus question du rectangle, il s'agissail de tous les rectangles,
et dans le quatrieme expérience, il s’agissait de tous les triplets de tiges. Hn dautres termes,
Tinférence perte dans chaque cas sur une infinité de figures, méme si 1"ohjet sur legquel on

- expérimenie en réalit¢ ou en pensée est un objet singulier. Il représente tous les autres objets de

son espece. 11 est paradigmatique.

" A. ARNAULD [1683] observait déja au X VIE™ sizgcle que les ensembles de figures dom
traite Ia géométrie sont infinis : “On peut dire que toutes les propositions géométriques sont de
méme infinies en étendiie ; parce que 'on n'y conclut pas ce qu'on démoentre d'une seule ligne,
d'un seul angle. d’un seul cercle. d"un seul riangle, mais de toutes les lignes, de tous les angles,
de tous les cercles, de tous les triangles : et qu'ainsy 'esprit Tes repferme et les comprend tous
en queique sorte quelques infinis qu'ils soicnt.”

Mais qu'est-ce qui permet, dans le cas des expéiences que nous avous décrites, d'étendre
la conclusion d'une figure & toutes celles de la méme espéce ? Deux circonstances rendent
cette extension possible ct naturelle : le premigre est gue nous faisons 1'cxpéiience en position
privilégide, c’est-d-dirc que nous nous mettons dans les conditions les meitleures pour voir ce
qui se passe ; 1a seconde est que les figures ou situations sur lesquelles nous cxpérimentons sont
simples, Elles sont définies. 4 similitude prés, par un on deux paramétres, L imagination glisse
facilement d'une figure & une aulre de la méme famille, et cect d"autant plus que les parametics
definissant la famille peuvent varier continfiment. 1.’ imagination entame en douceur le parcours
de tous Jes cas possibles. :

Notons cependant que tout le monde ne partage pas les mémes évidences.

Il est sans doute vrai que certains phénomenes trés siraples et trés symétriques 5’ intpasent
comme évidents. Ce pourrait étre le cas par exemple pour I'égale inclinaison des deux montants
d’une échelle & montants égaux dressée sur un sol horizontal. Mais il existe des phénoménes
évidents pour certains esprits, et non pour tous.

Ains les évidences ne sont pas nécessairement des données immédiates. Elles s appuient
fréquemment sur un vécu, sur une expérience. Il semble clair que certains phénoménes appa-
raissant comume non évidents A certaines personnes, deviennent évidems pour clles 3 la suite
d'ohservations, de constructions, de manipulations approprides. Cest ainsi que peut étre in-
stallé. dans un groupe d’éleves hélérogene. un consensus minimal pour servir de base aux pre-
miers ékments d'une géométrie raisonnée,
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4.3 Des inférences inductives

f semble assez clair que les condittons déterminantes trouvent leur fondement dtl:lls la
causalité physique. Comme nous venons de le voir, le schéma est constar}t :on construllt, on
dessine, on dispose des objets de telle ou telle fagon, puis on constate tel re:sul'ral. Ft EDSLI}.}C la
propriéte observée est étendue i L'enserable des figures du méme type, 1l 5’agit donc an dépant
d’inlérences inductives. ' _ »

Mais qu’est-ce que cela veut dire au juste 7 “La méthode des sciences l:_)h)'Sl‘quES‘ e:m it
HEeNRI POINCARE [1943], repose sur I'induction gui nous fait attendre lz} 1'6]:{&[1[1(:)[1 d'un Phcno-
méne quand se reproduisent les circonstances of il avait une premidre [ois pris naissance. Cgue_
définition €nonce le principe méme de I'induction. Mais il faut la compléter pour en discerner
fa portée . o

Tout d'abord les circonstances de lieu d'un phénoméne peuvent varicr, en purllcuht_er sa
situation par rapport 4 U'observateur : nous reviendrons sur ce point a la section 4.4. Mais, et
ceci est important, 1a forme de 1 objet en cause pent aussi varier. . o _

Reprenons U'un de nos exemples. Nous observons une premiére fms. qu’'en dess‘mant deux
segments congruents qui sc croisent en leur milieu. nous obtlcl_lons les dlag.onales d'un rectan-
gle. Quel serait Vintérét de cette obscrvation si nous n'en (rions que c.‘\am : ch’ag‘lue fois goe
nous dessinons deux segments de méme longuewr que ceux de la premiére expérience et que
nous les faisons se ¢croiser en leur milieu, de sorte en outie qu’ils fassent entre\ enx l.e ménle
angle que dars la premiére expérience, nous oblenons un l:cctimgle (cgngment a CE].I.I-I obtefuf
la premiére fois}). Ce n'cst pas cela gui nous intéresse. L'inférence utile et productive est ici
celle qui nous dit ceci : guelle que soit 1a longueur comnwne des dell?( segments, ejt guelle
que soit I'angle qu'ils font enlre eux, nous obtenons bien un rectangle. Ainsi, nous mainenons
cettaines circonstances de 1'expérience, mais pous en libérons d’autres, ce qui nous permet
d’étendre la propriété obscrvée 4 la catégonie toul entidre des rectangl?.s, de nous dire que les
choses se passeront forcément toujfours comme cela. Seul un tel type d‘ulduct.lon nous pEIjmeI—
tra d’enclencher des raisonnements géométriques intéressants. On qualifie ’dle pavadigmatiques
les expériences de cette sorte, qui soat représentatives d'une infinité d'ex.penences mlalog}les.

tiontrons a contraric une expéricnce non paradigmatique, c¢’est-i-dire dont on ne voit ,pas

avec dvidence qu’elic domnera le méme résultat dans tous les cas de ﬁ\gure pmmlb]es, Il n'est
pas d’cmblée évident que la somme des angles d’un triangle soit gale A deux droits. Consltater
cette propriélé sur quelques triangles particuliers, par exemple en mesurant les angles elt faisant
la somme des mesures, n'aide en den & se convainere que les choses se passeront toy}ours de
la méme facon. 1l faur aménager "expérience de sorte qu’on voit I'inélucrabilité da result_at, sa
nécessité. 1l faut créer les conditions qui rendent la généralisation — autrement dit I'induction —,
¢vidente.

4.4 Extension aux situations non privilégiées

On peut se demander 4 quoi servent les conditions déiel'l‘ﬂ.il'lil.l'ltes.' Par exemple, & qugi bon
considérer des conditions gui délenninent 1a forme rectangulaire, puisque NQus reconnaissons
habituellement les rectangles sans analyse 7 It est vrai que nous les reconnaissons sans z.mal):sc,
mais 4 condition qu’'ils soient en position privilégide. Qui plus est, nous I'avons dlt,'f.: est
aussi ct forcément en position privilégide que nous reconnaissons l’éwdencet des com‘imons
détceminantes. Mais ces conditivns sont exportables en position non privilégide. End ‘aulfes
termes, &i NOUS SAYONs par unc raison quelconque — ov un raisonnement — qu’an qua.da'llatere
simé n’importe comment répond i des conditions détenminantes de la forme rectangulaire, nous
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en concluons — sans aucun bescin de nous en convaincre par la vue — que ce quadiilatére est
un rectangle. Ceci montre par quel mécanisme les conditions déterminantes angmentent notre
vapacité de saisir 1'espace.

Un exemple concret suffica @ fllustrer cela. Supposons que nous doutions de 1a forme rec-
tangulaire d'une vaste place publique bordée de maisons, Impossible d'amener cette place en
posilion privilégi€e : elle est trop grande ot trop lourde | Mais nous pouvons vérifier par des
opérations de visce que ses bords sont rectilignes. et par des mesures exécutées localement,
qu'elle a deux ¢Htés égaux et perpendiculaires 4 un troisieme. Nons saurons alors que la place
est rectangulaire, sans pourtant avoir jamais pu la saisir d"un coup d'eil comune un rectangle.

Pour pouvoir exporter dans toutes les situations possibles une inférence constatée en situa-
tion privilégice, il faut &étre assuré que les objets que nous €loignons de nous, gue nous orientons
arbitrairement. que nous ne percevons que partiellernent, demeurent inchangés pendant qu’on
les transporte ou qu’on les soumnet i des observations particulidres. Nos inférences seraient in-
operantes dans un univers de terre glaise humide ou de cacutchouc. 11 nous arrive d'ailleurs de
nous laisser surprendre par des variations inattendues d'nn objet. Autrement dit. notre géomeétrie
debulante " applique & des objets gief se conserven, & des objets, comune dit Freudenthal [19837],
qui ne subissent que des genrle fransformarions, des transformations douces?®,

4.5 Duréel i I'idéal

Nous avons parlé jusqu’ici des objets et des figures geoméirigues cotume de choses réelles
obtenues en dessinant, en articulant des tiges, en découpant et pliant des papicrs, etc. Or aucune
de ces choses ne s"identifie & une figure idéale. Par exermnple nous ne pouvens jamais dire si un
rectangle réel est un rectangle, absclument parlant. [ v a des cas o) nous sormmes incapables
de discerncr si deux segments bout 3 bout sont 2 eux deux plus longs, égaux ou plus courts
qu'un scgment donné, Rappelons qu’il y a deux raisons a cela, La premiere est physiologique :
Nos $CNs ne nous communiquent gue des images approximatives. La sceonde est physique : les
objets réels se résolvent en atomes et particules qui leur enlévent, dans le monde microscopique.
toule possibilité de correspondre exactement aux objets idéalisés de la géométrie.

O est par conséquent exclu que 1'évidence de la premitre condition déterminante ci-dessug
(cf, 4.1) se raméne & ceci : si je suis sOr, absoliment, qu'une figure est un quadrilatére, et si
i'al vérifig, sans marge d erreur, quielle a deux cétés égaux ct perpendicuiaires & un trolsidme,
alors fe sais sany errewr possible que le quatridme anglc est droit. L'évidence n'est pas da cet
ordre-la.

L'évidence n’ayant pas un tel fondement absoly, elle s'appuie sur une expérience entourdée
d'une marge d'indétermination. A propos du rectangle par exemple, je powrais dire ceci, on
quelgue chose d'approchant : chaque fois que j'ai construit un quadrilatere avee trois angles
dessinds soignensement 4 'équerre, j*ai pu vérifier que le quatrieme angle correspondait, aussi
précisément que je pouvais le voir, 2 1'angle de I'équerre. Dans tous les cas oll, peut-&tie parce
que j'étais fatigné ou distrait, J"ai obtenu un “rectangle” un peu bancal, j'ai recommence la
construction et j’ai obtenu un rectangle que {"estimais satisfaisant. Bien sfic je n'ai jamais, et
pour cause, construit va rectangle d'un kilomeatre de long et d'un millimétre de large. Chii plus
est. j'al méme rarement pensé 4 un tel rectangle. Powrtant j wrive un peu a1'imaginer,

"Cette affirmation provoque uo paradoxe. En effet, cominent powrrions-nous nous comvainere que les objets
Qui nous occupent se conservent, ou en dautres termes ne sbissent que des transformations douces, sans lear
appliquer des mesures relevant de la géométric que nous sommes précisémeni en train de construire ? Ce paradoxe
¢ résoul pratigquement av niveau du bon sens ; nous verrons bien 3 I'usage quand notre géoméirie ne fonclionnera
Plus. On e résout an pivean théorique en posndant T existence des transformations dotices,
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Ainsi mon sentiment d'évidence cst teropéré par ma conscience des imprécisions des objets
réels et de mes sens, et par mon impuissance a saisir 1a famille infinie des gquadrilatéres, et celle
des rectangles. Mon évidence au départ est 4’ ordre pratique et 5’étend a des catégories d’objets
A mon échelic!.

Mais bien que nos premigres implications ne soient jamais vérifiables gu'approximativeinent,
elles s'énoncent avec des mots {des concepts) qui ne sont guére connotés par I'indétermination
des choses. Quand nous pensons & un rectangle, un angle droif. une égalité de segments, nous
ne nous cmbarrassons pas spontunément du Lait qu'il n'existe m rectangle, ni angle droit, ni
égalité absolue. Les concepts sont univogues par nature. EL puisque nous savons d'expérience
que les propri€iés que nows évoquons, quoique vénfides imparfaitement par les objels réels,
sont néanmoins verifies par eux avec une marge d’erreur d’autant plus petite qu'ils ont ¢ié
construits ou dessings avec plus de précision, nous appliguons spontanément ces propriétés a
des objets infinitnent precis.

Les choses el les phénoménes ¢"installent done dans la pensée avec une nettete qu’ils n'ont
pas dans la réalité. Ce qui prend la forme d'une idée devient par 1a mé&me idéal, Tl en résulte
que les ensembles infinis d’objets auxquels renvoient les mots sont moins réels quimaginaires.

L’évolution de la physique an XX*™* sigcle nous a fait perdre par ailleurs Uillusion que cet
idéal pourrait aussi étre vu dans la nature “si nous disposions d’instruments infiniment précis™.
En ce sens la géomeétrie est une construction de Uesprit’®.

4.6 Vers une théorie

Nous sommes passés de quelques expériences paradigmatiques @ des évidences portant
chague fois sur nne famille infinte de figures en situation privilégide. Nous avons eosuite étendu
les conditions déterminantes aingi obtenues & toutes les figures en situation quelconque. Mais
Ta vocation des conditions déterminantes est de servir de points de départ pour nne géométrie
qui prouve des propositions non évidentes, des propriétés de figures compliquées,

Les conditions délerminantes, basées sur des expériences, ont la forme d’implications entre
propriétés, et done elles se situent an niveau de la saisie des figures en comprehension. Toute-
fois, leur évidence est telle qu’on les voit assez clairement fonctionner en extension. On €rend
sans peing ces expériences en pensée i 'ensemble des cas de figure. Tel ne sera évidemment
plus le cas pour les propriétés des figures compliquées, celles ot Uimagination en est réduite
A des parcours tvés partiels des cas de figure. La part de Uintuition se réduil ainsi par néces-

" De welles indéterminations laissent la porte ouverte & d"autes géometries. 5il'espace est doté d une courbure
imperceptible 3 mon Echelle, il se pourrait bien gue mon dvidence sur les quadrilatéres possédant deus cbieés dgaux
perpencliculaires b un wroisitme soit mise en défaul. Mais ces phénoménes élranges se passeraient sous le seuil de
s perceptions claices.

WLe phénemene constale de manitre ioprdeise dang 1a éatitd se nne en dvidence précize dans I'esprit, Cest ce
dont imaeigne d" ALEMBERT lorsqu'il écrit. évoguant 1a congruence de dewx Ggures ; “Ce dernier principe n'est
point. comune I'ont prétendu plusisvrs Géometres, nae méhode de démonirer peu exacte et purenent mécanique.
La superposition, ielle gue les Mathématiciens la congoivent. ne consiste pas 3 appliquer grossitrement une figure
SUr une awTe, pour juger par les yeox de leur dgalied ou de lew différence, comme I'an applique une aune sur
une pitce de oile pour la mesurer ; elle consiste 1 imaginer une pure Canspories sue wue aune, ef A conclure
de P'épalité supposde de certaine parties des deux figures, la coincidence du reste ; d’ob résulte U'dgalité et 1a
similitude parfaite des figures. Cette manitre de démontrer a donc 1 avantage non sewlement de rendee les véritds
palpables, mais d'&we encore la plus rigoursuse et 1a plus simple qu'il est possible, en un mol de satisfaire Vesprit
en parlant aux yeox,” {Cité par B Bkovche),

Le mode de preuve dvoqué par ' ALEMBERT n'a plus cows dans les mathématiques d'anjourd’bai. On peut
penser toutefois qu'il demeure un palier incontournable dans I'apprentissage de la preuve ¢n géomeélrie.
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sit€. Bien entendu, les intitions appliquées i certains cas de figure demeurent essentielles sur

le plan hevristique. Mais les cas de figure accessibles ne sont plus représentatifs de tous les
cas possibles. Ainsi les intuitions se font hasardeuses et la pensée déductive §'impose comme
unique alternative.

Montrens sur un exemple comment une propriété déterminante peut &tre appliguée i la
preuve d’une propriété a priori non évidente. Quelques expériences mentrent que. de quelques
points d'un cercle, on voit un diamétre de celni-¢i sous un angle droit, Mais deux yuestions se
posent : est-ce qu’il en est toujours ainsi ? et si oni, 4 quoi est due cette propriété remarquable ?
On dessine alors dans on cercle un angle inscrit interceptant un diamétre (figre 23). On ajoule
ala figure le diametre issu du sormet de 'angle. Les deux diamétres sont égaux et se coupent
en leur milicu. Leurs extrémités sont done les sommets d'un rectangle. L'angle inscrit de départ
est donc bien un angle droit.

———

FIGGURE 23

Remarquons qu'un telic preuve consiste essentiellement 4 amener la propriété en cause 3
I'évidence. Elle ne consiste pas dabord a montzer que la propriété découle d’antres proprités
connues. Dans les débuts de la géomeétrie, on s'intéresse 3 des phénoménes, 4 des propriétés.
B faudra toute une évolution de la pensée pour qu'on s'intéresse 4 la cohérence d'une théorie,
et que corélativement la portée, la visée — sinon la namre — des preuves change. pour que
"attention se déplace de Uévidence du phénomene vers I’évidence des implications'?.

4.7 L'univers de la géométrie commencante

Nous avons structuré cet exposé en trois parties principales : percevoir, concevoir, inférer.
Cette division marque les étapes d’une analysc, plutét gue des moments clairement discernables
et successifs de la pensée géométrique en furmation, 1l est rare en effet que nous percevions
un objet sans le rattacher 4 I'une ou I'autre catégorie, Par exemple un triangle particulier est
sans peine rattaché — fut-ce tmpliciterment —, 4 la forme triangulaite en général. Qui plus est,
les formes géomeétriques simples ne sont pas seulement des objets de contemplation. Comme
nous I'avons vu. la connaisssance que nous en avens comporte des expériences de déplace-
ments, de consttuctions, de déformations, et plus généralement de manipulations généiatices
d'inférences spontanées : guand je fais ceci, j"obtiens tel résultat. En cela consiste I'expérience
des choscs, sur laquelle se bétit, entre auftes, une premiére connaissance géométrigne. Ainsi,

¢l N, Rouche [1990].
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les trois plans que disceme 1'analyse, — percevolr, concevoir et inférer —, s'intégrent dans un
mode spontané d'activité qui est a Ta fois manuel, perceptif ot inellectuel.

L' univers de cette activité, qui est aussi celui des premieres acquisitions géomeétriques, n’est
pas constitvé d'un espace et de parties immobiles de cet espace, dont on Etudierait les pro-
priéiés. It est peuplé d’objets et de figures déplagables soumises a des mouvemnents continus et
comportant des symétries, Celles-ci sont mises en relalion avec les symétries du corps humain
et les directions physiques privilégiées — la verticale et 1'horizontale. Comme nous I’avons an-
noncé, nous n'avons considéré dans cette étude que des objets plans. Observons, dans ce cadre
restreint, que la géométrie plane n'cst pas d'aburd la géométrie du plan, mais bien la gdoméute
ddes objets plans. Ty a un long chemin A parcourir pour passer de la géométrie commencante a
Ta génmétrie constituge. Nous nous contentons ici d'évoguer ce parcours, en soulignant que ces
étapes dans |'enseignement méritent d'étre soignensement motivees.

5 Mais aussi chercher

Examinons pour terminer un quattiéme regisie de la pensée géométrique 4 ses débuts. 11
est évidemament déja intéressant et utile de posséder quelques vérités géométriques évidentes.
Mais pour avancer, il faut arriver 2 en trouver et prouver de nouvelles. On trouve en se posant
des questions, en expérimentant, en titonnant. On prouve en consiruisant des preuves, Et pour
prouver, il faut des arguments. | exemple ci-dessus de "angle inscrit interceptunt un diamétre
montre que I"argument cié d'une preuve — en Uoccurence “deux segments égaux se coupant en
leur milieu déterminent un rectangle” — n’est pas révélé d'office & qui contemple passivement
la sitwation. Ll faut puiser dans ses souvenirs, faire fonctionner son imagination, mobiliser sa
pensée dans un univers bien peuplé de choses et de propriéiés diverses, avec enire clles le plus
possible de relations significatives. Il ne suffit pas d’avoir la téte bien faite, il faut aussi qu'elle
soit bien pleine, et cncore pas de n'importe quoi,

On retrouve ici le sens large, mentionné & la section 3.4. La pensée en recherche s’appuie
sur le sens large, sur toutes les choses que 1'on est capable d’associer & chaque figure, 4 chague
phénomene, i chaque mot, & chaque symbole. Une condition déterminante est une condition
suffisante pour obtenir telle ou telle configuration. Mais ¢lle apporte avec elle et rend disponible
pour la recherche toutes les propriéiés connues de la figure ou de la configuration.

Motons enfin I'importance, du point de vue heuristique, de ce que nous avons appelé lcs
figures simples 4 symétric modérée, celles gui forment des familles i un ou deux paramtres.
On comprend feur réle particulicr duns la recherche des preuves en géométrie €lémentaire. En
effet, d'une part — nous ['avons abondarmnent expliqué -- lenr simplicité fait que 1'on parcourt
de telles familles en extension sans irop de difficuité. Mais d'autres part. comme elles sont
plus variées que les figures i zére degrés de liberté, on les retrouve plus souvent cOMmMeE Sous-
figures dans des figures compliguées qui posent probleme. Elles jonent donc plus souvent le
8le de figures ciés, génératrices de clarté. Une figure compliquée est comme une forteresse qui
décourage Jes attaques. Une maniére efficace d’en percer les secrets consiste a y chercher, et
bien souvent 4 y introduire (comme un cheval de Troic), une figure cl€ qui l"éclaire.
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“Mathematical Physics™ and “Physical Mathematics™ ;
A historical approach to didactical aspects of their relation

TZANAKIS Constantinos
University of Crete (Gréce)

Abstract

A. The issne of the relevance of the history of mathematics 1o mathematics education
is addressed and it is suggested that there are three possible ways to integrate historical
aspects in the presentation of mathematics:

- By providing direct historical information, the emipiiasis being on learning about his-
ory.

- By following n teaching approach inspired by history, the emphasis being on leaming
niathematical topics.

- By presenting social and cultural aspects of Mathematics in a historical perspective,
the emphasis being on mathematical awareness.

These possibilities are not restricted o mathematics only, but can be realized m the
prescntation of physics as well.

B. On the other hand, the historically continuous, close relation between mathematics
and physics suggests that:

- mathematics and physics, as general attitudes towards the description and understan-
ding of empitically and mentally conceived objects, are so closcly interwoven, that
any distinction between them, is related more to the point of view adopted while
studying particular aspects of an object, than w the object itself. A historically in-
spited approach, though not necessary, is well suited to illustrate this point.

The interwining referred to above, is expressed by both, the use of mathematical
methods in physics (mathematical physics), and the use of physical concepts, thinking
and argaments in mathematics (“Physical Mathematics™).

According to the above points (supported by many histerically important examples), it
is legitimate to consider mathematics and physics as different, but complementary, views
of the world. This can be fmitful in teaching and understanding both disciplines.

. The issues A and B raised ahove, are illustrated i some detniis by means of an
example at the high-schacl level, namely, geometrical optics and differential calculus. This
example admits considerable peneralization, hence it is virtwally important at the university
level as well,

'The term “Mathematical Physics™ is familiar, but the term “Physical Mathematics™ is not; it has heen taken
from Polya 1954, ch.Dd
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1 Introduction

This paper is divided into two parts, both of which are related to two out of the twelve questions
raised in the “Discussion Document” {DD} {FAUVEL et al. 1997), which motivated the writing
of an ICMI Study Volume on The role of the history of inathematics in the teaching and learning
of mathematics (FAUVEL et al., 2000). The first and smaller part® is related to question n°8 :
“What are the relations between the . .. roles we atiribufe to history aad the ways of introducing
ot ysing It in education®’. Its analysis suggests that “The [answer] . . . involves alisting of ways
of introducing or incorporating a historical dimension” (FauveL et al. 1997, p. 257, our
emphasis). The first point to be made here is that it will become clear that this listing could be
the same in both mathematics and physics.

The second and longer part is related to question n°5 of the DD : “Should difterent parts of the
cwrriculum involve history of Mathematics [1IM] in a different way?” Its analysis suggests that
“Beating in mind that history extends into the future, . . . {this] could lead to suggestions for
new fopics to be taught” (FAUVEL et al. 1997, p. 256, our emphasis). The second point 10 be
made here is that indeed, history strongly suggests the existence of a close relation between
mathematics and physics, which should not be ignored in teaching and learning either of these
disciplines.

Therefore, this paper is organized as follows: In Section 2 we provide a list of the possible
reasons for introducing a historical dimension in mathematics education {ME), that have been
or could have been put forward. This list clearty suggests, on one hand the possible general
ways of introducing a historical dimension and on the other hand that they are equally valid in
physics education (PE) as well. This is not accidental, but in our opinion it is related 1o (wo
epistemological and historical theses conceming the relation between mathematics and physics.
Their formulation and clarification is the subject of section 3. In sections 4 and 5 we present
an outline of some historically imporiant examples (hat iHustrate these theses, at the same time
providing cvidence for their coneciness. Finally, in section 6, the possibility (o implernent in
the teaching process the historically and epistemologically suggested close relation belween
mathematics und physics described in sections 3 to 5, is illastrated by means of an example.

2 Arguments for integrating history of mathematics in mathematics edu-
cation®

Integrating HM in ME may supporl. enmich and improve:

1. The learning of mathematics by (a) contrasting the historical development of mathemati-
cul knowledge vs. its final form presented as a deductive structure: (b) using history as a
resource of relevant questions, problems and ideas that may motivate, interest and engage
the learner; using history as a bridge between different mathematical domains or between
mathematics and other disciplines.

2. The development of views on the nature of mathematics and mathematical activiry. This

“It summarizes part of the work done by the group. which was responsible for wriling chapter 4.1 of the above
mentioned ICMI Study Volume on An aiafyticnl survey of the possible ways of integraning History of Markematicy
i1 the claxsroon, see acknowledgements here,

IThis is a sumnary of the detailed malysis provided in Ch. 4.1, Sectivns 2 and 3 in FAUYEL el al. (lo appear);
see lootnote 2 and acknowledgements here,
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concerns the appreciation of the fact that both the formn of matheratics (notation, ter-
tninelogy. computational methods) and its content have an evolutionary nature that un-
derlines the relative —with respect to lime—character of fundamental metaconcepts like
rigor, proof, evidence, error etc.

3. The didacrical background of teachers and their pedagogical repertoire. by helping them
(a) to identify the motivations for the introduction of (new) mathematical knowledge,
{b 10 become aware of the difficulties that appeared in the past and may reappear in the
classroom, {c) to get involved into the creative process of “doing mathematics”, ¢.g. in
the context of historically inspired projects, (d) to enrich their didactical repertoire of
questions, problems, teaching scquences ete, {e) 1o become more sensitive and tolerant
towards nonconventional ways of doing mathematics.

4. The affecrive predisposivion towards mathemarics, by helping both students and teachers
(2) to see mathematics as an evolving human endeavour requiring intellectual effort, (b}
to appreciate the creative nalure of failure, mistakes, misunderstanding etc,

5. The appreciarion of mathematics as a cultural-fusnan endeavornr by letting both students
and teachers appreciate (a) the fact that mathematics evolves under the influence of hoth
social and cultural factors and by intrinsic ones like aesthetics, curiosity, challenge,
recreational purposes etc and (b) mathematics as part of the caltural heritage of particular
civilizations and societies, and the role it played in this context.

A closer inspection and analysis of the above arguments suggests (hat there are three different

but complementary general directions and emphases for introducing the historical dimension
in ME;

(a) To learn history by providing direct historical information.
(b) To learn mathematical topics by following a teaching approach inspired by history,

{c} To develop what may be called mathematical awareness (i} by learning about mathe-
maties and (if) by highlighting social and cultural aspects of mathematics in a histor-
ical perspeciive.

These general ways for introducing the historical dimension in ME can he implentented in
practice in a variety of ways, from employing original sources, worksheets, research projects
efc, to using theater plays, movies, the Internet eic (e.g. see section 6 for an outline of such
an implementation of (b)). However, we are not going to describe them here. Instead. we
would like (0 point out that both the arguments presented in this section and (a)-(c) above.
can equally well be valid in PE. This is not accidental but in our opinjon it is reiated to two
epistemological / historical thescs, which form the subject of the next scetion,

3 The relation between mathematics and physics
The following two theses [orm the central core of the present paper and partly explain why the

historical dimension plays a similar role and has a similar pature in ME and in PE,

Thesis A: Mathematics and physics have always been closely interwoven, In the sense of a
“IWO-ways process”;
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» Mathemalical methods are used in physics

« Physical concepts, arguments and modes of thinking are used in mathematics (for this
fact seen in a somewhat different perspective see TZANAKIS 1996, TzaNaKIS 2000).

Apparently, this Ihesis seems more easily acceptable than thesizs B below. Neverthcle'ss, the
term “use” will be clarified and deepened after stating thesis B, in a way that makes thesis A to
appear less naive and readily acceptable. .

Thesis B: Any distinction between mathematics and physics, seen as general attitudes towards
the description and understanding of an object®, is related more to the peint of view adopted
while studying pacticular aspects of this object, than to the object itself.

In sections 4 and 5 we will provide some evidence for theses A and B, by commenting on some
historical cxamples. However, if these theses are accepted, then the [ollowing conclusions can
be drawn:

- Any treatment of the HM independent of the history of physics (HP) is necessarily in-
complete (and vice versa).

- By acecepting the importance of the historical dimension in education (for the reasons
given In section 2}, the relation between mathematics and physics should not be ignored
in teaching these disciplines.

Before illusirating theses A and B by means of examples, we will elaborate more on thesis A.
Conventionally thesis A is interpreted as follows:

(1) From mathematics ro physics: Mathematics is simply the language of physics.

(2) From physics to mathematics: (1) Physics is an exterior to mathematics, huge reserv_oir
of problems to be solved mathematically, (ii) Physics is simply a domain of application
of already existing matheniatical tools.

Though both (1) and (2) are tve, they do not exhaust the multifarious interconnection of the
two disciplines and they need refinement in the [ollowing sense:

For (1): Mathematics is not only the “language”of physics (i.e. the tool for cxprcssing.. han-
dling and developing logically physical concepts and theories), but also, it often delermm(les f"
a large extent the content and meaning of physical concepts and theories themselves. B is in
this broader sense that the tertn “mathematical physics” is used in this paper.

For (2): Physics provides, not only problems “ready-lo-be-solved ' mathematically, but also
ideas, methods and concepts that are crucial for the creation and development of new magthe-
malical convepts, methods. theories, or even whole mathematical domains. [t is in this broader
sense (hat the tenn “physical mathematics™ 15 used in this paper.

In the next two sections we provide some evidence for the above by means of two groups of
cxamples, ong illustrating mathematical physics and the other one physicul mathematics, Al
the same time, some of them provide evidence for thesis B as well, However, it should be

Ry thiz term we mean not only concrete. empirically conceived chjects, but also mental objects like concepts,
questions, problems ctc,
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emphasized that lack of space makes our presentation sketchy, hence incomplete, and more
details can be found in the litterature.

4 Examples : Mathematical Physics

The first two examples illustrate the way in which some strictly mathematical development can
fead to the introduction and the specification of meaning of an important physical concept.

L. The concept of antimatrer: After the invention of quantum mechanics, Dirac tried to develop
a relativistic theory of the electron. Based partly on tathematical criteria of symmelry, he ar-
rived in 1928 at the relativistic equation now bearing his name, by an essentially mathematical
approach. However, the trouble with this equation, was that it admits sclutions with negative
energy for the electron, a physically unacceptable result. Instead of rejecting his equation on
the basis of this physically absurd cesult, Dirac proposed in 1931 that these negative energy
solutions should be retained as deseribing, not electrons, but “antielectrons” (or positrons as
they are now called), a different kind of particles with energy and charge opposite ta those of
ordinary electrons. with which they are mutually annihilaced when they interact, Originally,
Dirac believed that these negative energy solutions would cortespond to protons, but finally he
changed his mind on the basis of objcctions mainly of a mathematical nature that had been
ruised by Weyl (KRAGH 1990 pp. 102-103). 1n this way the bold new concepl of antimatter
was introduccd into physics by interpreting the result of a strict] ¥ mathematical decuction. Ap-
pacently this could not have been done otherwise if one wanted to avoid the rejection of Dirac's
theory (for a detailed historical account see SCHWEBER 1994 section 1.6, KRAGH 1990 PP
57-59, 87-103),

2. The wave nature of matter: n 1900, Planck introduced his quantum hypothesis for the ener-
gy £ of light as a function of its frequency &, E = hv (h bemg Planck’s constanty’. In 1908,
three years alter the original formulation of special relativity (SR). it became clear through
Minkowski's worlk that the momentum p and the energy £ of a particle are differcnt coordi-
nates of the same four dimensional (4D} vector in space time (5, &) and the same is (rue res-
pectively for the wave number £ and the frequency « of any wave (k. v} (PAULI 1981 sections
29, 37, PAIS 1982 seclion II1L7ic), PIERSEAUX 1999, section 21VA-1% In 1924, de Broglie
observed that given the analogy between geometrical optics and classical mechanics (see exam-
ple 5 below), if one wants to accept both Planck’s relation and the above conscquences of SR,
then one is mathematically fed o the relation p = & which clearly suggests that not only the
light, but also any kind of particles has (is associated to) a wave nature (wave phenomenon} (DE
BroGLIE 1925, ch.Il section V). This idea, on the one hand stimulated Schridinger’s effort to-
wards the formulation of wave mechanics and on the olher hand was confirmed experimentally
a few years later (SCHRODINGER 1982 p. 20, JAMMER 1965 pp. 257-258, KRaGH 1982 PP
155-157).

The next two examples illustrate how the introduction of a new mathematical concepe may
accelerate the development of a physical theory, or. conversely its absence may prevent ils
development. Both cxamples provide evidence for thesis B as well.

Stuictly speaking, originally Flanck's relation concemnad the exchange of energy between macter and light. Tr
was Einstein who. in 1905, extended this relation to the Light itself

This iy already implicity contained in Einstein's oviginal papet {reprinted in SOMMERFELD 1952 paper [, P
56) and can be inferred as long as the geometric formulation of SR hased on the concepl of spacetime is used, This
is clear in de Broglie's work (DE BROGLIE 1925 ch.11 section 1V),
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3. The concept of spacerime and the theory of relativity: It is known that SR is based on the

ving relative to each other at constant velocity. Originally they have been derived in a physi-
cally oriented way (thesis B) by Lorentz (1904) as those wansformations leaving invariant
Maxwell's elecirodynamic equations (SOMMERFELD 1952, paper II). Einstein's 1905 deriva-
tion was also of this nature, but it was based on an epistemological analysis of the intuitive
concept of simullaneity (SOMMCREELD 1952, paper I11). However, in 1908, Minkowski fol-
lowed a more mathematically oriented approach (thesis B). He introduced the crucial geo-
metric concept of spacetime as a 4D manifold with a particular type of (pseudo)distance for
any two of its points. He then derived the [T as those transformations that leave invariant this
{pseudo)distance’ (SOMMERFELD 1952, paper V; for a didactically appropziate reconstruction
with more historical comments and references to the original literature, see TZANAKIS 1999),
This was a crucial step which aceelerated the development of SR, by unfolding the geometrical
ideas hidden in Einstein’s original paper. Neventheless. one could imagine the development of
SR without the concept of spacetime, However, and this is the second point to be made here,
it is completely impossible to imagine the development of the gencral theory of relativity (GR)
without this concept. The reason is simple: without it, ricmannian geometry and tensor calculus
could not have been used as the absolutely indispensable tool for the formulation of Einstein’s
physical ideas about gravitation, which led to GR. This last point is even more clearly iilustrated
by the next exanple.

4, The concept of a singularity in spacetime: We all have heard about the existence of a singu-
larity in the original “big-bang™ of the universe, ot inside blackholes. Originally, a singularity
was conceived in a rather intuitive physical way (thesis B}, as a point (or region) of spacetime
in which (some) geometrical and physical quantitics become infinite (see e.g. WHEELER 1964
p. 317 HARRISON el al. 1965, ch.11. p. 141), This idea does not permit to understand whether
the already (theotefically} known existence of singularities in particular cases, is an acciden-
tal fact, or is an intiinsic leature of GR (HAWKING et al 1973 pp. 261-262, Josd1 1993 pp.
157-163).

On the other hand, in the 1960°s a different mathematical approach (tizesis B) was initiated by
Penrose and developped by him, Hawking and Geroch. It was based on the quite familiar idea
of singularity in riemannian geometry as a limit point of a curve that does not belong to the
manifold (sce e.g. CLARKE 1993 section 1.2. for a vigorous definition)®. This simple, but radi-
cally different idea was the necessary crucial step for the formulation and proof of the famous
“singulurity theorems™ in GR by Penrose, Hawking and Geroch (1965-1970), which showed
that the existence of singularitics is cssentially an intrinsic characteristic of GR (HAWKING et
al. 1973 ch.8). At the samne time, we have here a fruitful feedback to Mathematics, namely the
developraent of (pseudo)jriemannian geometry as an independent mathematical discipline with
prototype example the geometry of spacetime, which remains however, always closely con-
nected to its physical applications (good examples of such monographs are those by O’ NEILL
1983 and BEEM et al. 1981).

TThe prefix “pseudo” stetns from the fact that this spacetime distance may be positive, wom of negative for
noncoinciding poincs.

$E.g. a spherical surface in which a point has been removed has a singulariry o this sense; that is, it has curves
which are incomplete in the way described above. In riemannian geomewy, the opposite concept of a complete
curve (Le. loosely speaking, a curve containing its Jimits points) was quite familiar (see e.p, the classical weatises
by HICKS 1971 and HELGASON 1962 and oniginal referzences therein).
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5. The invention of wave mechanies: Schrddinger in 1926 laid the foundations of his wave
mechanics. based on  the amalogy between classical mechanics and geometrical optics
{SCHRODINGER 1982, paper 1l and lecture T). This analogy was known long before. In the pe-
riod 1833-1835, based on this analogy. Hamilton developped a unified mathematical approach
to the description of these two theories, in which they appear as different but isomorphic struc-
tures. Schrodinger’s crucial argument was bused on the remark that we know that geometrical
optics is only an approximation to the exacl wave uptics. Theretore, we may look for a new
(wave) mechanics, such that classical mechanics is an approximation to it, in such a way that
the above mentioned isomorphism is preserved. This was sulficient for arriving mathematically
at the formulation the partial differential equation (FDE) now bearing his name and which is
the comerstone of wave mechanics (for a reconstuction of Schedinger's approach stressing
the vole of anulogy as a pattern of discovery. see TZANAKIS 1998, see also TZANAKIS et al.
1988 and references to the original litterature therein).

This example also illustrates thesis B at the teaching level: In a mathematically oriented (reat-
ment, Hamilton’s approach may be considered as a method for solving a [ust order PDE, the
so-called Jacobi methad. or its equivalent, the solution of such an equation by using its system
of characteristic ordinary differential equations. In a physically criented treatment it can be
seen as a starting point for developing analytical mechanics and more preciscly, the Hamilton-
Jacobi theory of solving a mechanical problem, or its equivalent, solving it with the aid of the
cerresponding system of Hamilton's canonical equations® (TZaNAKIS. 2000, section 3.3).

5 Examples : Physical Mathematics

The first two examples illustrate the fact that a physical concept or idea may acl as a (partial)
motivation for the emergence of important mathematical concepts.

L. Yelociry and the derivarive concept: In its modern form, the velocity concept was the product
of a long and complicated evolution over almost three centuries and it was partially formulated
by Galileo, who discussed only uniformly accelerated motion (BOYER 1959 pp. 72-73, §2-83,
113-114. DuGAs 1988 pp. 57, 539-61, 66-67, WHITROW 1980 pp. 181, 183-184). Tt is known
that this fact influenced (he emergence of the concept of instantaneous velocity (BOYER 1959
pp. 177, 1800, which in tum acted as o basic motivation for the formulation of the derivative
concept {HALL [983 pp, 288-289). This fact can be illustrated by a short extract from Newton's
“Principia”, After Newton introduces his conception of the derivative as “an ultimate ratio of
evunescent quantities”, he tries to refute possible objections to it by writing:

Perhaps it may be objected, that there is no ultimate proportion of evanescent quantities: because
the propoction, belore the quantitics have vanished, is not (he ultimate. and when they are vanished.
is none. But by the same argument it may be alleged that a body artving 2l a certain place, and
there stopping, has no ultimace velocity; becanse the velocity, befare the bady comes o a place, is
not the ullimate velocity; when it has amived, is none, But the answer is easy; for hy the wtimate
velocity is meant that with which the body is inoved. neither before if arrives at its last place md
the motjon censes. nor after. but at the very instant it arives... And in like manner, by the ultimaie
ratio of evanescent quantities is to be understeod the ratio of the quantities nat hefore ey vanish,
nor afterwards, but with which (hey vanish. (NEWTON 1934, p, 39, our emphasis)

1tis clear that Newton tried to legitiniize the concept of the derivative on the basis of the physical

“ Actually, the latter is the system of characteristic ardinary differemtial equations or ithe Hamilton-Tacobi equa-
ton which is the basis of the Hamilion-Tacobi theory.
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concept of instantaneous velocity which he considered intuitively more clear (and apparently
he never defined it exacty; BOYER 1959 pp. 193-194), which thus appears as the protolype
example of a derivatlive.

2. Dirac's & - function and generalized finctions: A similar, more recent example is provided
by Dirac’s 3-function in quantum mechanics introduced in 1927 (KRAGH 1990 pp. 4G-41}. In
his famous book on the foundations of quantum mechanics, first published in 1930 (DirAC
1958}, he introduces the 8-function

x) = O forz # 0,[6{1:](1’3: =1

It is easily seen that strictly speaking, this object has no mathematical meaning; actually only
an approximate physical pictore of it as a highly peaked graph can be given. Dirac was well
aware of this fact when he wrote that

-+ 8z} is not a function of x according w the usual mathematical definition of a function, which
requires 2 fonction o have a definite value for each point in its domain, bat is something more
general. which may be called an ‘improper fanction'. . . Thus 4(r) is not a quantity which can be
generally used ... as an ordinary fonclion, bul its use must be confined to certain simple types of
expression for which it is obvious that no inconsistency can arise. . . although an irywoper function
dues not jiself have a well-defined vatue, when it occurs as a factor in an integrand the integral
has a well-defined value, (DIRAC 1958, p. 59, our emphasis)

This physical picture. the operational effectiveness of #{x) in quanturn mechanical calculations
and its mathematically sell-contradictory nature, acted as a partial motivation for the emergence
of the concept of generalized function introduced originally by Scholev in 1936 and more sys-
tematically by L. Schwarz from 1945 onwards, as a functional {(i.e. a function) acting on an
appropriate space of functions (KRAGH 1990 p, 41, BOYER 1968 p. 671, DIEUDONNE 1981
pp. 225-226), Actually, the last sentence of the above quotation implicitly expresses the idea of
the §-function as a funclional.

Finally, this cxample provides evidence for thesis B: In the above quotation, Dirac adopts a
physical attitude by admitting that although this concept is mathematically unacceptable, sull
he uscs it since it is operationally effective'®. On the other hand, 1 mathematical approach
lo it. was 1o accept that such a concept may be useful in applications and possibly in pure
Mathematics, therefore one should try to make it a logicaily consistent concept.

3. Brownian motion and stochastic differential equations: In a similur way, the study of Brow-
nian motion was the main molivation for the development of a whole mathematical domain,
namely the theory of stochastic differential equations.

Brownian motion is the irregular motion done by a heavy particic suspended in a fluid, due
10 its random collisions with the (much lighter} molecules of the Huid. Though it was [ost
observed by Brown in 1828, it was not unti! 1908 that the first mechanical model was proposcd
by Langevin (LANGEVIN 1908), who wrote (or the velocity + of the Brownian particle as a
function of time ¢, the equation

v
dt

""Eor more deiails on this attitude of Dirac towards Mathematics, see KRAGH 1990 pp. 280-281.

= - Bv + F{t),3 — constant

72

The novel feature here is the nature of the force £7(1} due to the collisions of the particle with the
molecules of the fluid. Since the motions of the latter are random, only the average properties
of F* could be pestulated upon physical considerations. This was an important equalion since it
was the first mechanical model whick allowed for the experimental verification of the molecn-
Lar structure of matter'!. On the other hand, Wiener (WIENER 1923) proved that, although the
velocity (t) of the Brownian particle seen as a stochastic process (due to the random nature of
F(t), is continuous (and of unbounded variation) with probability one, it is nowhere differen-
tiable with probability one. Hence, Langevin’s equation has no meaning as an ordinary differ-
ential equation. This contradiction, together with the average properties of Fi(L}, postulated on
physical grounds, were the main input for the emergence of the concept of a stochastic inte-
gral introduced by Ité in 1951 (sec ARNOLD 1974, Introduction and references therein). This
is the comerslone for the development of the theory of stochastic integration and of stochastic
dilferential equations. In this context, Langevin's equation is ne longer an unacceptable object,
bul acquires a meuning as an equation of this kind,

4. The development of vector analysis in the 19t century: Often an intvitive physical method
for tackling some problems quantitatively, may lead to the development of new mathematical
methods and theories. This is the case of Bernoulli's “brachistochrone problem” as a main mo-
tivation for the development of the caleulus of vaniations. This example will be discussed from
a somewhat different perspective in the next section. Below, we will consider vector analysis as
another such example. in which the new mathemalical concepts and methods were developped
in their final formy mainly by physicists. Here we have a very complicated interaction between
mathematics and physics, hence the discugsion that follows is necessarily sketchy, mainly con-
fined on Maxwell's contribution.

By the mid 19th cenlury there were important physical investigations containing deep mathe-
matical insights that form part of the foundations of modern vector analysis; Green's essay on
“The applications of Mathematical Analysis to the theories of electricity and magnetism™ (1828}
containing his and Gavss™ thecrems. W. Thompson's early work on analogies between electric
phenomena with heat conduction and elasticity (1846-47, WHITTAKER 1551, pp. 241-242} and
Stokes” Smith Prize Essay of 1854 in which the theorem bearing now his name is contained
{for more details on the history of these theorems, see CROWE 1985, note 29 pp. 146-147).
The general significance of these theorems, as well as the impovtance of vector methods, were
explicitly acknowledged by Maxwell in his classical “Treatise on Electricity and Magnetisin™
published in 1873 (MaxXweLL 1954, vol. L. sections 16, 21, 24. 95b, see also below). Actually,
Muxwell was well aware of this fact when in 18371 he wrote in a more general context:

. when the student has become acquainted with several different sciences [i.e. domains or theories
in physics], he finds that the mathematical processes and trains of reasoning on onc science
resemble those inm another o much that his knowledge of the one science may be made a mest
useful help in the study of the other.

When he examines the reason of s, he finds hat in the two sciences he has been dealing with
systems of quantities, in which the mathemalical form of the relations balwzen the quanlities are

"Einstein's paper of 1903 (EINSTEIN 1956, paper I} was the first theoretical work on which conclusive caped-
ments on the existence of molecules conld be based, like those of Percin in 1908 (PERRY 19491, ¢h IV). However,
Einsicin's theory was ot a geovine mechanical model, Such a model was provided by Langevin (see the equation
atove) who rederived Finstein's basic result. His model was Turther elaborated by others and especially by Orn-
stein and Uhlenbeck (UATENBECK. et al. 1930) and played an important role in the development of the theory of
stochasiic processes and of stochastic differential equations (for a brief historical survey see BLANCHARD ¢t 8l
1987 section L 1a; of. NELSON 1967 sectons 3.4, 9).
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the same in both systemns. though the physical nature of the quantities may be atierly different.
tquanted in CROWE L1983, p. [30, our emplasis)

In this quotation it is evident that Maxwell stresses the importunce for both mathermatics and
physics of the determination of isomorphic mathematical structures, helpiul for developing
mathematical methods on the basis of which problems in different domains can be tackled
in the same way. He becomes more explicit in 1872 when he stressed the importance in this
context of the “caleulus of quaternions” developped mainiy by Hamilten and Tait:

A most important distinction was doaws by Hamilton when he divided the quantilies with which
be had (o do into Sealar quantities, .. and Vectors. .. The invention of e caloutus of Quatemnions
is a step (owards the knowledge of quantities related 1o space which can only be compared for its
impaortance, with the jnvention of triple coordinates by Descartes. The ideas of this calculus, as
distinguished from ils operations and symhaobs, are tied (0 be of the grealest use in all pans of
science. (quoted in CROWE 1983, p. 121, our emphasis)

Thesc qualitative remarks were (ransformer into exact mathematics in his “Treatise™, in which
on the basis of the calculus of quaternions he stresses the importance of the basic operalors gred,
atv, curd of modem vector analysis (originally introduced by Tait; MaXwHLL 1954, section 25)
and revealed Ihe gemeral significance of its basic theorems, already known in special cases
{theorcms of Stokes. Gauss and Green). In fact, according to Maxwell . . the doctrine of
Vectors. . . is a method of thinking and not a method for saving thought. ..~ (quoted in CROWE
1985, p. 133, out emphasis). Thus in his view, *... by means of the vectorial approach, the
physicist attaing 10 a direct mathematical vepresentation of physical cntities and is thus aided
in seeing the physics involved into the mathematics” (CROWE 1983, p. 134), In fact, in the
preface to his “Treatise”, he expresses very clearly the role of physical insight for appreciating
the significance of mathematical results:

T'also lound that several of the most fertile inethods of research discovered by mathcmaticians could
be expressed much better in terms of ideas derived from Faraday thon in their origina! form...
Hence many mathematical discoveries of Laplace, Poisson, Green and Gauss find theic proper
place i this reatise and their appropriate expressions in terms of conceplions mainly derived
from Faraday. (MaxweLL 1954, pp. ix-x. our emnphasis)

It is through such deep insights into the mathematicul structure of physical theores, togother
with an outline of vector methods and concepts contained in his “Treatise” that modem vector
analysis emerged and was established in the hands of physicists like Gibbs (1881-1884) and
Heaviside {from 1883 onwards) {CROWE 1985 pp. 138-139),

5. Quantum mechanics and functional gralysiy; As he last example we mention the rolc of
quantum mechanics (QM) in stimulating the development of functional analysis. The subject is
vast and here we only mention the role of physics in the emergence of the absiract concept of a
Hilbert space.

In 1925, originally Heisenberg and later Heisenberg, Bom and Jordan developped matris me-
chanics as a new theory of atomic phenomena, based on matiix algebra, a subject unfamiliar
to physicists af that time (VAN DER WAERDEN 1967, papers 12, 13. 15). In 1926 Schridinger
founded wave mechanics {cf. section 4.5) based on the familiar theory of PDE. The main mathe-
matical problem of the two theories was respectively, the diagonalizalion of a certain (often
infinite dimensional) matrix, the hamiltonian matrix and the solution of Schridinger’s equation
{sec e.g. HEISENRERG 1949, Appendix). The strange thing was that these two conceptually
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totally different theories, gave identical results, compatible with experiments. Hence the ques-
tion of finding their relation naturally arose. It was tackled by both Schridinger (1926} and von
Neumann (1927-1932) in a different way that provides some support for thesis B:

Schridinger provided a formal proof (hat, by choosing a basis for the wave functions he was us-
ing. solving his PDE becomes a matiix eigenvalue problem identical to thal of matrix mechanics
and vice versa (SCHRODINGER 1982, paper 4).

Von Neumann's approach was of a rather different character (vON NEUMANN 1947, .ch.I, pa-
ticolarly section 4 and p. 19}, He tried to identify the basic properties of the objects with which
the two theories were dealing of and in this way he was led to define axiomatically what became
known as a separable Hilbert space (VON NEUMANN 1947, ch.Il, $TONE 1932, p. 2)'%. Then
he proved that all such spaces are isomorphic, thus giving a definite answer to the queslion
above: the two conceptually different theeries were just different representations of the same
abstract mathematical structur that [orms the mathematical substratum of the fomalism of QM
(voN NEUMANN 1947, ch.I, theorem 9 and pp. 41-42). For an ouiline of a possible didacticul
sequence, sec TzanaKIs 2000, section 3.4).

6 Implementing the relation between mathematics and physics in tea-
ching : an example

The examples presented in scctions 4 and 5 provide enough evidence for the deep interplay
hetween mathematics and physics. Therefore, in this section we will describe how their close
relation could be implemented in practice, by analyzing an example on the basis of an approach
inspired by history (see (b) in section 2}. To this end, the following genersl scheyne will be
employed {TZANAKIS, 2000, section 1, TZANAKIS 1996 section | and in more detail, FAUVEL
et al.. 2000, ch.7, section 3.2 - ¢f. acknowledgements here}:

{a) The teacher has a basic knowledge of the historical evolution of the subject.

(b} On Lhe basis of this knowledge be identifies the crucial steps of this evelution (key ideas,
questions and problems that stimulated iz, difficulties and errors that have been faced and
possibly overcome etc).

te) These crucial steps, are reconstrocted, probably using modern terminology and nolation,
50 that they become didactically appropriate.

{(d) To keep the presentation to a reasonuble size, many details in (¢) can be given as se-
guences of historically motivated exercises of an incrensing level of difficuity, such that
each one presupposes (sonw of) the preceding ones.

As an example we outline below a possible teaching sequence for Bemoulli's “brachistochrone
probleny” mentioned in section 5, as a subject for making practice in diﬂ'erenltiall calculus at the
high school level or early undergraduate level (TZANAKIS et al. 2000; for a similar approach to
this subject see CHABERT 1993). Following the above mentioned general scheme, we have:
The basic histovical steps (for (a) and (b))

1>The tenm “Hilbert space” was used euﬂit:f 10 demols only the space (2 of complex sequences of numbers having
a finite swm ol e sguares of thit norms (DHEURONKE 1981, o 172, VON NFUMANN 1919, ¢ 230
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(i} Hera's proof of the law of refiection on the basis of the assumption that light moves
between two points by following the shortest path. As a geometrical cxtremum problem
the proof is elementary and well known, see figure 1 {THOMAS 1941, p. 496-499).

FIGURE 1

(i} Fermat's derivation of the law of refraction {1662}, already lormulated empirically by

Hz_m-jol (1601}, Snel (1621) and Descartes (1637) (HaLL 1983 p. 197), on the basis of his
!ert:iplc of Least Tire ™. .. Nature always acts in the shortest ways” which he interpreted
in the present context as follows {sce figure 2): Light goes from a point 4 in which it has
speed v, to a point B in which it has speed v, by following the shortest path (DtGas
1988, p. 254; here v > i)

FIGURE 2
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In this way he specified point & by deriving the relation (DUGAS 1988, part IT1, section
V.1
AOB'O = v fv, — sinay/ sinay if A0 = RO (1}

(iii} In 1696, Johann Bemouwili formuiated the “brachistochrone problem™ “To find the tra-

Jectory of a point. which stwting rom « given point 4 and moving on a vertical plane
undet its weight only. arrives al a given point B in the least time™ (HAIRER et al. 1996,
pp. 136-137). His solution was given in analegy to Fermat's approach in (ii), by dividing
the vertical distance between A and B into thin hortzonlal layers in which the velocity of
the particle could be considered approximately constant. In this way an equation similar
to (1) is valid in each layer. By passing to the limit of a vanishing width of the lavers, he
derived and solved an equation for the unknown curve which turms out to be the cycloid,

A teaching sequence (for (¢) and {(d})

(i) One may introduce coordinates in figure 2 and express AQT analytically as a function

of one of them. e.g. of OA(AQ # BQ in general). Requiring the time to be a mini-
mum, leads to the vanishing of the derivative of this function, which gives the second of
equations (1). i.e. the law of refraction in its usval form sin gy /o: = sin aa/vs.

(iiy One may give as an exercise {possibly in several steps) a derivation along these lines of

the much simpier law of reflection.

(iii) The idea in (1) may be uscd to reconstruct Bernoulli's solution of the brachistochrone in

the form of a differential equation for the unknown curve y{x). Equation (1} and the law
of the conservation of the energy of the particle. give (SIMMONS 1974, section 1.6)

w1 + 4} = 2¢ = constant (2)

(iv) That the cvcloid, given in parametric form as

r=c{f —sinf).y — {1l — cosfl}

satisfies (his equation is a simple exercisc.

(v} A somewhat more advanced related subject is to use Newton's dynamiic law and the dif-

ferentiation rules {especially the chain rule). to denive the equation of motion of a point
particle which is constraint (0 move along a cycloid under its own weight only. The result
is (¢ = the acceleration of gravity)

%(sin ;) - —%c sin g {3
This is (he equation of motion of a simple pendulum (sin ¢ /2 denoting the amplitude of its
oscillation; sin /2 is proportional (0 the arc length of the cveloid). Eq(3) is an important
resolt since, on the one hand it describes a stiictly isochronous oscillation (1.e, its period
is independent of its amplitude) and on the other hand it is only an approximation for
the simple pendulum, bul an exact result for cycloidal motion. This was the basis of
Huygens' constaction (1673) of the first isochronous ¢lock based on the miotion along a
cyeloid {cycloidal pendulum: SOMMERFELD 1964 section 17).
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tvi) Acthe university level, one may use (iii) above to ex press the time as an integral involving
yand ', In analogy with ihe differential of 2 function in the Calculus, one may introduce
the concept of the varation of an integral (functional}, which should vanish for an ex-
tremal curve. In this way equation (2) is obtained again and the problem is solved. Thus,
one may appreciate clearly the generality of this approach, which supersedes the particu-
lar probicm of the brachistochrone and indicates the path for a systematic introduction to
the calculus of variations (see e.g. CHABERT 1993),

In this paper an effort was made to support Lhe claim that there is a continuous in time, fruitful
deep interplay between mathematics and physics, which should be concetved as different, but
complementary views of the same world (mentally or empirically conceived). Therefore. this
interplay and complementary character should not be neglected in teaching and leaming these
disciplines; on the contrary, both ME and PE cun profit from it, possibly taking into account
aspects of the historical evolution of this mterplay.
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La formation quantitative des économistes i la
lumiére de I’évolution des rapports entre les
mathématiques et I’économie

BATIR Jacques. HAESBROECK Gentiane
Université de Ligge (Belgique}

Abstract

Il est indéninble que les sciences économiques expleitent de plus en phus I outil maths-
mitique. En conséquence, 4 l'université, les futurs économistes doivent suivee des pro-
grammes towjours plus lourds en mathématiques.

Nous rous cfforcerons de déctire, de comprendre et de jnstifier cet accroissement pro-
gressif des mathématiques dans la formation des économistes en analysant quelque pen
I'évolution temporelle des rapports entre ces deux disciplines,

Une auention toute particuliére scra portée sur 'enseignement de Tn finance.

Billet de 20 francs belges avec le porlrait de Rubens.
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1 Lrimportance des mathématiques en économie
1. I Bref historique

Alors que les mathdmatiques interviennent depuis longtemps, de facon tes natuzelle et in-
discutable dans les sciences dites “dures”, i savoir la physique, la chimig, la biologie, I'art de
l'ingénicur, ..., elles sont apparues trés tardivernent, de manidre moins bien établie dans les
sciences humaines, gpécinlement en économie. Cela résulte de Ia plus grande complexité des
situations rencontrées : il est, par exemple, plus difficile d'étudier le comporement d’un groupe
d'individus aux intéréts souvent divergents plutét que le mouvement d'un corps soumis a des
forces bien connues. Les multiples parametres el fucteurs d'influence intervenant dans les pro-
blémes économigues n'ont pu étre traites efficacement que grice au développement du calcul
matriciel et 4 I"avénement des ordinateurs qui permirent de traiter de nombreuses informations
et d’effectuer des caleuls sur un nombre considérable de grandeurs. Certains auteurs avancent,
pour expliquer ce retard de Iintervention des mathématiques en économie, une seconde raj-
son d’ordre psychologique © Les dcanomistes ont lon glemps souffert d'un véritable complexe
d’infériorité. A voir les splendides succés gi’obtendient, dans le bdriment voisin, leurs col-
legues physiciens, qu’il s'agir de théorie planéraire ou délectromagnétisme, ils se sentaient
Jaloux et se disalent qu'il faudrair attendre feur Newron [Davis & HERSH. p. 83].

Les premiers théoricicns de 1'économie politique moderne, avec & lewr téte 1'anglais D.
Ricardo (1772-1823), n’employaiemt aucune technique scientifique; ils faisaient. selon 7. R.
Hicks (prix Nobel d°Economie en 1972), des mathématiques demns I coulisse, ¢’est-a-dire sans
le savoir.

Le philosophe et mathématicien frangais &. Cournot { 1801 -1 877) apparait anjourd' hui com-
me le véritable fondatenr de I'économie mathématique ; il est notamment I"auteur d'une théoric
mathémarigue des richesses {1838). Ses mérites furent toutefois reconnus de fagon posthume.

L'italien Pareto (1848-1923) mit en évidence Yimportance de la notion de fonction en
économic en déclarant : ley économistes linéraires perdent leur tempy & chercher des relations
de cause & effet la ol il n'y a que des relations fonciionnelles réversibles enrre ley donndes qui
se conditionnent mumellement. Praliguement an méme morment naissait, en 1871, la théorice du
“marginalisine” déveioppée séparément par le francais Waltas (1834-1910) et T'austro-anglais
Jevons (1835-1882) : on vy mettait en svidence I'importance de la dermiére unité dans Iinfluence
de chaque variable, ce qui ouvrait la porte 3 T'utitisation du calen] infinitésimal en économie.

1 est intéressant de constater que les grands économistes de la fin du 19°% gjiecle ot du début
de ce siécle ont, tres souvent, wrilisé des Jernes de mathématiques pour trouver fe résuliat fal.
gébre, grapiiques ou exemples numérigies), soit qit'on fe sache (Cournor, Marx (1818-1833;,
b SO0 quon le devine (Keynes (1883-1946), Walras, ... ), mais ily ont publié leur résuitar “en
littérature " pour ne pas rebuter des lecteurs. Dans tous ces cas aussi, avancer plus loin dans
ka théorie exige la mathématisarion [KOLM 1986]).

Au cours du vingtizme sigcle, les économistes se rendent compte de Ia puissance de la
démarche scientifique et vont méme jusqu’a créer des théorics mathématiques nouvelies pour
tésoudre les problémes spécifigues,

Les méthodes d' oprimisation de Kuhn-Tucker et les théories modernes de programmation
non linéaire ont permis de résoudre des problemes fondamentanx que se pose I'économiste,
comme la recherche de 'achat optimal que peut réaliser un consommatenr avec un budget
déterming.

L’économétrie, apparue vers 1930 comme discipline autonome, recourt & 1a fois 2 la théorie
économigue, A la fornulation mathématique et 3 I"analyse statistique. En (969, le premier prix
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Nobe! d"Economie fut décerné i Frisch et Tinbergen qui penvent étre considérés comme les

fondateurs de Iéconométrie. o o _
Par la suite, cette supréme distinction fur fréquemment attribude b des mathématiciens re-

convertis 3 I'économie ¢t & des économistes trés quantitatifs -

- Samuelson (1970). célébre pour ses travaux fondamentaux en économie et 1'introduction
du calculus et du caleul de probabilité dans la résolution de problémes économiques.

— Armrow (1972), connu pour son famneux (béoréne d'iinpossibilité dans la théorie du choix
collectif ainsi que pour ses contributions dans les théories des formes quadratiques sous
contraintes et des fonctions quasi-concaves,

Leontief (1973}, créateur de Vanalyse input-output,

Kantorovitch (1975). pionnier de la programmation linéaire,

— Klein (1980), auteur de contributions importantes en €conoméirie,

— Debreu (1983), mathématcien de formation et auteur d’une célébre théorie de Lt valews- -
analyse axiomarique de {'équilibre économique (1966},

— Allais (1988}, ingénieur de formation qui plaide pour un enploi judicieux de I’ ougil
mathématique en économie,

- Markovitz. Sharpe et Miller {1 990) pour leurs travaux novateucs sur la théorie économique
financiére et le financement des entreprises,

— Nash, Harsanyi et Selten (1994) pour leur contribution fondamentale 4 la théou’; des jeux
non-cooperatifs,

~ Merton, Scholes et Black (1997), célébres pour lenrs modélisations stochastiques en fi-
nance,

— Sen {1998}, réputé en théorie du choix social ayant pour objet I'analyse des relations entre
les préférences individuelles et les décisions collectives.

1.2 Mathématigues exploitées par les économistes au cours du temps

Trés schématiquement, on pourrait dire que, jusqo’a la fin du siécle dernier, 1" économie €tait
essentiellement “littéraire”. ) ‘

Lors de 1a premigre moiti€ dn vingtiéme siécle, I'économiste a recouru i la méthode graphi-
que‘ . - L}
Le troisieme quait de ce siécle a vu les théories mathématiques classiques, telles 1'analyse
et la statistique, étre de plus en plus exploitées par les économistes. o

Cette fin de sigclc peut &tre caracicrisée par I'accroissement considc:‘rable de | lltlllSEl‘tIOn
des mathématiques en éconormie. De nombreuses théories, parfois sophisqquéesi dont cgrtmnes
ont été créées ex nihilo pour résoudre des problémes rencontrés dans 1"univers économique, se
retrouvent dans les publications spécialisées en économie. Signalons, en guisze d’exemp]cs, ia
théorie modeme de la programmation mathématique, la théone des modéles non linéaires pou-
vanl déboucher sur le chaos délenministe, les modeles stochastigques faisant notammnent appel
au mouvemenl brownien standard, 4 Uintégrale d'Tto ou encore a la notion de martingale, ...




Depuis plusicurs décennies, il fant bien sc convaincre que l¢ chaix véritable n'est pas entre
Lemploi ou le non-emploi de outil mathématique, mais entre wne wtifisation consciente et ra-
tionnelle et une wilisation inconsciente et désordonnée de cet outil (ALLAIS 19534]. T¥ailleurs,
pour un économisie contemporain, # est devenu difficile de faire publier par les grandes revues
internationales wn article se voulant avant tout théorique (inéme v'il comporte aussi une pitr-
He ermpiriquel mais wiilisant exclusivement des raisonnements iitéraives. des mathémarigues
élémemeaires et des figures géométriques [SALMON 19951,

1.3 Le cas particulier de [a finance

Bien que Ta théorie financiére fasse partie intégrante de I'économie, ses rappotts avec les
mathémaliques sont importants et assez particuliers. En effel, ils datent de prés de 10000 ans ;
dés que Phomme s'est sédentarisé, il a senti le besoin de faire des mathématiques pour ses
¢changes commerciaux; ainsi, plusieurs siécles avant nofre tre, les Phéniciens inventérent le
systeme de numérotation pour 5’en servir dans leur conumerce, Toutefois, I"arithmétique com-
merciale a €t développée au 158me sigcle par les négotiants italiens qui pouvaient expioiter
P'algébre élémentaire classique naissanie, notamnent gréce & la découverte des nombres négat-
ifs par N, Chuquet (1484).

L'invention des Jogarithres par J. Napier {1550-1617) a permis la naissance de la théorie
de I intérét composd; il o néanmains failu attendre P'emploi courant des ordinateurs pour que le
1€gisiatevr belge propose, en 1992, une méthode d'analyse numétique permettant le calcul dy
taux. réel. uppelé le TAEG (taux annvel efiectif global), d'un achat & tempérament. Jusque vers
les années 1970, Ja finance proprement dite -teclnigues boursidres et &’ actugriar- ne nécessitait
guere plus que lu table de logarithmes {BOULEAU, p. 350]. T.es praticiens font appel & I'intérét
simple pour des contrats & court terme, et & Tintérét composé, ou migux encore A I'intérét mixte,
pour du plus long terme; ils n’exploitent que rarement 1 intéré! jnstantandé qui 8’avére pourtant
gtre le plus logique et réaliste @ cette théorie de la capitalisation continue fait appel 4 I'analyse
infinitésimale classique et, de ce fait, avrait pu €tre construite et appliguée depuis longtemps,
grice aux (ravaux, notanunent. de Newton {1642-1727). Leibniz (1646-1716), elc ...

Malgré les travaux précursenrs de L. Bachelier (1905} dont les mérites ne furent reconnus
yu'a titre posthume, if fallut attendre la deuxidme meitié de ce sidcle pour voir un changement
essentiel dans I’abord des phénoménes financiers grice 2 I'iatervention du caleul des proba-
bilités. Le poinl de départ de ce courant Fut les travaux de Markowitz et Tobin (1958) sur
Févaluation d'un capital par Ia valeur espérée (axpected value) au lieu de 1a valeur (vadfue) qui
était seule considérée auparavant. L'usage intensif du calcul stochastique en finance aurait éé
impossible sans les ravaux purement mathématiques de Lebesgue (1875-1941), célébre pour
U'intégrale qui porle son nom et le developpement de la théorie de la mesure, de Kolmogory
(1903-1987). considérd comme érant le “pére” de Ja théorie moderne des probabilités, de Wiener
(1894-1964). Lévy (1886-1973) et Ito notamment, qui on profité des résultats théoriques de
leurs prédécesseurs pour mettre ay point un calcul différenticl et intégral stachastique parfaite-
ment adapi¢ pour étudier les phénoménes de la bourse. Ainsi, les concepts mathématiques

qui ont renouvelé la fincnee et qui sont uriliséy aujourd hid quoridiennement & Chicago, Paris,
Lowndres ou Singapour ont é1é élaborés au sein des mathéinatiques pures, c’est-é-dire de ques-
tionneiments internes aux mathématicques [BOULEAU, p. 35].
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2 Les mathématiques dans la formation des économistes
2.1 T’enseignement de I’économie

Jusqu’au milieu de ce sigcle, des éléments d'économie daient enseignés au sein d’avtres
disciplines telles que 1'histoire et la géographie dans 1"enseignement se?ondmre, ou encore le
droit & I'université. Depuis quelques décennies, I'économie s'est considérablement develfap—
pée au point de pouvoir proposer des enseignements spécifiques et est devenue une matiére
d’enseignement a part entiére. . '

Dans 1'enseignement secondaire, 1'économie est actuellement une matigre optmnne]le celle
n'est dispensde que dans certaines sections, dites les sciences économiqu(?s. qui. malheurfausg—
ment, sont souvent choisies négativement par des €léves faibles qui sonl incapables de réussir
dans les sections réputées plus fortes et cherchent fréquemment & fuir des programmes forts, ou
méme moyens en mathématiques. )

A ["Université de Lidge. 'enseignement de 1'économie vient de féter ses 100 ans : an dé-
part, il était dispensé essentiellement dans a Faculté de Throit et dans une Ecole (_113 Commercse.
Actuellement, # est oreanisé principalement par la Faculté d'Economie, de Gestion et de’SISC}—
ences Sociales, qui vient seulement de célébrer son dixiéme anniversaire el.oil sont delw.res
des diplémes de licence en Sciences économiques, en Sciences sociales, en Sc1.cr.1‘ces de gestion
et en ingénicur de gestion, ainsi que des diplémes complémentaires et de troisieme c‘yc]e qui
attirent de plus en plus de diplémés universitaires de denxiéme cycle i la recherche d'une for-
mation additionnelle en gestion; mais il existe également des cours @’économie dans toutes les
avtres facultés, ce qui est assez nouveau. La sithation est sensiblement la méme dans toutes les
autres Universités belges.

La distinction ancienne entre la micro- et la macro-économie tend a disparaitre. mais celle
entre |'économie dite pure et I'économie appliquée, c’est-a-dire la gestion, s’accentue de plus
en phis. I convient de remarquer une différence assez sensible dans fe l‘ecmt'emc?nl dff ces
deux types d'études en Belgique. D une part, la gestion attire généralement des etudllam,s !Ssus
d’humanités geénérales, avec une formation mathématique poussée, surtout chez le:’q }ngemcul‘s
de gestion. D’autre part. les sciences €conomiques recrutent principa!emenF des elev’es a?:ant
choisi la section économique dans le sccondaire. et ont de ce fait ung formation matf!e‘mathue
qui ¢st souvent asscz faible. ce qui est paradoxal. puisque les économistes devratent utiliser plus
de mathématigues abstrailes que les gestionnaires,

2.2 Mathématigues enseignées aux futurs économistes

11 existe un parailélisme frappant entre 1’évolution historique de l’i‘ntel:vemjon‘des mz%thé—
matigques en écononie et les matiéres mathématiques actuellement enseignées aux éconontistes
dans les différents stades de leur formation. o ‘

Dans T'enseignement secondaire. 1'économie est présentée de maniére fort littéraire, prin-
cipalement 4 I'aide de graphigues. Les directives pédagogiques figurant dang les programmes
ambitionnent de formaliser mathématiquement davantage les raisonnements. cc qui n’est guére
possible au vu de la forimalion préalable et de la guatité des élé\f?‘.-‘i. ‘ ,

Le premier cycle universitaire a pour mission de doter les etu@ants d’un ba‘gage 'de’bas.c‘
notantent pour tous les outils qu'ils seront amenés  exploiter ultérievrement. Clest ainsi qu'y
sont enseigndes les mathématiques pénérales connues depuis lougtem.ps, dgs mﬂhél.na.naens, &
savoir 1'analyse des fonctions & une ou plusieurs variables, I’algébre linéaire, la statistique et le

calcul des probabilités.
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Le deuxigme cycle cst consacré A des matiéres plus spécifiques et i " exploitation des outils
de base dans des problémes réels rencontrés dans le monde des affaires. Y sont organisés des
cours de mathématiques appliquées développées surtout depuis la fin de la seconde gHElre mon-
diale, comme I'éconoinétrie, 1a recherche operationnelle et la programmation mathématique.

Les troisitmes cycles, qui se développent de plus en plus dans les différentes Universitds,
présentent des théories plus pointues et plus récentes. D'un point de vue mathématique, une at-
tention particuliére est, par exemple, portée sur les modéles non lingaires, les processus stochas-
tiques. et méme parfois, I"analyse non standard, 1a statislique robuste, la logique floue, ...

2.3 Le cas particulier de la finance

Tl est intéressant de constater que la mathérnatique financiére est enseignée i tous les niveaux
de I'apprentissage scolaire, d*une manitre assez rationuelle,

I'arithmétique commerciale, comprenant notamiment la théorie des nombres entiers et des
fractions ainsi que I'wiilisation de la régle de trois, est donnée & ’deole primaire. car elle fait
paitie de ce que tout citoyen doit connailze.

Les théories de I'intéiét et de I'escompte simples, ainsi que celles des intéréts COIMPposés et
des anuites étaient enseignées. il ¥ a quelques annges encore, respectivement dans I’enseigne-
ment secondaire inférieur et dans Ie cycle supérieur dans toute section d’humanités; de nos
jours, ces notions ne sont plus guére donndes que sporadiquement comme itlustrations de no-
tions mathématiques, sanf dans les sections commerciales ef de sciences économiques. T est &
noter que 1a théorie de Ia capitalisation mixte, qui, comme son nom Uindigue, exploite les deux
théories précédentes, est peu souvent dispensée dans ’enseignesnwnl général bien qu’elle soit
accessible anx éléves el d'usage fréquent dans la pratique.

Lintervention du calcuius dans les problémes financiers est essentiellement exposée dans
le preniier cycle universitaire en sciences écononiliques ou de gestion : on y voit notamment la
notion de taux instantané, des problemes d’optimisation, le caleu]l du TAEG, la modélisation
de In valenr prise par un capital au moyen d'équations récurrentes (pour le cas discret) ou
différenticiles {pour le cas continu).

Les techniques économeétriques classiques sont vaes dans les épreuves de licences organi-
s€es par les Faculiés d’Economie.

Les processus stochastiques, nofamment Pexploitation dit mouvement brownien standard
dans la modélisation des actifs financiers, sont développés en fin de deuxiéme cycle universitaire
ou, plus souvent, dans les troisigmes cycles specialisés,

L'enseignement contemporain de la finance an plus haut niveay se fait non seulement dans
les Universites, mais aussi dans des Institutions privées et méme dans les salles de marchés. Les
deux points de vue sont pourtant assez différents, Alors que, dans Tes Universités, la finance
est enseignée aux futurs économistes et gestionnaires de manigre collective et démocratigue,
sur busc de connaissances universelles et publiées dans des revues speécialisées accessibles &
tous, la formation privée est fréquemment donnée 3 des ingéniems ou mathématiciens, au prix
d’un cnseignement individuel qui se veut directcment rentable, sur base de la pratique el de
connaissances furtives qu'il n’est pas intéressant de divulguer : par exemple, un spéculateur gui
a découvert un arbitrage intéressant n'a pus intérét & le rendre public et, tout au plus, s¢ con-
tentera de Je communiquer & un de ses collaborateurs; dans ce cas, les connaissances se situent
claivement dans une perspective pré-piofessionnelle er sont d'autant plus onéreuses qut’elley
sont susceptibles de déboucher sur de plus grosses rémunérations [BOULEAU, p. 158].

Celle tendance indique ce que sera peut-ue 'avenir. La finance concerne de plus en plus
de mathématiciens et il est vraisembiable que des cours trés specialisds seront organisés lors des
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licences en sciences mathématiques ou dans des €preuves do troisigme cycle Spé.ciliciucfs, Par
ailleurs, il est probable que I'enseignement de gestion des portcfel‘,uil]es e fCl'I’l bientdt “sur ’le
terrain” gréice i des postes de travail informatiques directement reliés aux données des marchés,
comme cela commence 4 se faire dans des Universités américaines.
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Historical and didactical phenomenology of the average values

BAKKER, Arthur
Utrecht University {Nederland)

Abstract

This study was carried out as a preparation to the development of instruetion material
for statistics. The history of statistics was studied with special attention to the develop-
ment of the average values: the arithmetic, geometric, harmonic mean; median, made and
midronge. Also sampling and distribution are discussed. After an introduction em phe-
nomenology, this artcle firsty discusses a so-called hastorical and then a didactical phe-
nomenology of the average values.

The average values form a large family of notions that in early times were not vet strictly
separated. There are many parallels between history and the development of students’
conceptions. Tt appears to be important that smdents discover many gualitative aspects of
the average vatues before they learn how to caleualate the arthmetic mean and the median.
From history, it is concluded that estimation, fair discribution and simple decision theory
can he fruitful starting points for a statistical instmction sequence.

ol

Madele de giz ayant permis le traitement statistique de 12 théorie cinétigue des gaz. tiré de
1" Hyehrodyriamnice de Daniel Bernoulli,
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1 Introduction

As a prepuration to the development of statistical instruction material for 12-year-old students,
I studied the early history of statistics. The veason for this js that I assumed that there are
parallels between history und education that give inspiration for hypothetical learning irajecto-
ries. These leaming trajectories wre developed with the aim thar students somehow reinvent the
mathematical concepts (FREUDENTHAL 1973 and 1991). The Dutch mathematician and histo-
rian DIFKSTRRHULS (1990) even believed that smdents recapitulate history at a higher speed.
Problems that students encounter when learning mathematics resemble the problems that for-
mier generations of mathematicians deall with. With this in mind, I hoped to find the hisiorical
contexts that led to the development of statistical notions, and to detect the conceptuat obsta-
cles that mathematicians and users of mathematics encountered. The historical insights are
discussed in relation to the results of four exploratory field tests.

L.1 Phenomenology

In FREUDENTHAL’s Didactical Phenomenology of Mathematical Structures (1983) we find a
method of studying the relutions between mathematics, history and education. Freudenthal
makes a distinction between phainomena, phenomena that we want to understand or structure,
and reotunena, the entities of theught with which we organize these phainomena. Maihematical
concepls are examples of such nooumena with which we organize our experiential world. This
view explains his special way of defining phcnomenology:

Fhenomenclogy of a mathematical concept, a mathematical siucture, of a mathematical ittea means,
in my weminclogy, describing this nooumenon v its relation to the phainomena of whicl it is the
means of organising, indicating which phenomena it is created o organise. and to which it can
be extended, Low it acts upon these phenomena as a means of organising, and with what power
over these phenomena it endows us. If in (his relation of noowmenon and phainomenon 1 stress the
diductical element, that is, if I pay attention to how the relation is acquired in a Iearning-teaching
process, I speak of didacteal phenomenclogy of ihis nosisnenorn. (. if “is ... 1 a learming-
leaching process™ is replaced by “was ... in history", it is histarical phenomenelogy. (1943, pp.
28-29),

In the context of my article, Tuse the following simpiified definitions:

o Phenwmmenology of a mathematical concept is the study of the relation between that con-
cept and the phenomena it organizes.

¢ fistorical phenomenology is the study of the historical contexts in which certain mathe-
matical concepts arose in order to understand why these arose.

» Didacrical phenomenology is the siudy of the relation between the mathematical con-
cepts andl the phenomena in which they arise with respect Lo the process of teaching and
learning. See also (GRAVEMEUER 1994, p. 95),

This suggests studying statistics from two perspectives: a historical and a didactical perspective.
In the following T will start with a section on the historical phenomenology of the average
values. The examples are ordered chionologically. After that, I will discuss hasically the same
phenomena fram a didactical point of view in the same order.
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Philosophically scen, there is a difficulty when we make the distinction between phainomenon
and nooumenon: it is not possible to see the phenomenon separated from concepts, since a
concept determines and influences the phenomencn. For an educational purpose. this is not a
major problem, as long as we keep in mind that students need not see the same phenomena as
we do, with our understanding of certain concepts. Studying history can help us to see certain
phenomena through the eyes of people who did not have the same concepts. This may help ns
1o understand the learning process of students.

1.2 Historical phenomenclogy of the average values

The historical study of the average values is difficult for three reasons. First of all, history
is often written with respect to men or books, not with 1espect to concepts. Second, most
historical studies start around 1660, when statistics and probability were borm according to
Kendall (PEARSON & KENDALL 1970, p. 45) and HACKING (1975). Mathematical statistics is
even younger, namely from the late 19th century. For my purpose it was necessary to go back
to the very stast of statistical inference, because my farget group is voung children. So where I
wiite ‘statistical’ some readers might prefer to read “pre-statisiical’. Third, statistics is a subject
(unlike probability) that was mainly bom outside mathematics and was often oot seen as part
of mathematics. Its birth and growth was due to astronomy, demography, economics. medicine,
genelics, biometry, anthropology. the social sciences and many other areas. This might explain
why many ‘histories of mathematics’ pay very little attention to statistics.

L2.1 Estimation

The oldest example of using an mplicil kind of average 1 have found concerns the estitmation
of the number of lcaves and fruit on two great branches of a spreading tree in ancient India
(HACKING 1975, p. 7). How did Rtupana. the protagonist of the story., do this? Ie estimated
on the basis of one single twig, which he multiplied by the estimated number of twigs on the
branches.

1 assumne he chose a typical or an average twig, 1 see this as an implicit use of (an intuitive
predecessor of) ihe mithmetic mean, since one number represents all others and this number
is somehow in the widdle of the others; it is less than the grearer, and greater than the smaller
numbers; what is too much on the one hand is too little on the other. This use of an average has
therefore to do with compensation and balance.

Another example of estimation is a passage written by the Greek historian Herodotus (483-420
BC}on the Egyptians (RUBIN 1968, p. 313

They declare that three hundred and forty-oue generations separate the first king of Egypt from the
last mentioned [Heplinestus] — and that there was o king and a high priest correspongding to cach
generation. Mow reckon three generations 25 a hundred years, theee hundred generations make ten
thowsgnd years, and the remairing forky-one penerations make 1.340 years more; thus one gets a
total of 11,340 years...

The important point in this quotation is the assumption that three generations is a hundred years.
This assumnption was made to cstimate the tolal amount of years belween the first Egvptian King
and Hephaestus.

In daily life we often use this kind of average when estimating things. We can think of esti-
mating the number of people coming to a party, the number of bottles we need for that, and the
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price of our shopping et cetera.
1.22  Thucydides: majority, average and midrange

Other very old examples of statistical or pre-statistical reasoning can be found in the work of one
of the first scientific historians, Thucydides (460-400 before Christ), The following quotations
are from his History of the Peloponnesian War. The reader is invired to decide how he or she
would translate these two episodes into modemn statistical terms (RUBIN 1971, p. 53%

The problem was for the Athenians ... to Force their way over the cremy’s wall, Their method
was &s follows: they constructed ladders to reach the top of the enemy’s vall, and they did this by
calenlating the height of the wall from the number of layees of bricks at a point which was ficing
in their direction and had not been Plastered. The layers were counted by a lot of penple al the
sume time. and twugh some were likely 1o get the figure wreng, the majority wonld get it right,
especially as they counted the layers leequenty and were not so fac away from the wall thag they
could not see it well enough fonr their puipose. Thus, guessing what the thickness of a single brick
was. they calculated how long their ladders would have (o be...

Homer gives the number of ships as 1,200 and says that the crew of each Boetian ship numbered
120, and the crews of Philocteles were fifty men for each ship. By this, I imagine, he means (o
express e maximum and minimum of the various ships’ companies ... If, therefore, we reckon the
number by taking an average of the biggest and smallest ships...

In the first example, we could sec an implicit use of the mode, here indicated by ‘the majority’,
Note that ‘the majority’ probably means ‘the most frequent value' and not ‘more than hali.
So in this situation, the Greeks assumed that the most frequent number wouid be the correct
one. In order to find the total height of this numbcer of bricks, they necdad another estimation,
supposedly of the expected or the average height of a brick, Note ihot in the first example and
the Irulian one, it is the total number that counts; they are not primarily interested in the average,
The implicit average value is just used to find the height of the wall or the number of leaves.

In the second example, we again see an estination with the heip of an average value. It seems
that Thucydides interprels the given numbers as the extreme values, so that the total amount of
men on the ships can be estimated. He suggests that this be done by taking the average of these

two extremes, In fact this is calied the midrange: the midrange is defined as the arichmetic mean
of the two extreres. RUBIN' (1971, p. 53} writes about this:

This techniue of averaging the extreme values of tie range {0 obiain the arthmetic mean or mid-
range can be justificd if certain asswmptions are defensible, Le., that the underiying distribution is at
least approximately symmetrical or reckngular.

Resuming, we encountered certain phenomena, or probiems, that were organized by certain
intuitive varfants or predecessors of contemporary concepts. When estinating the number of
years between two tmportant persons. Herodotus used a number that we now would cail the
average. And Thucydides used a method that we would call taking the midrange.

'In the Americun Statistician, Rupry ascusscd Adam Smith (1959), Malthys (1960), Karl Marx (1968},

Herodotus (1968}, Thucydides (19713, Darwip (1972}, o medieval household hook (1972}, and Shakespeame { 1973)
from a statistical point of view,
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1.2.3  Majority, voling and democracy

A very implicit use of statistics is in voling: the majority (he most frequent or ¢omumon value)
is seen as representative of the population. The majority rules. T_hls is the basis of democracy.
Also in the Bible and Talmud there are rules like “follow the majority’. In the Falmud we can
read for instance:

In the entive Law we adopt the mule that a majocicy [or the larger portion] is eguivalent to the whole.
(RABINOVITCH 1973, p. 383

Frem a modern point of view we might think of (he made”.
1.2.4 The Greek definition of the arithmetic mean

In Pythagoras® time, twee kinds of means were known in Greece: the withmetic, geometric ﬂfld
harmonic nean (HEATH 1921, p. 85: lamblichus 1939), The them:y 0{ thc§e m‘_ean values was
developed in his schoo! with refercnece fo music theory and arithmetic. Lonsuierlior exa.rlnplc thc
musical proportions 6:8:9:12. 8 is the harmmonic meun betjm:i:n 6 and 12, and 9 is the m]lhme.uc
mean. The proportions 6:8 = 9:12 (a fourth as a musical interval), 6:9 = 8:12 (a fifih). 6:12 (an
octave} all form consonanl intervals: $:9 is a second,

Greek mathematics had a different form and aim than modern mathematics. Greek mathemaltics.
even number theory, was highly geometrical and visaal. Numbers were 1'cpref;cmed by lines.
This difference between Greek and modemn mathematics can be illustraled with the qlﬁerellt
definitions of the arithinetic mean. The Greek definition was: the niiddle num.ber b is called
the arithmetic mean if and only if @ — & = b — ¢. Note that 1his delinition f:hffcrs from the
modern one, {a | ¢}/2, and that it only refers to two values. The Greek version f:onlc'cntl-ates
on the intermediacy. bue is difficult to generalize. whereas the modem'versmn highlights the
calculation. and is easy (o generalize. With education in mind, it is important to noteﬂthat
the Greek definition shows other qualitative aspects (han the modem quantitative one. From
the Greek definition we can wnmmediately see that the mean is halfway between the two other
values. In the didactical section 1 will come back to this point.

1.2.5.  Avristotle’s Doctrine of the Mean

Aristotle defines in his Nicomachean Ethics a more philosophical form of the mean. namiely the
mean relative to us. With this notion he explains what virtue is. About the difference between
the arithmetic mean and rhe mean relaiive fo us e writes:

By the mean of a thing T dennte a point equally distant from either extrerne, which ts one and the
same for everybody; by the mean relative to us. that amount which is neither oo mnch not Loo
Titde. and this is pod ¢ne wnd the same for everybody, For example, let 10 be many and 2 few; then
one takes the mean with respect to the thing if onz takes &; since 10-6 = -2, and this is the mean
according to arithmetical proportion [progression]. But we cannot amive by this method at the_ mean
relative to us. Suppose that 101b. of food is a large ration tor anybody and 2 b, a small one: it does
not follow thar 2 teainer will prescribe 6 Lb.. for perhaps even this will be a large poution. or a small
one, Jon the particnlar aihlete who is to receive i1 it 15 a small portion for Milo, bul a large one far a
man just beginning to go in for athleties.

"We find uch more about Lhcsé matters in RABINOVITCH (1973 e.g. section 3.1, a very interssting book on
statistical inference in ancient and medieval Jewish literaue.
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Later in the section he writcs about virtue:

Virtue, therefore, is a mean state in the sense that it is able (o hit The mean. {N.E. boak 11, chapter
vip

From this we may conclude (hat Aristotle generalized the notion of the mathematical means
to situations in daily life. For him, the mean relative to us was an ethical ideal. Another
interesting point is that the mean has to do with balance and intuilively means *not too much
and not too little’. This ‘definition” is one that students used in all three field tests in which they
estimated the nuntber of elephants in a picture. When these stodents explained their slmtcgics:,

they defined *an average box’ in a grid as a box in which were ‘not too many and not oo little”
elephams.

1.2.6 Decision theory and Jewish Law

To undgrsland the oldest Jewish examples it is helpful o have some insight into rabbinical
Law. First, the Jewish Law is considered a rational puwrsuit. Although rabbis accepted Divine
guidance they insisted on rational methods in coming to decisions. Stadstics in this context
was solely a decision theory (RABINOVITCH 1973, p. 140). Second, Jewish Law deals mainly
with social, ethical and ritual duties. It is not primarily concerned with quarrels and punishing
wrongdoing. Rabbis had 1o decide for example whether (ood was kosher and how inheritances
had te be divided. Gambling was not mentioned since it was considered pagan, [ will give one
example on kosher food: if 9 out of 10 shops in a city selt kosher meat, and you find a piece of
meat in that city, vou may consider it kosher (ap. cir., p. 45).

A very interesting example concerning multiplicative reasoning and sainpling (RABINOVITCH
1973, p. 86) in the Mishnah is found in the Taanit Z1a. Tt concerns whether or not an epidemic
has taken place:

A town bringing forth five hundred foot soldiers like Kiar Amigo, and three died there in three
canseculive days - it is a plague... A town bringing forth one thousand five hendred foot-soldiers
like Kfar Akhko, and nine died there in tiree consecutive days - it is 2 plague; in one day or in four
days - itis not a plague.

Tn this example, three points are interesting. First. we see that rabbis reasoned proportionally 1o
the total population. Second, a kind of sampling is used: the amouat of foot soldiers is used as
an indicator of the total population, assuming that foot soldiers form a constant percentage of
.the population. Third, the rabbis seemed to know noveal (or average) death rates: if nine died
in one day then it nced not be a plague, and also in the case of four days there can be another

reason for the ninc deaths. So they took into account how the deaths were distributed over the
days.

L27 Average as a kind of insurance; fairness and redistribution

In The Woild of Mathemarics MORONEY (1956, p. 1464) writes the fol lowing on the history of
the average: ’

o6

In former limes, when hazards of sea voyages were much mote sericus than they are woday, when
ships buffeted by storms threw a pertian of their cargo overboard, it was cecognized that those whose
goods were sacrificed had a cluim in equity (o indemnification at (he expense of lhose whose goods
were salely delivered. The value of the lost goods was paid for by agreement between all those
whose merchandise had heen in the same ship. This sea damage Lo cargo in fransit was known.
a5 ‘huvana’ and the word came natwrally 0 be applied © the compensation money, which sach
individual was called o pay, From this Latin word derives our modern average. Thus the idea of an
wverage has ils roots in primitive insurance.

This view is conlinned by several {etymological) dictionaries (SKEAT 1882) and by WALKER
(1931 The Duich reader may think of ‘averij’ and the French reader of ‘avarie’, which is
the damage to a ship or to its load afier a storm. As a legal term it still refers to the costs
of compensating the damage to the load. Here we see that the average has to do with fair
redistribution.

1.2.8 Navigation and astronomy: from the midrange to the general form of the arithmetic mean

The midrange. the arithmetic mean between the extremes, turns out to be a predecessor to the
arithmetic mean (Sth - 11th century; Eisenhart 1674, p. 31). Not umtil the 16th century was it
recognized that the arithmetic mean can be extended 1o n cases: (ay + as — ... + 4, )/n. When
sailors in these days had to determine their position on earth, they often vsed the midrange. Fs-
pecially when a ship rocks and the compass needle varies, they had to make mapy observations
or look for a while at the conpass and find the middle value. Nowadays we know that many
observations and exrors follow the normal distribuiion. 5o the midrange probably was a sensible
value to take.

The method of taking the mean for reducing vbservation errors was mainly developed in as-
tronomy {PLACKETT 1958). In astronomy, we want to know a real value, but we can't measure
this value directly. We assume that sum of the errors add up to a relatively small number when
compared to the total of all measured values.

1t is important to note that until then, and Iong after that, the notion of the mean was qualitative,
rather than guantitative. Tt gradnally became a cornmon method to use the arithmetic mean to
reduce ervors (PLACKETT 1938, EISENHART 1974}, 1t was used to measure, for cxample, the
diameter of the moon, bat also used when weighing gold and silver coins.

[ would call this insight into the change of definition and the possibility of generalization of the
modern arithmetic definition a typical result of historical phenomenology.

1.2.9 Representative value

It took a long time before the mean was used as a representative or substitute. In the examples
up till now, the mean has always been used to find some real value: the number of leaves on
branches, how many yvears passed. what the height of the wall was, how many men there were
on the ships, and so forth. The only exception seems to be Aristotle’s doctrine of the mean,
which is a more philosophical variant of the mean.

The Belgian statistician Quetelet (1796-1874) was one of the firsts to use the mean as the repre-

sentative value for an aspeet of a population. Quelelet, as a student of Laplace, was inspired by
the method of physics and called his subject ‘social physics’. Tassume that he could also have
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been inspired by Aristotle’s doctrine of the mean.

In Quetelet's eyes, the average man ({ homme maoyerr) was the jdeal man®. Cournot (1801-
[879) challenged this view; he pointed out that the mean taken for each sidc from a great
number of right triangles could in no way represent the type of a right tiangle, since it would
almost certainly not be a right triangle at ail (PORTER 1986, p. 172). Also Galion and Darwin
disagreed with Queteler. since they were interested in the deviations from the mean. They botk
were interested in exceptions and they thought that average people were mediocre. Galton was
intercsted in inheritance of genius; in his book Hereditary Genius he introduced regression to
the mean. By this he meant that the inteilectual ability of children of geniuses, but also of
“stupid’ people, were generally closer to the mean. For Darwin, deviations frotm the mean Wwere
important since they are a condition for evolution.

Note that the transition from the real value in astronomy (o the ideal value of Quetelet, which
is a mathematical construct in the social sciences, was an important conceptual change, which

is another vesult of historical phenomenology. The didactical mmplications will be discussed in
section 2.13 and 3.9,

12,10 Sampling

We have already seen examnples in which sampling was involved: for instance the estimation of
the number of leaves and fruit on two great branches (2,1) and the question if there was a plague

{2.6). Many other examples of sampling can be found in the Bible and Torah (RARINOVITCH
1973).

Here we only discuss a nice example of simple secular sampling and quality control: the trial of
the Pyx in England (STIGLER [977). At the Royal Mint of Great Britain gold and silver coins
were made. Starting from the 12th century, every day one of these coins was put in the Pyx,
a box in Westminster Abbey. After a few months or years, the Pyx was opened and the coins
weie investigated on weight and pureness. If they turned out to be good. this fact was celebrated
with a banquet. Otherwise the coinmakers were punished. This is the first example of quality
control I have found. For a statistician it is interesting to see that the tolerance interval did not
depend on the number of coins; it was a constant percentage of the weight,

Until 1900, samiples of the population were considered dishonest and imprecise. Everyboady
had to contribute to an investigation. When the Norwegian Kiaer presented the representative
saraple in 1895, he met a lot of resistance. The method was not accepted until 1903, and
cven in the foliowing years this method of taking representative sampics by stratifying was not
very successful. The Pole Neyman proposed the random sample in 1934, After that, sampling
became increasingly accepted (BETHLEHEM & bR REE 1999),

1.2.11 Median and mode: a few dates

Cournot seems to be the first who used the lerm médiane for the middle value in 1843 (Mon-
Jardet in: FELDMAN et al. 1991; PORTER 1986). The English term median was coined by
Francis Gulton (1822-1911) in 1883, who preferred the middle value because it was more ro-
bust than the mean, and easier 1o determine. He also preferred to use the quartiles instead of the
standard deviation. Before he coined the median. Gallon used the word ‘middlemost value’ (in

*This is a simplified view, in fact Quetelet's view was much more subitle.
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1869) or ‘mediuvm™ (19803, In a lectwre of 1874 he gave the following description but not the
curent name:

The abjeet then lound w occupy the middle position of the series must possess the quality in such g
degree that the number of objects in the serics that have more of it is equal to that of those that have
less of i (WALKER 1931, p. 87)

Independently from Galton. Fechner (1801- 1887) defined the median but called it Centratwerth
or Cin 1874 (War.sr 1931, pp. 86, 88, 184). WALKER (1931, p. 84)

In contrast to the practical interest in anthropology which impelled Galton to use the median and
related measures. the incentive which Fechner led w discover the median seems to have been a
theoretical interest in generalizing the measures of central tendency,

Why was the median called the median? We can find hints for that question in geometry anid
in the works of Laplace on (continuous) probability density functions: the median is the valve
such that the left and right parts bave equal area. The statistical median of a row of numbers
is alse in the middle: there are as many numbers left as there are right from the 1nec!ian. If we
think of geometry we can imagine ancther reason why it Is called the median: jn a manglc,‘ the
median is the line that goes to the middle of the opposite side and the two parts left and right
from the median have equal area. The mode was cained by Karl Pearson in 1894, Fechner
spoke of der diciteste Werth (1) in 1878. The difficuity with these historical dates is that the
notions were used long before in an informal sense, but without being given a name. See for
instance the sections on Thucydides and democracy, and the quotation of Galton in this section.

1.2.12  Box plot and stem-snd-leaf diagrams

John TUKEY is a famous name connected to exploratory data analysis. He is the inventor and
propagator of the box-and-whiskers plot and stem-and-leaf diagram. which became .we%l kn.own
in the 1970z {TUKEY 1977). Box plots we svitable for comparing wni-medal distributions.
Stem-and-leaf-diagrams can be useful when we have to put numbers into order by hand and it
we want to see how they are distnbuted.

1.2.13 Cultural knowledge

The box plots and stem-and-leaf diagrams are examples of mathematical objects that came late
in history, but can come early in edvcation. So we can not simply follow the path of h.lstmy.
This would alse be a waste of time. since a lot of mathematical knowledge nowadays is also
cultural knowledge. Many children alieady know in some intuitive sense what average and
random mean and what a survey is, just because they meet these words in their environment.
From history, we might conclude thal random sampling is a difficult concept because it was
only accepted in the 20th century, but this does not imply that students ngwﬂ.days hf{\'e the same
problems with that notion as people around 1900, Therefore, when making 1nst1'uct10n‘ material
with history in mind. we should not forget that we could benefit from the students’ cultural
knowledge,

1.3 Didactical phenomenology of the average values

The phenomena and concepts (hal were discussed in the histotical context will now be discussed
in relation to the process of leaching and learning. The order will be basically the same. The
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protocols come from an exploratory field test with 26 students of age 12 in April 1999. 1
tested my instruction matesial in three classes (first year in sccondary school) in the period from
September to November 1999,

L31 Estimation

The carliest historical examples had to do with esumation. This gives rise to the following
question: i3 it a good idea (o start the teaching of the mean with estimations? Mare than
the caiculation of the mean can estimation direct the attention to more qualitative aspects of
the average: representative, typical, normal, somewhere in the middle, balance, compensation.
Generally speaking, estimation does not direct the attention to the average but to the total. 1
chose to start my instruction material with a picture of a herd of elephants and ask: how many
elephants are there in the picture? The 12-year-old children used four main strategics with many
variants:

1. Make groups, guess how many are in each group and add, or
2. make a group with a fixed number and estimate how many groups fit into the whole. or
3. make a grid, choose an ‘average box’ and multiply by the number of boxes in the grid, or

4. count the number of elephants in the length and width and multiply these (Mr. Bean's
method of counting sheep),

Strategy 3, which was used most often, is indeed based on an intuitive idea of the average.
Discussing why this sirategy works students tend to define an ‘average box™ as cne that does
not have too many and not too litle in it. Compare this with Aristotle’s characterization of the
mean {2.5),

1.3.2  Trauslation of terms: majority

Sometimes, the majority is right; see Thucydides on counting the number of bricks {2.2). But
in the case of estimating the elephants nobedy was right: all students, except the few who nsed
strategy 4, estimated wo low. Does the majority have 1o do with the mode? Indeed, I would
anachronistically translate ‘the majority’ into the mode or modal class. The mode is not a very
robust® or useful value in statistics. Therefore, I chose to concentrate in my instruction material
an the mean and median.

As we saw from the quotations of Thucydides (2.2), it is rather difficult to make implicit aspects
of average values explicit. Did Thucydides really think of the midrange in the second quota-
ton? In my field test I encountered a sinular dilficulty of translating the argumnents of students
into statistical terms. Often, it was hard to detect the underlying principles of the students” ar-

guments, From only 26 students T got a rich variety of answers to the question what the average
is:

4The mode is not robust since it is sensitive to outliers. Neither is the modrange. The median (though is very
robust, even more than the adthmede mean,
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Jennifer: Yes, the haif, The whole, and in between the half, that is the mean.
Charissa: Evervthing together.

Bart: You look between the highest and fowest.

Centina: The most.

Clairc: What you think it is roughly.

1.isa: The mean is abouf a bit in balance.

Kerster: In between.

Frank: The midpoint.

Many students said: add and divide by the number.

Keeping the same order, we could translate these answers into: one part of the algorithin (divide
by 23, the other part of the algorithin (add cverything), midrange. mode. estimation, balance,
intermediacy, median or center of gravity and the complete algorithm.

If we turn to philosophy of language. we could see the average values as a large family of
related concepts of which the arithmetic mean is just one member (WITTGENSTEIN 1984},
Early in history, but also in the development of a child. we see no clear distinctions between all
aspects of these concepts. When people organize their world and solve problems, they are urged
1o become clearer and define more precisely. For the instruction material, we must therelore
choose contexls that really ask for clear distinctions. For example, a skewed distribution ¢an
show the limitation of the midrange and ask for another measure of central tendency.

1.3.3 The Greek definition: intermediacy

What [ conclude from the transition from the visual ‘intermediacy’ definition of the Grecks ({
is the mean of o and ¢ if and only if @ — & = b - ¢) to the gencral form (16th century) is
that we should start with a very visual and qualitative notion of average values befure teaching
the calewlation of the arichmetic mean. The students should al least know by expeiience that
the mean is between the extremes. I have noticed that many students forget this aspect if they
calculate the mean and sometimes get an answer out of the range. An illustzation of this:

Agthur; How would you estimate the average anbual temperalure
in the Netherlands from this graph or lable?
Jennifer: Add everything.

A And then?

Lisa: Divide by 2.

Ar Why divide by 27

L: Because that is the average.

They got 35 degrees Celsius and did not realize that this was very hot.
If students have developed some visual intuition. this might happen less.

The first computer minitool® 1 use for instruction In exploratory data analysis
{www.fi.ownl/arthue Minitool 1) is designed so that magnitudes ave represented by bars, It

“The rninitools were designed for a téﬁuhing cxpetiment of Koeno Grivemeljer, Faul Cobb and others at the
Vanderbilt University in Noshville, USA,
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tumed out that this representation created an opportunity for the students to find the mean by
cutling off the longer ones and give these picces to the shorter ones, When asked to cstimatc
the annual year temperature in the Netherlands from a bar graph, many students spontaneonsly
came up with a compensation strategy. Some said: ‘T give a bit of July to January, from Augnst
to February and so on'. This visual way of dealing with the mean is also an example ol {air
redistiibution.

134 Redistribution and faimcss

In history, statistical reasoning ofien had 10 do with fair division of inherilance or possessions
{2.6). Faimess is very important issug to children, so we can profit from that. It can easily be
combined with other aspects of the mean, such as compensation and balance. Note that distri-
bution in the sense of division {giving everybody the same amonnt) is different from distiibution
in the technical sense (normal distrbution, for example).

This is done for examplc in Meadhemarics in Context, instruction material for American middle
schools. Students are asked (o rewrange mice in nests in order to answer the question: how
many tmce does a molher mouse roughly get? I we want (0 avoid half mice, we could take
biscuits instead. The question will then be: how many biscuils does every siudent get if they
are fairly distributed? {See also: MOKROS & RUSSELL 1995, STRAUSS & BICHLER 1988).

1.3.5 Three components

If we consider calculations with the mean. we see three components: the nomber », the sum
or total £ and the mean ;. These components can have different roles. When making and
analvzing exercises it is useful to categorize the possibilities:

|. Estimation often has to do with finding the total: n"; = 2. The used average value
mostly stays implicit since the focus is on the total. In this way students get feeling with
many aspects of the mean without using it explicitly.

[

. Fair redistribution (how much does everyone get?) has to do with finding the mean:
2 /n = p. Sometimes, for example if we want to compare fairly, we need to compensate
for the number. By mean as @ measure is meant the use of the mean as a way of com-
pensating for the number n, €.g. if we use parts per million, a percentage, gross national
product per head, et cetera, In other words: the mean is used to make fair comparison
possible. In history we see this when a criterion is given whether an epidemic has taken
place (2.6).

3. T'also asked how many 12-year-old students could go into the basket of a hot air balloon.
They got the allowed weight, they estimated the mean weight of students and calculated
the number » : £/jc — n. The same exercise could he done with an elevator instead of
a balloon. This exercige also imnplicitly asks for an average, namely the estimated weight
of these studeants.

L.3.6 Reduoction of error

In the counting example of Thucydides the mode is the best value. In astronomy, it often is the
mcan that is the best value, namely as an approximation of the assumed real value. We only

102

have data that are approximations of this value, so the meun subsiilutes the real value, This use
of the mean, [ fear, is too difficult for students that don’t yet have learnt physics at school. We
could, however, look for other contexts in which students have some intnition about reducing
11015,

1.3.7 From the midrange to the general form of the arithmetic mean

In history, the midrange tnrned out to be a predecessor of the mean (sec 2.8). This suggests al-
lowing the midrange as an average value, for instance in estimation stratcgics. When estimating
the number of elephants in a picture, a few students indeed used the midrange. They counted
the box with the least and with the most elephants, calculated the mean of these two, and mul-
tiptied by the number of boxes. Of course, the students should experience that the midrange is
onty useful if the distribution is symmetric, so the following lesson I showed both a symmetric
and a skewed distribution to make clear when this method is nseful and when it goes wrong,
Another disadvantage of the midrange that students should encounter 1% that it is very sensible
to outliers, as can be shown easily.

.38 Balance and midpoint

A very nice way of presenfing the mean is by means of a balance. HARDIMAN, WELL &
POLLATSEE (1984) have written about the uselfulness of the balance model in understanding
the mean. For younger students. 1 fear though, this method is less suitable since they need more
knowledge of physics to understand the balance model. Therefore, I preferred to start in my
field tests with estimation and redistribution,

1.3.9 Representative value

The aspect of representativencss comes very late in history. I is rather a huge step [rom the real
value, as in astronomy, to an ideal or representative value, as in the social sciences. Quetelet,
the man of the !'honune moyen, is un example of the latter use, We can’t simply say that this
latter use is more difficult than the former one. There are several layers of undersianding the
mean a5 a representative value. Students have no problem in seeing an average Dutchman as a
normal Dutchman, but have more difficulties with artificial constructs like the average size of a
family, which is a decimal number.

1310 Sampling

There are several layers in the understanding of sampling. The historical examples can belp to
define these layers. For example, the Trial of the Pyx is a very elementary form of sampling,
whereas random sampling is very ahstract. It is clear that sampling should be learned. because
students can only undersiand certain data if they know how these data were created.

Note that sampling in the forru of surveys is a common practice in society, 50 many children
intuitively know what random means and what a sample is. Therelore, didactics need not be
parallel to history (2.13).
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1311 Median and mode

In most statistics courses distributions are described in relation to the mean and standard de-
viation, For younger students, T prefer the median and quartiles, because they don’t know the
square root yet, Later on, of course, they should leam the mean and standard deviation, since
these are used more often and have great theosetical advantages.

The students should also meet situations where using the median ¢r mode makes more sense
(e.g. salaries).

1.4 Condusions

Historical phenomenclogy can be helpful when designing instruction material. The ohstacles
in history tell us where the difficult concepmal transitions are and what might facilitate their
teaching and learning. Of course, it is not necessary that stndents learn all the detours that
history made. A shorter route is possible becanse of the cattural knowledge of the students and
the experience of teachers with education.

Still, the parallels between history and education are sometimes remarkable. For example.
i have detected many aspects of the mean with only one field test with 26 students. Their an-
swers to the question ‘what is the average?’ already yvielded many associations with; pans of the
algorithm (adding or dividing), median, mode, balance, midrange, representativeness, compen-
sation, midpoint and internediacy. All these aspects and different average values cun be seen as
a large family of concepis that inibally have no precise horders or definitions (WITTGENSTEIN
1984). This implies that we should start very broadly and not stick to the arithmetic mean as the
only possible average value. In the 19th century, statistics seemed to be the science of artthimetic
means {(FELDMAN et al. 1991), but many people such as Galton and Darwin have opposed that
tendency, and preferred other values such as the median. About the midrange: this concept is
useful for the educator and teacher to describe what students do. We could allow students to
use it as long as they learn the limitations as well.

When students see a lot of different situations and aspects of the average values, they develop a
zood basis and molivation Lo make distinclions between them. Not until then will they appre-
ciate and understand the precise mathematical definitions of the statistical concepts. My most
important peint is that students should first discover many qualitative aspects of the mean before
they learn the general form or the algoritlun. I think that estimation and redistribution can be
good starting peints, cspecially when the visual aspects arc stressed.
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Pe Brunelleschi & Desargues ou des problémes ligs a
la représentation plane d’objets de Pespace . ..

BALLIEU, Michel
C.R.EM. (Belgique}

Abstract

A partir de textes originaux — f.eon Battista Alberti, Piero della Francesca, Leonardo da
Vinei, Albrecht Diirer, Antonio Manetti, Giorgio Vazari, Simon Stevin, ... — qous tentens
de mettre en évidence les difficultds qui surgissent lorsgue L'on essale de représenter dans
un plan des objets de Pespace. Clestun probléme anquel nos jeunes éléves sont confrontés
dans leur cours de géoméirie de |'espace. Nous tentons de montrer que ce probléme mathd-
matique qui va deéboucher sur une nouvelle géométrie -la géométrie prospective- rouve en
fait son origine dans un idéal profondément humain de recherche d”esthétique en peintuze.

Tustration tiée du De sternte Bowwing de Stevin
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1 Introduction

De nombreux €leves du secondaire affichent une certaine réticence quand cc n'est pas un
réel dégoif envers le cours de mathématiques. La raison en est trés souvent qu'ils ne voient pas
bien 4 quoi les mathématigues peuvent servir. Or il est [égilime qu'ils essaient de trouver un
sens & ce que nous exigeons d'eux dans le cadre de ce cows. Donner du sens & ce qu'on fait
constilue une source importante de motivation.

3'i} est relativement aisé de rendre attrayante une revue scientifique traitant méme tés
sérievsernent de physique, chimie ou biologie, ... grice & de belles photagraphies ou maguet-
tes aux coulewrs chatoyantes, le niveaun d"abstraction des objets manipulés en mathématiques
ne permet guere de recourir 4 cette forme de vulgarisation. L aspect esthétique d’un tablean de
nombres ou d’une équation est — i faut bien I’ admettre — a priori assez limité,

Trés souvent, il nous est méme impossible de donner une bonne réponse A la question ‘3
quoi cela sert-il 77, tout simplement parce gue les éleéves ne disposent pas des connaissances
nécessaires 4 la bonne compréhension de cette réponse.

L'approche historique d'un concepr est en général plus efficace et permet de sitner Ie comrs
dc mathématiques dans I"histoire de ["humanité. La nécessité d'évaluer les dimensions d'un ter-
rain, de constrive un hitiment qui sera ‘droit’, de pmtager équitablement un avoir, de représen-
ter lc monde 1gel, ... est source de découvertes et d’activités mathématiques auxquelles il est
possible de sensibiliser les éléves.

Nous proposons ici une anthologie de quatre textes que nous allons commenter et qui
teprésentent diverses étapes dans la connaissance des régles de la perspective. L'un ou |’ autre
dc ces textes pourra étre exploité en classe pour introduire le cours de géométrie de I'espace
qui. chez nous en Belgique, fait partie dv programme de quatiiéme année du secondaire.

Pour diverses raisons gue nous ne pourrons pas analyser ici, les artistes de la Renaissance
n’auront pas les mémes buts en peinture que leurs prédécesseurs. Au moyen ige, la glorification
de Dieu, i"illustration de scénes bibliques sont pratiquement les seuls themes abordés dans nos
régions. Les atriere-plans dorés suggérent que les persennages et objels peinls coexistent dans
des licux célestes. La réalité a peu d’importance ; ¢’est plutdt le ¢dté symbolique de la scéne
qqui compte. Les peintres produisent des tableaux plats, comme par exemple la représcntation
du martyre de Saint Quirin (Figure 13. Les artistes de la Renaissance manifestent eux un intérat
pour la représentation fidéle de la nature et sont dés lors confronigs aux problémes posés par la
représentation: de la réalité du monde 4 trois dimensions sur une toile & deux dimensions. 11 y
a [a une difficulté réelle i laquelle n’échappent pas les éleves. Certains ont beaucoup de mal a
interpréter une représentation plane de ’espace, ce qui est sans dowte dii au fakt que le passage
de trois & deux dimensions ne se fait pas sans pene d'information.

Les régles qui seront mises au point & partir du Quatrrocento sont hasées sur des théorémes
mathématiques.
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FLGURE L ; Le mmarpyre de Saint Qoivin, XIEME givele

§'il est relativement simple d'exhiber des différences [ondamentales entre la peinture de la
figure 1 et les deux peinturcs des figures 2 el 3, i} est par contre plus difficile de décider 1aquelle
de ces deux derniéres peintures est la plus proche de 1'ombre 4 1a lampe d’un damier transparent
{4) ou d'une photographie (Figure 3).

FIGURE 2 : L'amenciation de A. Lovenzert, 1344
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FIGURE 3 : Lo miracle de Uhostie profmde de Uecello, 1469

FIGURE 4 : Orabre i fa lumpe d 't dawier

FIGURE 5 Phatographie de carveluge
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Comment se forme une ombre 4 Ja lampe 7 Que se passe-t-il dans un appareil photographi-
que ? Comment les peintres Haliens du Quatfrocento ont-ils établi les 1égles de la perspective
centrale 7 Ces questions sont provoquées par la comparaison des différents documents ci-
dessus. Elles ont été abordées sous forme de sitnations-problémes dans une brochure élaborée
duramt cetle année patr I'équipe du CREM (voir bibliographie). Nowns gue ces dillérentes
approches permettent également d’introduire la géométrie projeciive.

Dans le cadre de et exposé, nous ne parlerons que du dernier point qui concerne quelques
érapes historiques de la découverte des régles de la perspective centrale.

2 Filippo Brunelleschi (1377 - 1446)

Selon Giorglo Vasard (1511 — 1574). son inérél pour les mathématiques 1'a conduit 2 éludier
la perspective, 1 avait lu Euclide, Hipparche, el appris les mathématiques avee le mathémati-
cien forentin Paclo del Pozzo Toscanelli (1397 — 14823, Pour lui. la peinture élail prétexte
praliguer la géoméine.

Les panncaux que Brunclleschi réalisa pour montrer la validité de la perspective centrale
sont perdus. Voici la description qu’en donne Manetfi. La scéne se passe vers 1415,

La premidre chose qui révéla cette science de la perspective fut un panneau J'cnviron wie
demi-brasse carrée ob il peignic extdricur de 1'église San Giovanni de Firenze. autant qu'en en
voit en la regardant du dehors, comune si pour la représenter il s'était enfoncé de trois brasses
environ dans la porte centrale de Santa Morta def Fiore, Elle était peinte avec tant de soin et
d'artifice. et tant de pedcision dans les coulewrs des marbres blancs et noirs, gqu'avcun miniaturiste
n'aurait fait mieux. Filippo avait aussi représentd cette partie de 12 place que voii I el du speciateur,
clest-d-dice le o€ d'en face de la Misericondia jusqu'd Fa volie et an Canro de Peeord. le cbté
de la colonne du miracle de Sanfe Zonolf jusquiau Cmire alla Poplia, et lout ce qu'oen voil ao
Toin; pour ce qu'on vovait du ciel. ¢’est-i-dire 11 ob les murailles représentées se détachaien dans
I"atrnosphire, i1 était d argent lunt. afin que I'air et de clel réel 5°y réfléchissent, el de méme les
mages entraings par le vent quand il souffle. Comme le peintre doit supposer un seul point pawr voir
1 peluture, tant en bauteur quen largeur e de bizis comeme de loin, afin qu'on ne piit se eomper
en la regardant, puisque tout changement de licu endraing une vision différente, H avait fazl dans
le panmeau supportant ecrte peinture un trou an point cxact de I'église San Glovanni on frappait le
regard de qui se rouvait 4 Uintédenr de la porte centrale de Saira Maria del Fiore, endroit o il
se serait placé 7il IMavaie peint sur le motif. Ce tron était petit comme ane lentille sur le cdeé de
Ta peinture, &élargissant en prvamide. comone un chapeau de paille de femme, du cdie dun revers,
Jusgu'i atteindre 1a circonférence d'un ducat ou un peu plus. 11 voulait que celwi gui regardait
appliquat Iceil au revers, J3 o fe trou était Targe. g ane main £t placée prés de oedl ot que aute
tint. face 1 la peinmre. un miroir plan oit celle-ci vint se réfléchir ; In dstance cnire le mireir ot
la seconde main rait proportionnellement, en brasses minuscules. poor ainsi dire. la méme qu'en
heasses réelles entre Uendroil ol il supposail s™8tre mis pour peindoe ef Véglise Sanr Glovami; 5
bien gquien le regantani, grice anx anlres Sléments dont on a parlé, argent bouod, la place, ete., et
de ce pednt, on croyal volr la réalité méme. Ayant en ce disposidf en main et 'ayani vu plosienrs
Ty juis, je peux en porler témoignage.

La Vita di Ser Filippo Brumellescld, Antonio di Tuccio MANETTL Republié. Supplément aux
Cahiers de la recherche architecturafe, n°3, C.E.R.A.. Paris, 1979,




Manctti insiste sur I'unique point d”oi) I il doit regarder 2 1a bonne distance la scéne réelle
pour voir exactement ce gue le peintre a vu; ce probleme est le méme en ce qui concerne
I"objectif d’un appareil pholographigue. I fant se placer & la bonne distance face 3 un point
prt?cis qui, sur la peinture, porte le nom de point de fhite principal ou point central. Clest
précisément en ce point que Brunelleschi avait percé son panneau.

3 Leone Battista Alberti (1404 — 1472)

. Descendant d’une illustre et antique famille florentine exiiée ct dispersée dans route I'Italie,
il est né & Génes. I a grandi dans une atmosphére humaniste et cst devenu ume personnalite trés
cultivée, que ce soit en sciences, lettres ou arts. 11 2 beaucoup voyags et a eu énormement de
contacts tant avec ies gens du Nocd que du Sud, En 1428, les Alberti obtiendront ia permission
de rentrer 4 Florence oi Leone Batlista peut rencontrer Brunelleschi, Donatello, ... En 1435,
il Ecrit son traité De Picnera en katin. 11 éerjra également yne Drescriptio urbis Romae, un autre
petit traité De Statira et son grand waité d'architecture De Re aedificatoria, .

Alberti est convaincu de ce que les mathématiques sont essentielles pour traiter les formes
de maniére i ce qu'elles représentent correctement Ia réalitg. Toute bonne peinmire impligue unc
connaissance approfondie de la perspective. Toutefois, au début du De Picrura, il précise bien
que “en tout cet expose je ne parle pas de ces choses en mathématicien mais bien en peintre’.
Voici un extrait ou il donne sa costruzione legittima.

[ 1Je wace d’abord sur ia surface 3 peindre un quadrilatére de la grandeur que je vewx, fait
d"angles droits, et gui est powr moi une fendtre cuverte par laquelle on puissa regarder I'histoire!, et
I je détermine la raille que j& veux donner sux hommes dans ma peinme. Je divise la Baweur do cet
hwmume en trois parties et ces parties sont pow i propoctinnnclles 3 cetle mesurs qu’on nomme
vulgairemzat bras®. Car, comme on le voil par la symétrie des membres de T'homme. 1a longuew la
plus commune du corps ¢'un homme est de trois bras. A 1'aide de cetie mesure, Je divise Ia ligne de
base du rectangle que jai tracé en autant de parties qu'elle peut en conlenic. et cctte ligne de base
du rectangle est pour mod proportionnelle 3 la quantité ansversaie Ta Plus proche sur 1 sol et qui
lui est paralléle, Je place ensuile un seul point, en un Lew oi il soit visible 3 1 imédeur du reclangle.
Comme v¢ poil oceupe pour moi le Heu méme vers lequel s dirge le rayon central, je 1'appelle
point cetral, Ce point st comenablement sité 5'iF ne e trouve pas. par rapport A la ligne de base,
plus bt que 1" homme que 1°on veut peindre. T cette fagon, ceux qui regardent et Ies objets peints
sembletont s¢ (rouver sur un sol plar. Une fois ce point central placé, je tive des lignes droites de ce
point & chacune des divisions de 1a ligne de base, et ces lignes me montrent comment Jes quantités
ransversales successives changenl d'aspect presque jusqu’a ene distance infinie.?

lsclon Schefer, il faut entendre par 13 un agencement de parties {corps. personnages, choses) doté de sens.

~Mesure fAorentine vatant environ (.58 métre.

. ] Plil'!Ci_pi() in supecficie pingenda quam anplum libeat quadringulum rectorvm angulorum inscribo,
quuq quidern mihi pro aperta {inestra est ex qua historia’ contueatnr, illicque quam magnes velim esse in pictura
homines determing, Hubusque ipsivs bominis longitadinen in ices partes divido, quae quidern mihi partes sunl
proportionales curm €2 mensura Guam vulgas brachinm mincupat. Nam ea (iwn brachionm, ut ex symmetria
membronun hominds patet, admodum communis humani corpors Joagitdo est. Tsta ergo 1mensura iacentem inti-
wam deseripti quadranguii lineam in quod ifla istiusmodi recipial partes divido, ac mihi quidemn haec ipsa iacens
quadran_guli linea ey proximiori ransversae et acquaedistanti in pavimento visae Quantitati proportionalis. Post
!mec WIEUm puncium qua it visum loco intra guadrangulum constituo, qui mihi PURCTUS cum locwm ccepet
ipsum ad quem radins centricus applicetur., ideirco centricus puncws dicatur. Condecens huivs centrici puncti
pusttio est non altius a iacenti lines quam sil illins pingendi hominis Jongitudo, nam hoe pacto acquali in sola et
speclanies et pictac res adesse videntur. Posito puncio cenirico, protraho lineas rectas o pancto ipso ceniico ad
singulas lineae incentis divisiones, quaz quidem mih lineae demonsirant quemadmodum paene usque ad infinitam
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Pour ce i, cenains traceratent i travers le reclangle une ligne maralléle b la ligne de base et
diviseraient en trois parties Uintervalle qui se tronve entre les deux lignes, Puis, 3 cetle seconde
lisne paralléle & la ligne de base, ils ajouteraient une autre ligne paralléle, placés de telle fagon
que I'intervalle divisé en wois partics qui sépare Ja ligne de base de Ja seconds ligne soit phis grand
d'une partie que celui qui séparz 1a seconde ligne de celte irpisibme ; el ils ajouteriviend ainsi " auties
lignes pour que Fintervalle qui suit wo aotre intervalle entre Ies lignes soil loujours, poar employer
le terme des mathématiciens. superbipartions. Ceux qui feraient ainsi, méme 57ils alirmuient snivie
la meillevre voie en peinture. jo déclare gu'ils se trompent beaucoup car. ayant posé an hasard la
premiére ligne paralléle, quand bien méme les wutres lignes paralléles se suivraient selon un méme
rapport de diminution, le (ait est gu'ils n’ont pas le moyen d'obtenir un liew précis pour la pointe
[de la pyrumide] gui permet de bien voic*

(-]

T'ai d'aillenrs trouvé cette excellente méthode @ dans tous les cas jo poursuis celle méme division
enire ke point central o1 1 ligne de base en tiranl des droites de ce point jusqu’a chacune des divisions
de la ligne de base. Muis powr 12 succession des quantités transversales. je procéde de cette manigre-
¢i. Je prends une petite swiace swr laquelle je trace une seule ligne droite, Je la divise en autant
de parties que la Jigne de base do rectangle est divisée. Je pose ensuite un point unique au-dessus
de cetle ligne. it verticale d'une de ses extémitds, aussi dleve que est dans le rectangle le point
ceniral wu-dessus de la lizne de base. De ce point. je race des draites jusqu’a chacune des divisions
de i digne. Je fixe alors la distance gue je désire avoiv entie I'geil de celui qui regarde et la peinlure.
puis, ayant (ixé I emplacement de la section. aw moyen de ce que les mathématiciens appellent une
ligne perpendiculaire, je produis I'intersection de toutes les lignes qu'elle rencontre.’

Une ligne perpendiculyive est celle qui. divisant une autre ligne deoite, posséde pattont antour d'¢clle
des angles deoits.  Ainsi cetle Hene perpeadicolaire me donnera par ses points d'intersection les

distantiam quantitates transversae successivae sub aspectu alterentur.

*Hic essent nonnulli qui unam ab divisa aeguediztantem linean: inra quadsanguhin ducerent, spattnmgue. qod
nterutrasque lineas adsit. in tres paetes dividerent. Tom buic secundae aequedistanti lineae aliam item acquedis-
tatem hac lege adderent. ut spatium, gued inter primam divisam et secundam aequedistantem lingam est, in tres
partes divisum una parte sui excedat spatiom id quod sit inter secundatn et wertiam lineam, ac deinceps reliquas
lineas adderent ut semper sequens inter lineas esset spatium ad anteeedens, ut verbo mathematicorum loguar, su-
perbipartiens. ltague sic illi quidem facerent, guos etsi optimam quandam pingendi viom sequi alfinnent. cosdem
1amen non parum e censed, quod cum casu primam aequedistaniem lincam posuerint, tametsi casterie ae-
quedistantes lingae ratione ¢f mode subsequantur, non tamen habent quo sic cerus cuspidis ad bene spectanduim
loows. [ ...}

“Haee cumn i1z sint. ipse idcireo optimem hune adinven) modum. In caeteris oinnibus eandem illam el centrici
puncti et lineae iacentis divisionem et a puncto linearum ductionem ad singulas lacents linzae divisiones pros-
cquor. Sed in successivis quanttatibos transversis hune modum servo. Habeo aerolam in qua describo lineam
unum rectam. Hang divido per eas partes in quas iacens linea quadranguli divisa est. Dehine pono sersum ab
hac linea puncrum unicum ad alterurn lineae capul perpendicularem tam alte quam est in quadrangula centricus
punctus a jacente divisa gquadranguli lipea distans, ab hocque puncto ad singutas huins ipsins lineae divisiones
singulas lineas duco. Tum quantam velin distantiam esse inter spectantis oculum ¢f picturam statuo, algue algue
illic stamta intercisionis loco, perpendiculari, ut ajiunt mathernatici. linea intercisionem omniwn linearum. guas ea
invenerit, efficko. Perpendicular s quidem linea est ea guae aliam rectam lineam dividens angulos utringue circa se
rectos habeat, Tgitur haee mihi perpendicularis linea suis pergisionibus tecminos dabit vamnis dislanlise guae inter
transversas acquedistantes pavimenti lineas esse debeat. Que pacto omnes pavimenti parallelos descriptas habeo,
est enim paralfelns spatinm quod intersit inter duas acquedistantes Lineas de quibus supra nonnibil tetginms. Qui
quidem quam recte deseripti sint inditio erit.. si una eademgue recta contingata linea in picto pavimento coadiunc-
torum guadranguloramn diameter sil. Est quidem apud mathe maticos diameter quadranguli recta quaedam linea
ah angulo ad sibi opposinnm angulum ducta. quae in duas partes quadrangulum dividat ita ut ex quadrangulo daos
triungulos efficiat
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limites de chague écariement qui doit se wouver entre ies lignes transversates paralieles du daliage.
Te peux de cette fagon tracer toutes les rangdes wansversales de camesux du dallage. On appelle
parallele I'intervalle sépacant deux des lignes paralléles dont nous avons paclé plus haut, Faurai la
preuve ue celles-ci oat €€ comrectement ragées si une méme ligne droite prolongée sur le dallage
peint serl de diametre aux rectangies juxtaposés. Pour les mathématiciens, le diaméire d'un rectan-
gle ¢st la ligne droite, trée d"angle & angle opposé, qui divise le rectangle en deux parties de fagon
& faire deox tnanples.

FIGURE 6 Lua cosrruzicne legining

La demilre partie de 'extrait du texte d° Alberti suggere maintenant d'aller vérifier ies dia-
gonales des carrelages des figures 2, 3, 4 et 5.

Retmarquons que, pour expliquer sa costruzidne legittine, Alberti donne une représentation
de la sitration an moyen de deux projections orthogonates (plan et profil). Et ce sont ces deux
projections qui permellent la misc en perspective dune figure. Il n'aurait certainemeni pas pu
donner une représentation de 1a situation en perspective cavalidfe car celle-ci n'est entrée dans
1a pratique qu’a la fin du seiziéme sitcle en Evrope. Elle convenait parfaiternent pour réaliser
des plans d'architecture classique pour laguelle elle fuisait niicux percevoir les alignements, Tes
symétries, le parallélisme, ... La perspective cavaliere donne une vue plus globale des objets
car en fait. le point de vue de I'observateur est rejeté a Uinfini, Elle aura également beavcoup
d’applications dans I"art de la guerre, car il est plus [acile d'y mesurer les objets, les distances.
F. CoMAR {voir bibliographie) signale que. dans ses Cours de mathématique nécessaires & un
honime de guevre (1693), Ozanam écrit ;

Paur représenter les fortifications. on se sert d'une perspective [ ... ] qu'on appelle Perspee-
tive Cavaliére et Pevspective Militaire, qui suppose 1"ceil infiniment €loigné dn Tableau, [...]et
quoiquielle soit naturellement impossible, 13 force de lu vie ne pouvant se porter 4 une distance
infinie, elle ne luisse pus néanmoins de faire bon effet,

Signalons encore que depuis I Antiquité et notamnment cn Extréme-Orient (peintures japo-
naises, par exemple), on trouve des utilisations de cefte perspective, mais pas comme moyen
global de reptésentation. Ainsi. une partie du ‘tablean” qui fait penser 4 une perspective cava-
liete peut avoisiner une projection orthogonale, par exemple. Cest surtout une manidre em-
pirigue de suggérer le relief.
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Aldberti fait allusion & de fausses perspectives. notamment celle qui utilise la régle des deux
tiers. 11 s agit 1i d"utilisations empiriques de la perspective. Dans son ouvrage sur Piero dellcr
Frgncesca {voir bibliographie), J.-P. LE GOFF {note 21 de la page 48) explique comment on
peut renverser une certaine problématique de la perspective. A partir du moment oit on prend
conscience de ce que des objets de méme grandeur paraissent de plus en plus pelits lorsqu’on
les éloigne, si I'on tente de construire un carrelage en en tenant compte, le théoréme de Thales
nous oftre un point de fuite “en cadeau’. Bt ainsi, dans certains tableaux antérieurs ala décon-
verte des régles de la perspective. on trouve par exemple plusieurs points de fuite en aréte de
poisson, ¢ est-A-dire disposés sur une méme verticale.

Quant 2 la pyramide dont il cst queston dans U'extrait, il &'agit de la pyramide visuelle,
notion commue depuis fort longtemps en optique, reprise par les antisies de Ia Renaissance pour
expliquer la perspective. Voici par excmple, un extrait des Carnets de notes de Leonardo da
Vinci {1452 - 1519);

La perspeclive n'est rien d’autre que la vision d'un objet demidre vn verme lisse oL transparent, i la
swrface duguel pourront dire marguées toules les choses qui se trouvent derridre le verme ; ces choses
approchent le poini de 1 ool sous forme de diverses pyramides que ke verre coupe.

C'est peut-&ure cette conception de 1a perspective qui Fait qu” Alberti, dans son explication,
race d’abord tous les rayons joignant 1"ceil any différents objets 4 représenter avant de fixer la
distanice — en coupant la pyramide visuelle — qu'il désire avoir entre "il de celui qui regarde
et In peinteg.

4 Piero della Francesca (1410-20 — 1492)

11 nali dans le petit village de Borgo San Sepolcro. Son pére était cordonnier. Vasari note
chez lui un intérét précoce pour les mathématiques. On ne sait que pen de choses de ses premiers
maitres, Assez vile, il wavaille et voyage avec Domenico Veneziano maisen 1439, il est toujours
un peintre de renommeée plutdt locale. Par la suite on le verra & Urbino, Rimini, . ..

Son traité De prospectiva pingendi, écrit en italien mais avec un titre cn latin, datc des années
1470 - 80. Il innove en ce sens qu'il traite la perspective en termes de géomgtrie et la détache
du domaine de Voptique. C’est de la géométrie pratique mise au service de la résolution d'un
probleme technique, I crit pour les peinires majs il donne toutes les démonstrations dans le
style des Eléments d'Buclide, On Iui doit encore un Trattare dell abaco (arithmetique, algébre,
stéréomeétrie) el un Libellus de guingue corporibus regulavibus dont son €léve. Luca Pacioli
s'inspira lorsqu'il éerivit son trané de la Divine proportion.

Voici un texte extrair de son traité De la perspective en peinture qui montre conunent réduire
en carré un plan dégrads,

Comme dans 1a proposition précédente. soit 710 une ligne partagée au point £, menons BF qui
lui est perpendiculaire et une autre ligne perpendiculaire au-dessus de I¥ jusqu'en A, placé en son
Jien® ; tirons une ligne perpendiculaire au-dessus de O, de longuenr égale 3 BC. soit GO, et du
point 7, menons une paralléle 3 B, soit (7F ; je dis qu'il 5 ensuit un carré de cotés égaux 50,
O GF et £ Mainkenant, je tire du point A les lignes AC et AG, gui coupent BF en deus
points * AC coupe HF au point F. el AG coupe 5F au point . Je «is que £ apparait au peint
A plus leve que H. parce que A se tient au-dessus de B. et que H apparait plus bas que F, parce
que A est plus bag que £, comme cela est démaontré dans les dixiéme et onzieme propositions du D¢

SCe lieu est I'endroit o0 s¢ wouve 'eeil du petnire.
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Aspeetinn Diversitate d Euclide®, Je dis que B E apparait égal & BC dans le liew déterming, et que
EH apparait égal & CC dans le méme licu déterming, et que & F apparait dgal & Fi5. Tirons AF
et A B : novs aurons trois triangles, chacon aver deux bases [opposeas i A] - le wiangle ARC avec
les deux bases BDC et BE, le wiangle ACG avec les deux bases OC et HE, et le tiangle AGF
avec les deux bases FIG et FH | d'ob par la seconde proposidon de o¢ livee, Lu base BE apparait
€pale & la base B, parce qu’elles sonl sous un méme angle A, el da hase EA apparadt égale § €67,
du fait qu’elles sont sous un méme angle, et 31 base A F apparail €gale 4 £ (7, parce quielles sont
contenues dans un miéme angle ; la proportion qui est de AE & AC, est celie quiest de DF 4 D,
la méme qui est de EH 4 G, mais ansside AF 5 40,1 .. ]

Done je dirai que EH- CG¥ estle plan BE réduit 3 un carré. Maintenant, menons du point A une
ligne paralléle & BC, prolongée sans fin, puis divise la ligne 3¢ en deux paslies égales au point
£, et tire au-dessus de I la parpendiculaire ; a endrail ¢l elte coupe la ligne qui part du point A4
parallelement & B(Y, se tiouve le point A'; puis tive & partir de £ une paralléle 3 BG gui coupe G
au point B, méne i partic de +' une lighe vers B. qui coupe £K au point IV, pais Gre 3 partir de
A" une ligne vers ' qui coupera K f au point E; je dis avoir mis au cuné Ie plan déprade,  savol
BC ' E’. La prewve © voyons si DV E' est égale & # H qui apparait égale 4 la quantilé <G, comme
cela a & prouve ci-dessus. Je dis qu'elle est égale ou semblatle, car Ty proportion qui est de A' DY
aA'B, estde 4'F' 5 A'C, estlo méme que celle de ZVE' 3 BC, qui est aussi de 2 M 3 0, Flant
proportionnelles, elles sont égales ou semblables. mais en it égales, car now avons admis que S0
de I'une est égale & BC de Uautre”, ce qui éclaive I'énonce, Mais si m me dusais . porquol mels-ta
Yol ww milien ? Purce que cela me pacait coavenit migux pour voir les opérations | néammaing,
chacun peul le metere 13 ol lul plait, { ... ]

/} ¢
—~ ;

o

FIGURE 7 : Rédvenion en carvé d wn plan dégradd

“Buclide, £'Optigue.
5T 5" agit du rapport de réduction.
*Clest-i-tlire BC = 167,
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5 Albrecht Diirer (1471 — 1528)

Il est né & Nuremberg qui. a I’épogue, élail une importante ville marchande 4 "artisanat
trég développe. Son pére it orfevre et ce fut donc sa premi¢re formation. Clest dés 1'dge
de quinze ans qu’il put s’initier & la peinture dans 'atelier du peintre Wolgemwue. La présence
dans les nuos de la ville de fohannes Miiller, plus connu sous le nom de Regiomontanus, ne
scra pas étrangére 4 Ia formation humaniste d' Albrechr Diirer. 11 voyagera en ltalie et 4 son
retour, s'intéressera de plus en plus aux fondements de I'art pictural. 8a connaissance du latin
était sans doute faible et ¢’est grice & ses amis humanistes qu’il pourra accéder & la culture
classique. L'un des ouvirages les plus connus de Diirer est "' Underweysing der Messung de
1525, titre traduit par Instruction sur I'art de mesurer ou plus simplement La Géomdtrie. e
livre IV est notamment consacré i 1a perspective,

Diirer était conscient des difficultés rencontrées par le pointre lorsqu'il essayait de mettre
‘le monde a plat’. Tl a imaginé différents dispositits, encombrants et peu maniables, qui ont
cependunt le mérite de metire en évidence les grands principes de la perspeclive centrale. Voici
un extrait du Tivee TV qui déerit un matériel de ce type.

FIGURE 8§ © Lun des disposivis de Diirer

A I'aide de trods fits In peux projeter dans un plan et dessiner suc un tableau wut ohjel que tu peux
atteindre par ces Jils, Procede comme suit,

$i tu 2 teonves dans une sulle. enfonce une aiguille au chas ey vasle, spécialement congue i cel
effet, dans un mur Elle joucra le vole de I'oeil. Fais-y pusser un il solide el suspends un poids en
plomb it une 2e sos exténités. Dispose ensuite une table on un tabieau i une distance arbitraire du
chas de ["aiguille olt se wouve le (il Places-y un cadie vertical. transversal par rapport au chas de
I"ziguille, plus haut ou plos bas, el du cité voulu. Dans ce cadre se trouverd un portllon qui 8" ouvee
et se ferme. Ce portillon sera le tableau sur lequel tu peindras. Fixe ensoite par des clous deux fils
qui ont des Jongueurs respectivement ¢gales & la longueur et & la largeor du cadre, I'on au miliea
de 12 traverse supcrienre, I'anire au mitieu d"wn mointant, puis laisse-les pendre librement. Prépare
ensuite une longue pointe en fer avec vn chas dans son extrémité pointue. par lequel oo feras passer
le fil long passant déja par 1'aignille fixée au mur. Améne la pointe avec le il long dans le cadie
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et au-deld, et remets-la 3 quelqu’un d*autre, alors que (of W I'occuperas des deux avtres fils fixds
au cadre. Ltilise ce dispositif comme suit, Pose le Tuth ou tout ante objet qui te plail 4 la distance
vowue du vadre et veille & ¢e qu'il ne bouge point pendant le temps donl tu en as hesoin. Deminde
i ton compagnon de maintenir tendu le il passa par I'aiguille ef de 1'ameuer sur les principaux
points du luth. 1Dés qu'il s"wréte sur un point et tend le fil, améne les deux hils (ixés au cadre,
tendus, & se ceofser avee le fil long. Atache leurs extrémités avec de la cive au cadre ; ordonne 3 ton
compagnon de ne plus tendre le fil Tong. Ferme alors le portillon et reporte sur le tableau le point o
les deux points se croisent. Rouvee le pertillon et pracéde de miine pour un autre point of ainsi de
suife jusiu it ve gue le Tuth apparaisse en pointillé sur e tableau. Joins par des lignes wous ces poinls
que tu as obtenus & partir du luth sur le tableau, et tu veras ce qui adviendra. [ ... ]

6 Girard Desargues (1591 — 1661)

N¢ a Lyon, on connait peu de choses sur son enfance. C'est & plus de trente-cing ans qu'on
tetrouve sa trace 4 Paris ol le gravenr Abcaham Bosse affirme que dés le début de )'année 1630,
il avait déja obtenu Je privilége royal pour divers écrits qu'il avait I'intention de publier. En tant
qu’ingénieur, Desargnes &tair semble-t-il fort apprécié de Richelien. 1l eut des contacts avec
le Pére Mersenne, Descartes, Roberval, Pascal et bien d’autres. Parmi ses ceuvies, citons le
Browdllon profect d'une atteinte qux evenemens des renconires du Cone avec un Plan (1639),
qui traite des coniques et trois paragraphes d’esprit géométrique qui terminent e Traitd de per-
spective, publié par son €léve Abraham Bosse en 1648, Le fonds el Ia forme de ces paragraphes
montrent, selon René Taton, qu'ils doivent étre attribués a Desargues lui-méme. Le titre gue
Bosse a donné A son trait€ est d'ailleurs Maniere universelle de M. Desargues, pour pratiquer
la Perspective, ... La premiére proposition quon y wouve est le célébre “théoréme de De-
sargues’. Cc théoréme, vrai aussi bien dans I'espace que dans le plan, permet de ramener a
deux dimensions toutc configuration spatiale, ce qui est I'esprit méme de lu perspective. Cet
aboutissement sera i |'vrigine de la géoméirie projective.

Signalons pour terminer que dés 1636, Desargues publiait a Paris, un ouvrage intitulé Exen-
ple de Uiine des manieres wniverselies di 5.G.D.L. rouckant la pratigtie de la perspective sans
emploler aueun ticvs point, de distance ny d'autre natuve, qui soir hovs du champ de I'ouvrage.
Cette éude fut en partie plagi€e par Du Breuil, révérend pére jésuite. Desargues riposte én pla-
cardant sur les murs de Paris des affiches dénongant cet emprunt ; mais cela ne lui profite pas et,
découragé, il abandonne. C’est sans doute pour cela que ¢’est son disciple Bosse qui publiera,
commie nous {’avons dit, e fameux théoréme. Bosse sera alors admis comme membre honoraire
& 1"Académie royale pour y enseigner la perspective. Il prne un peu trop que 1"art repose tout
entier sur les régles de la géométrie et finit par se quereller avec Le Brun, futur premicr peintre
du Roi el directeur de I’ Académie. L'affaire s’envenime et 1' Académie pronvuce 1'exclusion de
Bosse en 1661. Il fonde alors sa propre école. Cette impudence a pour conséquence un arét du
Conseil signé par le roi. qui doane & |’ Académie le monopole de I'enseignement autistique,

Si le théoréme de Desargues marque le point d'aboutissement de toutes les théories sur la
perspective et annonce la géomeétrie projective, il condamne maiheursusement cette perspective
comme instrument de 1'art. L’artiste ue peut se contenter de choses arrivées a terme et done
figées ; il a envie de se tourner vers d'autres voics, Mais si la perspective s appréte i connaitre
quelques sigcles d"*oubli’, elle n'est cependant pas définitivement morte, Un peintre conune
Delvaux, par exemple, a su I'employer i merveitle au vingtitme sigcle.
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Les nombres complexes, les vectenrs et les quaternions

(L'introduction des quatctmions au Portugal par Augusto d' Arzilla Fonseca- 1884)

COSTA PEREIRA CARACOL Teresa de Jesus
Escola Secunddria de Maontejunto (Portugal)

Abstract

A la fin du XVITI™ sizcle, les nombres complexes n’ont pas de staqu mathématique.

Avec les travanx de Wessel { 1745-1818), Argand (1768-1822), Gauss (1777-1855), les
guaternions de Hamiltton (1B0S-1865} et 'algébre de Grassmann (1809-1877), on voit la
représentation géométrique et In nmltiplication des quantités imaginaies.

En wtilisant la multiplication de tnples, Hamilton anive aux quaternions et aux algébres
non-commuicatives. Au X1X"* sidele on voit apparaitee les vecteurs comme une partie de
I'ensemble des quaternions. Cependant, Hamilton s’ interroge sur la nature de Sab et Vab,
au produit des quatcrnions ab.

Présenter le quaternion, cheisir son meilleur mode de représentation, montrer son effi-
cacité et ouvrir des horizons, a ét€ le but de ceux qui ont défendu 1'utilisation des quater-
niens, comme on voit an travail de Arzila Fonseca {Coimbra 1884, Portugal).
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1 Les Nombres complexes

Au début du XV sigcle on voit beaucoup de travail sur la résolution des équations al-
gébriques. A ce sujet, nous rappelons les travaux des algébristes italiens (Bombelli, Cardan,
Tartaglia), de Nicolas Chuguet en France, de Robert Recorde en Angleterre et de Pedro Nunes
av Portugal.

Dans quelques livics de ceite époque-1a nous pouvons voir beaucoup de problemes a ré-
soudre, comme par exemple le suivant [STEwarT & TaLL 1977] :

La somme de deity nownbres, quels qu’ils soient est 10 ef leur produit est 40, quels sont

cesnombres P

Nous aflons transformer le probléme en équation et nous avons » + y = 10et z-y = 40 on
encore y — 10 — x et &(10 — r) — 40. Cela veut dire que & - 5 15,

Pour les mathématiciens du XVI®'™® sigcle. 4/— 15 était une chose étrange. Fn supposant
que le caré d'un nombre réel est positif, le caré de +/—15 est (~15), qui est un nombre né-
gatif. D’ autre part nous vérifions que I'addition des deux racines trouvées est €gale A 10 et leur
preduit, égal 4 40, Cela veut dire que nous pouvons traiter /—15 d'une maniére fmaginaire ?

Ces imaginaires (¢’est Descartes qui a doané ce nom aux nombres dont le carré est négatif,
comme nous pouvons voir dans le livie La Géométrie [De, 1934]), sonl entrés dans les opérations
usuelles, Cela permcet de trouver les solutions des équations et d’ardiver & quelques résultats
Importants.

En 1774, Euler introduit des symboles el il éerit ces nombres o — by'—1 (a et b sont des
notnbres réels ).

Les timaginaires prennent du sens et leur représentation géométique impose de croire i leur
existence.

En 1673, John Wallis essaye de représenter géométriquement les solulions imaginaires de
I'équation du deuxiéme degré. [STILLWELL 1989]

e = %r+F =0, be20

Cependant il n’a pas réussi car il a traité les racines imaginaires de 1’équation comme si elles
draient réclles. 1l faut remarquer qu’an XV1I°™ gigcle les nombres négatifs atiendent cncore
un statut mathématique prapre jusqu’an mement {(1770) oi Buler défimt 1/~ et explicne ie
produit v —2 x /=3 = /6.

En 1811, Gauss appelle les imaginaives nombres complexes et pale déja du plan complese.
1l publie quelgues vésultats sur ce sujet dans Theoria Residuorum Biguadraticorum en 183 1.

1¥'aures mathématiciens ont wavaillé sur la représentation des nombres complexes. En
1797, Wessel (1745-1818) publie 1"Essai sur la représentation analytique de divections, qui
est reste inconnu pendant 100 ans.

L'idée fondamentale qui va permettre d’accepter les imaginaires est d’associer la perpendic-
ularité au signe '—1 en relation avec I'unité positive (- 1). Ce qui est présent dans les ravaux
de Wessel, comme nous allons ic déerire ;

(1 L) est fe segment unité positif et (+€) esr une autre winité perpendiculaire & {+1). La
direction angulaire de {1 1) est O7, de {1} est 180°, de (1 £) est 90° et de {—e) est (—00°) ou
encore 2707,
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En utifisant la régle du produir de deux segments sur le méme plan, Wessel est arrivé aux
égalirés suivanres ;

G (1) = (1) (1) (=1} = (=1} (=T)(~1) = (+1)
f (+1) - (=) = (+¢) i
(F1} - (=ed = (=0) (=1} (=) =(=e} (=1} (=e) = (+(]
(=) (e = {-1)

En 1806. Argand (1768-1822) publie Essai sur une maniére de représenter les quaniiiés
fnaginaires, ol il définit géométriquement les inraginaires, Teur addition et leur produit. L accep-
tation de ces entités dans le champ algébrique revient & considérer i comme la mayenne propor-
tionnelle géométrique entre {+1) et {—1) et nous avons 2 = —1.

2 Hamilton et Pinvention des quaternions

Hamilton est n€ & Dublin en 1805 et il cst mort, aussi dans cette ville en 1865. A Pége de 3
ans il va habiter avec son oncle, qui reconnait rapidement sa précocité, surtout dans étude des
langues.

En 1823. Hamilton entre an Trinity College 2 Dublin et en 1827, il abtient le poste d’astro-
nome royal i 1'observatoire de Dunsink et de professeur d'astronomie au Trinity College.

De 1830 & 1840, Humilton erit une théorie des nombres complexes en utilisant fes couples
{. ), @ et b étamt des nombrcs réels,

On considére que les césultats déja connus sur les nombres complexes. ler représentation
géométrique et la théorle de couples (1837), ont joué un réle ts impertant dans invention
des quaternions. La Théorie des Couples a convaincu Hamilton de la gitimite des nombres
complexes et, en méme temps a domné le moyven d'aller au-dela de la dimension 2, Elle a préparé g
la découverte el Ia certitude qu'il fallait passer de la dimension 2 i la dimension 4. Cependant
la démarche d’Hamilton pour arriver aux quatemions a é€ Tongue et a occups vingt ans de sa
VIE, |
Par analogie avee les nombres complexes, Hamilton éerit les triples @ + &2 + ¢f, oi les I
vecteurs 1.7, j sont perpendiculaires deux a deux et de longueur un. Pour le produit des triples ;
il a considéré qu'il était possible de multiplier terme A terme el que la longueur du vecteur
produit €tait égale au produit des longueurs des vecteurs factenrs (1)

Lors du produit (@ + &i + <j){z + 9¢ + 25) (2}, on voit apparaitre les expressions ¢, 7% que
Hamilton égale a (~1}. par analogie avec i* = —1 dans la théorie des couples. Le produit 15
fait surgir beaucoup de doutes, ce qui a amené Hamilton 3 faire quelques essais que nous allons
décrive [HamiLTON 18447 :

I- Sionai® = j* — ~1, alors (i5)* = 1, mais dans cc cas 47 = 1 ou £ — —1 et au produit :
(2}, la propridte {1) n'est pas vérifide. '

o

2- Sion a le cas particulier du produit {a + ib+ cj)? = a® — b = 2 + Zdah | 2jac + 2ighe,
en faisant I"addition des carrés des cocfficients de 1,4, §, a droite on a {a? — i% — ¢2)2 +
{2ab)* + (2ac)® = (0 + 17 | )% Lardgle du produit est vérifide si ij = 0, ce qui n'est
pas en accord avec 1a propriété (1)
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3~ Hamilton est sitr qu’il ne peut pas fuire {5 = Qelil éeritij = —jiou iy = k. ji = —4. 11
reste encore des doutes sur la valeur de . :

4. Hamilton multiplie les triples {6 + ib 4 je) et (o — ib 4 je) et il obtient :
ar -8 - e | o+ )b+ 3o+ 2o — k(b — be).

Si on considére ij = —ji, le cocfficient & a dispuru. Les expressions = »— r:(z’, {a +
z b, {a+ ric sont les vraics coordonndes du produit et Hamnilton a la confirmation de ce résultat
par voic géométrique.

Avec I'égalité i = —7¢, Hamilton généralise le produit des triples

{a+ b+ Jehr + iy + 72) = (aw - by — ¢2) + i{ay + ba} + jlaz + ex) + kibz — cy)
et il 8’ interroge sur la véracité de " égalité

(@ + 0% + A+ 7+ 27 = (aw — by — e2)* + {ay — b)* + ez +

Le membre de gauche est plus grand que celui de droite en (bz — cy)?. qui cst cn méme temps le
carré du coefficient en &, quand on condidére 47 = k et 7 = —k. Huamillon n’a plus de doutes
sur I'existence d'une autre unité imaginaire, qu’il appelle &,

Le 16 octobre 1843 est le jour de 1a découverle des quaternions. En partant du produit

ij = —ji = k, Hamilton travaille sur une base avec quane vecteurs indépendants, 1,4, 7 et A,
- - . I 2 _
jusqu'a arriver aux résultats suivants {en supposant £* = j* = &% = 1)

7 j = = J L=k

Gho= —kj=i

b = —ik= J.

qui vérifient la propri€ié (1), pour le produit des quatemions, quels qu’ils soient.

En s’appuyant sur I'ensemble des nambres complexes, Hamilton a e_ssa}-'é le Pr?dui\t dc
triples. Ce travail. par hasard, 1'a amené & une troisi®me unité imaginaire, & ct 4 'algebre
des quateriions.

Le scepticisme sur les nombres de carré négatif a été dépassé el en méme ‘temps."se créent
des abimes de doutes sur la nouvelle théore des quaternions due & Hamilton qui n’obéit pas aux
Iois de I arithmétique usuelle; on a perdu la propriété de commutativité de la multiplication.

Hamilton écrit tont quaternion sous la forme g = w + i + Jy + ks, (w, o, 0.2 € ‘R) ellil
introduit, pour la premigre fois les mots scalpr et vector. Sur 1'ensemble des quaternions, ils
déterminent deux entités différentes.

Nous considérons ¢ = w + 0 | Jy + &z, w est le scalar et {iz 4+ jy + kz) est la partie
vectorielle et Harmilon a éerit

€} = Scal. @ + Vect. Qou ) = S.Q 4 V.Q ouencore ( = S+ 1@, pour le quaternion ).

Considérons le cas particulier duy produit co’ des quatemnions o = iz ~ jy | ket a’ =
e’ + gy + kS

aa' = (—zx' gy — 22y F iy’ — o)+ ey — 1) = k(e - a'y)
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{—5'an) est le produit scalaire ot Veed est le produit vectoriel au sens modere,

Hamilton a vu que les quaternions ne ressemblaient pas aux nombres complexes et surtout

il a cu des doutes sur la représentation géométrique de la partie réelle. A ce propos il gerit
[CrOwE 1993] :

Regarded from o geometical point of view. this dlgebruically imaginary part of a quatemion has
thus 30 nateral and simple a signification or representation in space. that the difficubty s transferred
to the algebraically veal part; and we are tempted to ask what this Tast can denote in ZCOMELTY, or
what in space might have sugpgested it.

En 1989. Simon L. Altmaun, publie un article sous le titre Hamilton, Rodii gues, and the
Quatertion Scandal (What went wrony with on of the major mathematical discoveries of the
nineteenth ceatury), dans le Mathemarical Magazine [ ALTMANN 1989]. ce qui nows fait croire
que I'intérét pour la théorie des quaternions reste présent A notre £poque.

Dans cet wticle. Altmann met céte A cote Hamilton. considéré I'inventeur des quaternions
et Olinde Rodrigues, directeur de la Caisse Hypothécaire de In Rue Neuve-Saint ~Augustin i
Paris. L'auteur dit qu’en 1840 Olinde Rodrigues a présent€ quelques résultats sur les rotations
dans espace. en donnant pn sens géométrique anx entités créées par Hamilton trois ans plus
tird.

Depuis qu'Hamilton est mort en 1865, la théorie des quaternions a eu quelques disciples.
On a resenti I'importance des produits scalaire et vectoriel, grice au produit des qualernions.

A ce sujet nous rappelons les wavaux de Hermann Grassmann (1809-1877) en Allemagne et de
Heaviside (1830- 1925) en Angleteire.

Fn 1844 Grassmann a publié la Théorie de { Extension, en préseniant deux produits, le
vectoriel (ourer product) et le scalaire (imier product). En considérant la notation moderne etla

base ), c», - -+, €,, le produit vectoriel obéit aux propriétés suivanles (2, . z € N)
€€y = —€uE;
€26y = £,6, =]
ey 6] = eae,+ e

Dans le langage de Grassmann le résultat du produit vectoriel est une entité de denxidme

ordre, une surface orientée ou un bivecrewr. Dans son algebre nous avons les O-vectewrs, les
I-vecteurs, les bivectenss. etc,

David Hestenes [HESTENES 1086] considere que Grassmann o développé e produit vec-
toriel, & partir d'un travail déja réalisé par son pere Gunther Grassmann, sur le sujet. pour
I'cnseignement de base.

Dans V'aigébre de Grassmann, 4 un bivecteur 13 cormespond un paraliélogranume unique,
déternuné par le produit des vecteurs o el b sur leurs c6tés rel queg b= Betarnh— —bia.

Plus tard Grassmann a additionné les produits « - & (le produit sealaire) et @ 4 b en créant le

produit mixte, ok = @ b+ a /b, qui est a labase des algebres de Clifford [CNOPS & MALONEK
1595},

Lc travail de Grassmann a €€ considéié comme trés difficile acomprendre par les mathéma-
ticiens de son époque.

En 1886, Gibbs (1839-1903) a présenté les idées de Hamilton et de Grassmann, céte 4 cfte,
sans r€ussir a érablir un lien entre cux et il a éerit 2 ce propos :
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We begin by studying muliple algebras ; we end. I think, by smding MULTIPLE ALGEBRA
[CROWE 1993

Le travail de Harnilton 1'a ameng 4 un systéme de nombres pour représenter les rotations
dans I'espace, o il a essayé & expliquer Ia géométrie en langage algébrique. Hamilton et CGirass-
mann ravaillent en méme temps mais de fagon indépendante.

En 1878, William Clifford (1845-1879) a publié un article sous le titre Applications of
Grassmann Extensive Algebra, ol il dit que Hamilten et Grassmann sont resiés wés proches
du méme sujer, en utilisant différents poims de vue et Clifford éerit |CLIFFORD 1878] -

Mow there are two sides to the notion of a product. When we say 2 x 3 = G, we may regard (he
product & a5 a number derved from the numbers 2 and 3 by a process in which they play similar
parts; or we may regard il a5 derived from the number 3 by he operation of doubling. In the former
vigw 7 and 3 ave both numbers; in the laler view 3 is 2 number. bul 2 is an operation. and the two
factoos play very distnct parts. The Ausdehoungsiele is founded on the firse view. the theory of
quaternions on the sscondd,

Depuis gqu'on a connait le travail de Grassmann, les mathématiciens se sont divisé entre
ceux qui ont défendu les quatemions et ceux qui sont confre ceite théorie. Crowe [CROWE
1993] présente les publications, dans différents pays, des travaux sur les quaternions ct sur
[algebre de Grassmann. Au Portugal nous pouvens voir la publication de deux livres sur la
théoric des quaternions.

En 1884, Augusto d'Arzilla Fonseca, publie le livie (3) Principios Elementares do Cdl-
culo de OQuaternies [FONSECA 1884], suivi par un autre livre, Applicagdo dos Quarernides d
Mecdnica, publi€ en 1885,

En prenant en compte la liste de Alexander Macfalane [MACFARLANE 1904], nous pou-
vons considérer que Arzilla Fonseca a été le premier A travailler sur {a Théorie des Quaternions
au Portugal.

On considére que les mathématiciens pormgais connaissent la production en mathématique
en Europe. Quelques uns ont fait leur formation i 1'étranger et ils ont €tabli des contacts avec
leurs amis d'Europe, ¢’est I'exemple de Henrique Manuel de Figueiredo (1861-1922) qui a éi¢
le premier A travailler et & divulgoer les idées de Riemann au Portugal (GRay & ORTIZ 1999].

En 1877, Francisco Gomes Teixeira a créé le Jornal de Sciencias Matematicas e Astrono-
micas, ce qui a pernis la divulgalion de wavavx mathématigues tant portugais qu’étrangers
[Snval.

Augusto d” Arzilla Fonseca' est contemporain de Francisco Gomes Teixeira et de Henrique
Manuel de Figueiredo et il a participé au climat dynamigue crée A la Faculdade de Matemidtica
da Universidade de Coimbra.

Pour obtenir le poste de professeur a Coimbran, Auzilla Fonseca a présenté sa thése, sous le
tirre {3), Ce travail se divise en six parties, sous les thémes suivants :

1 — Propriedades das operacGes

I — Vectores e sua compaosicdo

1T - Produte ¢ quociente de vectores, Quaternides
IV — Interpretagiio e transformacdo de expressdes

' Augusto & Areilla Fonseca est né au Funchal (Madeiray en 21 oclobre 1853 et il est mort & Porto le 17 Bvrier
1912, T & 16 licencié en philosophie (7/07/1883) et en mathématique (3/3/1834) & l'université de Coimbra. Le
27 juillet L3884 il esl devenu doctemr en mathématigue, Paratlel 1t & la vie académique il a suivi la carriére
militaire, Plus tard dans sa vie i1 a en de problémes de santé et il est resté presque aveugle.

126

V— Eguacdes do 19grai. Bigquaternides
VI— Diferenciagio de quaterniges

Arzilla Fonseca commence son travail par une téférence  I'histoire de la découverte des
quaternions, par Hawilton. Il nous parle aussi, d'une amivée trés positive du calcul des qualer-
nions en Anglelerre, en Allemagne et en Amérique, et sur les avantages de ses applications.

Nous pouvons lire une référence & Grassmann et i Bellavitis, et surtout 1'auteur présente plu-
sieurs remarques sur Hamilton,

Fonseca a défini opération, vecteur, addition et soustraction de vecteurs dans I'espace, pro-
duit et division de vecteurs, oi il présente un quaternion comme le quotient de deux vecteurs.
I travaille sur les rotations de 1'espace en utilisant e nom versor. 1l wilise des figures sur la
sphére (de rayon 1) pour arriver au produit des unités imaginaires 7, 7. % :

Jh—dki=gidf =k ki= =ik = —f i = k.

Fonseca a définil le produit de deux vectenrs perpendicutaires (¢ est le produit veclomel
moedeme). Nous pouvens voir la décomposition d un quaternion en scalaire et en vecteur. en
utilisant les symboles 5 et 17, comine 1'a présenté plus tét Hamilton. L’auteur a fait quc]qﬁes
applications & I trigoncmétre, jusqu’a présenter la différentiation des quaternions et 1’ operateur
”Ebk‘}. Pour finir son travail, Fonseca établit une relation enire le calcul des quaternions et la
phvsique.

Nous savons que les exigences de Ia science du XIX®™ siacle n'ont pas fait triompher
le syst‘émc des quaternions, qui a connu une époque de décadence en opposition au systéme
vectoriel de Gibbs-Heaviside qui a réussi. '

Au XXM sigcle. R. Fueter, professeur de 1'université & Zurich, a 1€cupéré les opporminitss
perdues de lu théorie de quaternions en travaillant sur le sujet. Tin 1924, il a 1€ invits i participer
au Clube doy Lentes & Coimbra et plus tard, en 1932, il a présenié uu travail, & L nniversité &
Coimbra sur Quelques résultars de I'alesbre modeime [FUETER 1932] ce qui nous [ait croire
que ies mathématiciens portugais se sont intéressés au développement de 1 algébre moderne.

Une question se pose :
Quel place occupe aujourd hui la théorie des quaternions créée par Hamilron 7

Pour répondre & cette question nous citons Jack B. Kuipers [KUIrERS 19997 :

Cur intent in these pages is te explore the use of Hamilton's qualermions in smdyiog certain ans-
formations in ordinaty space of three dimensions. It must be said (i jt was not long after the
publication of Hamilton's resulls that fosizh Willard Gibbs and others began to work out the details
of what we know today as the algebra of vector spaces. and Hamilton work seemed quickdy 1o be
eclipsed. Recently, however. interest in the use of quaternions has revived, and we want to consider
wilys in which quaternion algebra may s1ill be more elfective than the use of ordinary vector algebra,

Bibliographie

ALTMANK Simon L. Hamilton, Rodriguez, and the Quaternion Scandal-Mathematical Mapa-
zine. 62. (291-308), 1989

BOYE A.. CLERG )-P, DURAND-RICHARD M-I, FRIEDELMEYER J-P. HALLEZ M., VERLEY
J-L. Images, Imaginaires, Imaginations. . . , Elfipses,1998

CLurorn W, Applications of Grassmann'Extensive Algebra- American Journal of Mathema-




tcs Pure and Applied. 1. (350-358), 1878 '
CNoPS ). & MaLoNcGK H. Introduction to Clifford Analysis, Coimbra, 1995 )
CROWE Michael J. A history of vectar Analysis, Dover, 1993 Le probléme du crépusenle minimum, d*aprés PEDRO NUNES,
DESCARTES R. The geometry of Réne Descartes, Dover 1954 . dans son ouvrage “De Crepusculis”
Fonseca A, 4" Arzilla. Principios Elementares do Calculo de Quatemites- Coimbra, 1884
FUETER R. Quelques résultats de 1'algébre modeme- Revista da Faculdade de Ciéncias, vol.IL

n°4, Coimbra. 1932 : DA SILVA VILAR Carlos Alberto
GRray J. & ORTIZ E.L. On the transmission of Riemann's Tdeas to Portugal- Histdria Mathe- Universidade do Minha

matica, 26 (52-67), 1999 _
HaMILTON W.R. On a new Species of Tmaginasies Quantities connected with a theory of ;

Quaternions — Proceedings of the Roval Iiish Academy, Nov. 13, 1843, vol. 2, 424-434 :

HamiTon W.R. Copy of a letter from sir William R. Hamilten to John T. Graves, Esq., Philo-
sophical Magazine, 3rd series. 25 (1844), pp. 489-95, edited by David R. Wilkins, 1999
HaMIrTON W.R. On Quaternions- Proceedings of the Royal Irish Academy, Nov. L1, 1844, PENRD NUNES el un mathématicien célebre portugais du XVI*™ sicle. La géométiie,
" :l()l. 3 (lfi;t?é, 11: lt ? describine the Di £ Ouatori N s 1565 la cosmographie, "algebre, 1'astronomiie et tout ce qui concerne la navigation sont les sujers

AMITTON W.R. Letters describing the Discovery of Quaternions, August 5, 186! : - s p e .
HESTENES D. New Foundations for Classical Mechanics- D, Reidel Publishing Company, 1986 | de phusieurs ouvrages qu'il éerivit, au cours de sa vie. Le “De Crepusculis” 'en est peut-
HEsTENES D, Hermann Guether Grassmaon (1805-1877): Visionary Mathematician, Scientist

and Neo-homanist Scholar, Klumer Academic Publishers, Dordrecht, 1996

! Ahstract

&re pas le principal, mais il est cemainement I'un des plus beaws et plus connus. Cest dans
cet puvrage que Pedro Nunes ésofut le probléme du crépuscule minimum et sa duration

Kuirkrs Jack B. Quatemions and Rotation Sequences- Princeton Uni. Press, 1999 par une voie géométrique, ce que les fréres Jean et Jacob Bernoulli firent aussi, nne cen-
MACFARLANE A, Bibliography of gnaternions and allied systems of Mathematics, Dublin, Uni. taine d'années aprés, par L'applicarion de Ia théorie des extrema d'une fonction de plusieurs
Press, 1504 | variables. On fera, ici, au cours de ce travail. un résumé de ce probleme.

SI1Lva Jaime C. Histdria da Universidade em Portugal (A Faculdade de Matemstica da Univer- i

sidade de Coimbra (1772-1911)), 4 publier |
STEWART I & TarLL D, The foundations of mathematics- Oxford Uni. Fress, 1977 :
STILLWELL J. Mathematics and its History, Springer Verlag, 198% i

w&m%@% ﬁ%%&&wg@ﬁ
TN Y

LX’I‘RAIT DUNE LETTF\ :
Moisfiese Buu:m-ru M .

vl i Je PtaMc'nc, de Turer (.-i.um,u:l ecmant k
f;ﬁ;:’w::- iour i i potit crépefiule 5o
g re s Profeffenr de Maifnriqied”
e cirig i, Tans en pouveie venie 4
darlnnt Fluz cu demince pa’iea
i gl clt derdnt une dug e
. profon’ & porbarlfe, qui f il
" el we petite r'luzmn quam:: e
.t fieple progiottian Llowndeiyae : Con
wfEeiage | § gutam J
, F,Gm« & g(rfm.rrrm'zw

h a’»twanﬁm on'a a~|fﬁ 1¢ lisn. duns 1[.chpuc;ué ;
o e dee Fatiat awueh {2 be plos cvwre mépifaile,
) -0 polt depe Fam frfpuicalare de 1F deges, & - buinade
- . a Begrds g romilnnes, qii ol celle de Pdm, o0 e

.. Dl Ty wiglie g e vites - do donngr, que fe plas porie o
. el de-Vaie @ Pads, gaand le-Solei] dieline vers 1o b
P . r!l:gl 50 win, S‘; wn cherche o nanr e Eew duny |
. Kigue ) pa ewrere due le Spleid &n. élnigné 41
pmnu Eqnmatraw 3

1 gttres de Johaen Bernooth an Journal des Savans. Johann Remoulli, Lectones de caloulo differentialinny, Problerna X2, buenive brevissimum

: Crepuscudum, Manuscrit de I'Universititsbibliothek Basel, L1 a 6.
128 i

| 120 '




PEDRO NUNES, mathématicien portugais du XVIE™ sigcle. apres avoir fait ses études 2
I"Université de Coimbra, au Portugal, et plus tard, & Salamanca, en Espagne, fut Professeur a
I'Université de Coimbra, et le grand cosmographe du Royanme, pendant de nombreuses an-
nées, L'astronomie, la géographic, la géométrie, I"aigébre of tout ce qui conceme la navigation
maritime ont €t€ les sujets de ses recherches et de ses nombreux écrits.

¥ aprés Rodolfo GuimarSes, dans son essal Les Mathématiques au Pornigal, beaucoup
de mathématiciens se sont intéressés i ses écrits : Ticho-Brahe, Possevino, Stevin, Vossius,
Christopher Clavius, Dechasles Kastner, Saverien. Montucla, Duiens, de Zach, Bailly, Lalanne,
Poggendortf, Delambre. Paul Serret, Muximilien Marie, 8. Gunther, M. Moritz Cantor, ete.
Sont donc tout  fait [égitimes les paroles de Rodolto Guimardes, encore lui, au début de son
étude biographique Sur la vie ef 'awvre de PEDRO NUNES @ “Parmi les portegais du XVIEMe
sidele, qui se sont rendus Mustres dans les sciences mathématiques, la premiére place revient,
sans conteste, au Dr. PEDRO NUNESY, ou encore celles-ci de Gargdo Stokler, dans son Essai
histarigue sur origing et {es progrés des mothématiques at Portitgad @ “'Ce géometre, le plus
grand que les Espagnes ont produit et, incontestablement, 1'un des plus grands de {'Furope du
Xwéme‘_ Lol

Son ouvrage De Crepusculis est peut-étre le plus heau. panni tous ceux qu'il a écrits et,
certainement, celui qui lui a attiré le plus de Touanges et de prestige, dans le monde scientifique
de son épogue. Clest, d’aprés Gargio Stokler, dans son Exsor historigue. - -, un ouvrage “digne,
certainement, de mémoire éternelle” ou encore, “celui gui a fait beaucoup plus d’honneur & la
sagacité de son esprit” et, d'aprés la Comunission de 1" Académie des Sciences de Lisbonne,
chargée de sa derniére &dition, celle de 1943, “Le De Crepusculis est un chef-d'ceuvre. Son
originafilé, I'écho qu’il a en, Uinfiuence qu’il a exercéde. attestent son importance. Le De Cre-
purcufis, & i tout seul, suffic & justifier la reconnaissance qui a €té faite i PEDRO NUNES, en
astronomie en donnant son nom a un des cratéres de la Lune”.

PEDR(O NUNES était un défenseur de la théorie ptolémaique®, d"aprs laquelle le soleil se
meut, sur I'écliptique’, autour de la terre. qui est le centre de I'univers. Clest a l'intétieur
de cette théorie gu'il développe tons ses raisonnements relatifs aux crépuscules, qui arrivent,
chague jour et partout, ¢'est-a-dire, une période de lueur, qui précéde le lever du soleil -c'est le
crépuscule matinal- et une autre de Jumiere incertaine, gui succéde immeédiatement au coucher
du soleil - ¢’est le crépusevle vespéral. Dans cer onvrage, il ne s'occupe pas seulement du
sujet central “les crépuscules”™. On peut méme dire que De Crepuscidis est presque un traité
d astronomie sphénique. Tous les problémes v sont éludids géoméiquement, depuis la défini-
tion du crépuscule, la variation de son amplitude, chacque jour, d’endroit en endroit, et chagque
jour et 4 chague endroil. 1out au long de 1'année, jusqu’au probléme couronnant toute la théorie
exposée - celui du plus petit crépuscule et sa dusée.

C'était un probléme conséquent, en ce temps-1a, celui des cxépuscules, En effet, le probléme
du crépuscule de durde ntinimum a été éludié, une centaine d'années aprés, par les fréves Jean
et Jucob Bernoulli, qui ont utilisé la théone des extrémes d’une fonclion et, aprés beaucoup
d'efforts, comme d'ailleurs Jean Bermoulli, Uavoue lui-méme, sont ammves A 1a solution, d’une

'Ensaio histdrico, sobre a ovigent e progresses das matemdticas, em Portugal (Paris, {819} “Esle gedmetn,
amaior que a3 Hespanhas @m produzido e, incontestavelmentz, um dos maiores, que, no século XV, floresceram
na Ewropa,. ..

L ouvrage Des revolurionibus orbinm coelesti {ibri sox, ol Copernic o développé sa (héoie d"uprés laquelle
¢est [ teme gue se mewt sur 1'écliplique autour du soleil, a é1g publié en 1543, ¢esl-3-dire |'annde suivante de
celle de o premidre publication du De Crepissenfis de PEDRO NUNES.

*Gerand cercle diintersection du plan de 1'orbite du solzil. dans son mouvement autour de la terre (théosie
prolémaique ou géocentiique), ou du plan de 1orbite de la terre, dans son mouvement autour du soleil (Uiéorie
copernicienne ou héliocentique). avec ln sphére cdieste.
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fagon peut-gtre plus €légante. Voilz un “Exrrair d'une lefire® de M. Bernouilli, Medecin : Fai
résoli fe Probléme, de rrouver géométriquement Ie jowr du plus petit crépuscude; ce qui g
oceupé mon Fréve, Prafessenr de Mathématique & Bile & imoi depuis plus de cing ans, sans en
peivolr venira bout. Ce probléme est d'autant plus curieus que je demeure par ma méthode de
magcinifs & minimis, (gui est powrtant une des phus courtes), dans i coleul prolixe & emborassé
qui se laisse. & la fin réduive & une petite équation quarrée, que je transforme & vette simple
proportion géomérrique : Comme le rayon 2 la tangente de la moiti¢ de I'arc crépusculaire,
(gu’on suppose ordinairement de 18 degrés), ainsi le sinus de ’élévation du Pole, 2u sinus de
la déclimaison® méridionale cherchée du soleil. Quand on a sa déclinaison, on a aussi le Hew
dans UEcliptique; & partant le jour de Uannde auguel se fait te plus court crépuscule. ™

En ce qui concerne ies crépuscules. voila des points spécifiques minuticusement développés
par PEDRO NUNES, dans cet ouvrage, avant d'artiver au probléme du plus petit crépuscule.

l. Lec crépuscule matinal en un endroit commence quand Ie soleil, pendant son mouvement
diurne et apparent antour de la terre, sur le paralléle® de la position qu'il occupe en ce jour-la
dans I'écliptique, se trouve 18 degrés au-dessous de 1'horizon” de 1'endroit® et se termine quand
le soleil le dépasse. en se levant av-dessus du méme. Le crépuscule vespéral commence guand
le soleil, & Ia fin du jour, encore pendant son mouvement diurne sur ce paralléle-ka autour de la
terre, se couche. en dépassant 1"horizon, jusqu’an moment oii il se trovve 18 degrés au-dessous
du ménie. Leur durée est la méme chaque jour. en un méme endroil. C'est pourguoi PEDRO
NuNES parle des crépuscules, sans aucune distinction.

N-5 axe Nord-Sud;
EE I'éguatenr,

PP parailéle décrit par le soleil;

HH hodzes dz I'endiait;

PHPH parall€le i I"horizon. 182 au-dessous;
Z-INzZ axe Zénith-Iadir;
AR an: crépuscenlaire, sur le paralléle IP;

CDr arc crépusculaire., sur 1" éguateur.

ettre, qui o ét¢ publide dans le Jownal des Spervans powr Cevvede MO XCHT {Paris, 1729), pg.25, et repro-
duile danis le tL (Lausanne ef Géueve, 1742}, pe.6d de son onvrage Opera omnia tam antea spavsin edite quam
hacrenus inedita.

FAre de méridicn céleste compris entre un astie e Iépuiteur céleste,

Pelit cercle de la sphire céleste, parllele an plan de 1"équatenr.

?Grand cercle théorigne divisant la sphere céleste en doux parties égales, 1'une visible, 1"autre invisible,

BOm dit qussi que la déprevsion du soleil est. alors, de 1§ degrés. En ce qui conceme cette valeur de lo dé-
pression du soleil, aux limites des crépuscules, i faut noer que ce n'est pas exactement comme ¢a, mais ¢ était Ia
théorie. en ce temps-la. la plus vraisemblable. Fn effet, on o tovjowrs atribug, dés I'antiquité, une valeur constanie
i cetfe dépression, quoique pas la méme, parmi les astronomes : 187, d’apiés Polémée; 17¢ 307, d'aprés Estra-
bon; 19%. d"aprés Allacen; efe. Dapris la tradition aswronomique et 1'opinion généralisée, a 1épogue de PEDRO
NuNES, ¢ était 18°. Mais PEORO NUKES ve 173 pas admis. sauf théoriquement f comme point de départ pour sos
raisonements. [ a manné, dans b Progesiiion I de 1a deuxitme partie de son ouviage De Crepusculis. que cetle
valeur-12 nest pas du tout une valewr constante et 2 annoncé une méthode pour sa détermination, chaque jour et 4
chaque enclroit. ce gu'il fit, plus loin, vers la fin de 1'ouviage, dans la Proposirion XV1.
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2. Les crépuscules, qui arrivent, & chaque endreit, quand le soleil, pendant son mouvement
autour de la terre, sur Pécliptique -le mouvement ascendant et le monvement descendant- se
trouve & méme distance d'un méme point solsticial. svit celui de |’ hiver, soit celui de 1'été - ont
méme durée. Done, seulement la durée du erépuscule, qui arrive dans un endroit, le jour ol le
soleil dépasse un point solsticial, ne se répéte pas.

3. A des positions du soleil, sur Técliptique, également ¢loignées de I'un ou de 1'autre des
points equinoxiaux -soit celai du printemps, ou le point vernal, soit celui de I'automne, ou le
point automnal- corvespondent, A chaque endroit, des ciépuscules de différentes durdes :

dans les endroits de 1"hémisphére septentrional, sont plus longs les crépuscules correspon-
dant 4 la position seprentrionale du soleil, sur I'écliptigue;

dans les endroits de 1"hémisphére méridional, sont plus longs les crépuscules correspondants
i la position meéridionale du soleil, sur I’écliptique.

4. Quand le soleil, pendant son mouvement autour de la tetre, visite les signes seplentrionanx
de I'écliptique, soit en ascendant soit en descendant, la durée des crépuscules dans un endroit,
augmente 4 mesure que le soleil ’approche, sur I'dcliptique, du principe de Cancer. On va voir,
plus tarel, comme d”atlleurs le fait aussi PEDRO NUNES, que cette croissance de la duréde des cré-
puscules en quelqu’endroit septentrional, se vérific, 4 partit d'une valeur minimum, qui arrive
quand le soleil, pendant son mouvement ascensional, dépasse un certain point de 1'écliptique,
encore avant Iéquinaxe du printemps.

3. Sur T'équateur, la durde des crépuscules est différenie de jour en jour. Elle grandit 2 mesure
que 1e soleil s"approche des points solsticiaux. Toutefois, la darée des crépuscules est la méme
en des positions du soicil, sur I'écliptique, également éloignées des points dguinoxiaux. Donc,
on peut dire que. sur |'équateur, les crépuscnles ont durde mininum les jours ot le soleil dépasse
les points équinoxianx, et maximurn, les jours oi Je soleil se trouve aux points solsticianx.

6. Quelle que soit la position du soleil sur 1"écliptique, la durde des crépuscules. qui w-
rivent chaque jour, en deux endroits septentrionaux guelconques, est (oujours plus grande dans
Pendroit plus boréal. De méme, en deux endroits méridionaux quelcanques, la durée des cré-
puscules qui y arrivent chaque jour, est plus grande dans 1"endroit plus austral.

7. PERRO NUNES avant d’éwdier le probléme du plus petit crépuscule et il ne faut pas cublier
qu’il ¥ a dans son cuvrage beaucoup d'autres probiémes, qui ne concernent pas directement les
crépuscules -s”occnpe des méthodes pour la détermination de Ja durée des jours et des nuits et
aussi des crépuscules, soit dans un endroit quelconque, hors de la ligne équatoriale®- quelle que
suit la position du soleil sur 1'écliptique, et, spécialement, dans le cas oi Ic soleil se trouve sur
I'équatenr - soit sur la ligne équatoriale’™,

Clest vers la fin de I'ouvrage. dans la Proposirion XV, certainement la plus fameuse, que
PEDRO NUNES fait une exposition minutieuse de 1'évolution de la dirée des crépuscules. dans
un endroit septentrional. pendant le “voyage” du soleil, le long de Vécliptique, dés le point

“C est-a-dire, dang un horizon oblique quelennque.
¢ “eyt-i-dire. dans un borizon droit quelconque.
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solsticial de I’hiver'!. jusqu™au point solsticial de 1'ét¢'2.

En ce qui concerne les jours -comme d’ailleurs tout e mond le sait- leur durée augmente, de
plus en plus, dans un endroit quelcongue de 1'hémisphére nord, et ils ont méme durée que les
nuits, quel que soit I'endreil, boréal ou austral, précisément, quand le soleil dépasse 1'équatenn,

En ce qui concerne les crépuscules, ils y décroissent jusqu'au jour ot ils ont une durée
minimum. encore avanl 1'équinoxe du printemps. Aprés ce jour-la, leur durée augmente con-
tnuellement, jusqu’au jour du solstice d'été. En effet, on peut dire et montrer, comme 1'a fait
PEDRO NUNES, que Ics crépuscules ¥ décroissent rapidement jusqu'av jour oit le soleil dépasse
un certain point de Uécliptique tel que Te sinus de 1a latitude de I'endroit soit égal 4 la raison en-
tre le sinus de la dépression du soleil', au début du crépuseule matinal ou A la fin du crépuscule
vesperal, et denx fois le sinns de la déclinaison de ce point-1a de 1’ écliptique:

qu'ils y décroissent encore. mais plus lentement. jusqu au jour, ot ils ont méme durée que
ceux qui arrivent, quand le soleil dépasse ' équaleur:

Gue cette décroissance continue encore, quoique beaucoup pivs lentement, aprés ce jour-13,
ce qui implique qu'il ¥ ait une valeur minimum, quand le soleil dépasse un certain point sor
I"écliptique encore avant le point équinoxial:

et que c’est aprés ce passage, que commence la croissance de la durée des crépuscules.
jusqu’au solstice d'étg,

Aprés une cxposition théorique du probleéme, siire et exacte, quoique trés longue, sans doute,
et méme complexe -ce qui n'enléve pas du tont la valeur et le mérite de son ruisonmement, ca
ce temps-13- il est arrivé géométriquement et dans un contexte d'astronomie sphérique anx
calculs. soit des joirs {deux), ol amivent & chaque endroil, les crépuscules de durée minimum,
soit méme et aussi de sa durée. PEDRC NUNES a méme résolu le probléme pour 1'horizon de

Lisbonne. Voila les résultats, qu’il a trouvés'*.

1 Les jours de I’année ou les crépuscules, a Lishonne, ont méme durée
que cenx gui ont lien, quand le soleil dépasse la ligne équatoriale

1.1 Arc crépuscolaire, en ces jours-la

ar{AveCrp) = sr{pSist() fsr(ITE)

Le Tropique du Capricame.

1I.¢ Tropique du Cancer.

" Arc du méridien eéleste d'un endroit, au-dessous de I'horizen, comypris entre le soleil et 1 horizon,

HPEDRO NUNES, nutilise que dewx fonetions i genométriques, tout le Jong du De Crepuscudis © le situs rectis
el le siuns versis.
Etant A B un arc d'mn cercle. centré et & et dont le rayon soit OA, on dit que Te simes totad, 51}, quelque soit 1 arc
AE, c’estla mesare du ravon OA;

- winwes rectus de Vare A, se(A8), cest 1a mesore du coté CF du tidangle OC B (€, un point en 043,
rectangle en O

- shus versus de V'are AR, su{AB), ¢’est1a mesure de 04 — OC,

(nia, alars, sin{A B} = sr{ AR} 510} et ev(AB) = OAsr{§0° — ADY)
Dans son ouvrage D¢ Crepuscudis, PEDRO NUNES a wtilisé des tables de sinus, o le rayon de la sphére céleste
Etait supposé d7étre divisé en 10000 partdes dgales. o est-d-dire, o 88() = 100000,
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ArcC’rp = Arc Crépusculaire.

Dps = Dépression du Soleil, au début du crépuscule matinal et 4 a fin du
crépuscule vespéral. A Lisbonne, DpS = 168°%, valeur auparavant calculée'®,
Hi? = Hauteur du Féle, (latitude de I'endroit).
HE = Hauteur de I'Equateur.
Dps = 16°7
HP = 35740
HE — 5172

s (DpS) =27626
sr(HE)="78079
at() = 100000

ar{ ArcClrp} 27626 x 100000 + TROTH = 35382
AreCrg = 20043207

auquel correspond 1a durde |h 22m 53.3s

1.2 Béclinaison des points P de Pécliptique, oi se trouve le soleil, quand les crépuscules,
i Lisbonne, ont méme durée que les crépuscules équinoxiaux :

se{Dell’) = sr(AQ)sr (HE) /st()

DelP = Déclinaison des points P de I"écliptique...:

AC = Amplitude Ortive's du point £ de I'écliptique, o se Lrouve le soleil, pendant
son mouvement ascendant. quand les crépuscules, a Lisbonne, ont méme durde
que fes crépuscules équinoxiaux.

AC = 13°1%, valeur auparavant cajculée.

[IE = Hauteor de 1'Fquateur, (H = 31°20°),

sr{AQ) = 22551
st L)
s{) = 100000

Il
=1
[w=]
=1
3
o

sr{Del P} = 22551 x T8O70 = 100000 = 17607.5
Déclinaison du point £ = 10°8°30".

La déclinaison du point P correspondant, quand le soleil descend 1'écliptique, est évidenument
la méme,

L3 Identification de ces point-la

sr{iMstP) = sr(Del PYst () sr{ DAL E)
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DistP = Are de U'écliptique, entre la position P du soleil et le point equinoxial plus proche —
le point vernal, pendant le mouvement ascendant, ou le point aztomnal, pendant le mouvement
descendant.

DAME = Déclinaison maximum de I'écliptique, ( DA E = 23728,

Dl P = Déclinaison des points  de |'écliptique,...

sr( Dl Py 17607.5
sr{AMEY . 39874
st) = 100000

sr{lMetP) = 1760T.5 % 100000 — 30874 — 44158
1dsti? — 3748 du signe des Poissons
26°12" du signe de la Balance

On peut donc affirmer, comme I'a fait Pedro PEbRO NUNES, que les jours de 'année de notre
femps. oit les crépuscules i Lisbonne ont méme durée que fes crépuscules équinoxianx, sonl le
12 Février et le 10 Octobre. quand le soleil se trouve déjé, respectivement, dans les signes des
Foissons et de 1a Balgnee du Zodiaque'”, ’

2 Durée minimum des crépuscules a Lishbonne

sr{CrM[2) = si}sr{DpS/2) fsr{H E)
Crdd = Arc crépusculaire minimuom.
DpS = Dépression du Soleil, au début du crépuscuic matutinal et 4 1a fin du crépuscule vespéral,
(a Lisbonne, DpS = 16°29)'%,
H E = Hauteur de I'Equatewr, (HE' = 51°2¢')

st{) — 100000
st{DpSf2) = 13946
sr{AE) = 78079

sr{CrAf/2) = 100000 x 13046 + T8070 = L7863
Crd = 2003440
anquel correspond la durde Th 22m 18.7s

2.1 Déclinaison des points de écliptique, ot se trouve le soleil, quand les crépuscules a
Lishonne ont durée minimmm

st (Déclinaison) = sr{AMsr(HE)/st()

"TLay 4 ici aucune erteur, ay contraire de ce qu'il semble, En effet, d*apizs le Calendrier. o remps de PEDRO
NUKES, ¢ esl-a-dire, le Calendrier Iulien. les équinoxes du printemgps et de 1 aucomne avaient lieu le 11 Mars el le
12 Septembre, respectivement Par conséquent. le 12 Février élait, en ce temps-1a, le vingt-huld&me jour, avant le
printeraps, el le 10 Qctobre, le vingr-huitiéme jour, aprés Iautomne.

5% note 15,




AQ = Amplitude Ortive du point £ de I"écliptique, ot se trouve le soleil,
pendant son mouvement ascendant, quand les crépuscules, a Lisbonne,
ont durée minimum, AQ = 6728, valewr auparavant calculée,

HE = Hauteur de I'Equateur, (/] I = 51°20°).

sr{AQ) = 11262
sr(HE) = 73079
sty = 100000

sr{Déclinaison) = 11262 x 780TY + 100000 = 3794
Déclinaison (austral) du point P = 5°2°40"

La déclinaison du point P correspondant, quand le soleil descend 1écliptique est évidern-
met la méme.

2.2 Identification de ces points-13

sr{DHstP) = ar(Ded PYst () sr{ DATED
DistP = Arcdelécliptique, entre ia position P du soleil et le point vernal on
le point antomnal — le plus proche.
DME
DelP

Déclinaison maximum de I"écliptique, (DA E = 2372387,

Déclinaison des points 2 de "écliptique....

se(DelP) = 8793
st() = 100000
sr{ A1 39274

sr{DistP) = 8793 x 100000 -+ 39874 = 22052
DistP = 17716 du signe des Poissomns
12°44° du signe de la Bedanee

ce qui. & I'époque de PEDRO NUNES, avait lieu, le 25 Févricr cf o 26 Septembre, respective-
ment.

On peut donc et finalement affirmer, comme !'2 fait PEDRO NUNES que les jours de I'annde
de notre femps, Oit les crépuscules, i Lisbonne, ont dyrée minimum, sont le 25 Féviier et le 26
Seplembre’®, quand le soleil se trouve déja, respectivement, dans lcs signes des Poissons et de
la Balance du Zodiaque.

Drapres Heinvich Doitie. dans son ouvrage 100 Great Problems of Elementary Mathematics.,
PEDRO NUNES a essayé de résoudre le probléme du crépuscule mininnmim, mais n'y a pas réussi;
néanmoins, ce probléme a €té résolu, beaucoup plus tard, par Jacob Bemoulli et D’ Alembert,
qui sont arrivés d'une fagon pas simple 2 la solution cherchée en utilisant le catcul différentiel.
Mais il s'est trompé, en ce qui concerne les efforts de PEDRO NUNES. Tous ces mathématiciens

PC esi-d-dire, mie temps de PEDRO NUNTS, lo quatorzidtne jour, avant le printemps, et le qualorziéme jou,
aprés | outomne, (V. aote 17}
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Jacob Bermoulli, I Alembent et, pent- &tre, d’autres ont trouvé, par des voies différentes de
celles de PEDRO NUNES et apeés lui, les mémes résultats, soit pour Ja durée du crépuscule
mininuun, soit pour la déclinaison du soleil, le jour oi le crépuscule Ie plus petit ammive en
chaque endroit. Dans I'ouvrage ci-dessus, par exemple, on peut veir la détermination d'une
formule pour la durée du crépuscule minimum (v A7), dans un cndroit ayant latitude ¢, en
supposant, toujeurs et partout, & — 187, la dépression du soleil. au débue du erépuscule matinal
et 4 la [in du crépuscule vespéral, c'est-a-dire,

sin(Cr M2y = sin(h/2}/ cos(@)

celle-ci tout 4 fait analogue 4 celle que PEDRC NUNES avait deja trouvée, par des voles dif-
férentes, ¢'est-a-dire.

ar(AreCrp/2) = sr(DpS/2)st()/ sril £
ct, encore, la détermination d’une autre, celle qui donne Ia déclinaison 4 du soleil, ce jour-1a,
sinfd) = siu( f) tg (h/ 2%
celle-ci. différente, sans doute, de celle que PEDRO NUNLS a trouvée, mais encore. tout & fait
€guivalente, comme I'on peut voir, par exemple, quand on cherche la déclinaison du soleil, le

Jjour du crépuscule minimum, a Lisbomme>*. En effet, on a

sin(d) = sin{33740 g (8°1")
= 0.624793547 = 0.140836204
0.05799361

et la déclinaison du soleil correspondante, ¢”est-a-dire, d 22 —5"2740".

Mais, beaucoup plus important, pour mettre fin A cette question, c’est le témoignage de
Jacob Bemoulli Tui-méme™ :

{¥] Par contre, si je ne me rompe pas. ce probl2me a 618 déja 1ésoly par PEDRO NUNES, I annde
1542, dans son ouvrage De Crepuscadis. Certes, je n°ai pas pu trouver ce livie-Th, inais vers la fin des

*'Solution qui se rouve dans Lelirbuch der Spharischen Astronomie de Brummow,

HdreCrp = Are Crépusculaite; Dp$§ = Dépression du Soleil. au deébut du crépuscule matinal ¢t 3 la fin du
crépuscule vespéral;, (DpS = 13°) ¢l HE = Hanteur de 1'Equateue. soit 90°H P, (HF = Hauteur du Fale on
latitude de 1'endroit). T aprés la note 14, les formules sv{ AreCrp/2) /st () = (ar{DpSi2) st/ (sr{HE)/at{N)
el sin{C'rAd/2) = sin(h/2)/ cos( f) sant équivalentes.

Cest. donc. négative Ia déclinaisan du soleil, le jour du crépuscule minimum, dans s endroil septentrional,
comme d silleurs 1avait d474 mooté PEDRO NUNES,

“Puisque on veur compater des résultats, on va melre i = 162, (V. note 15,

SOLUTIO PROBLEMATIS DE MINIMO CREFUSCULC”, Per Jacob Bemoullium Convmmicata in fir-

terix, Bastleae, die 20 Julfi, 1692, daris:
“Imo, nisi fallor, jam anno 1542 id Problema fait a P. NonNIO legittme solutun. in Tractatu De Crepusculis.
Librum quidem reperire non potui. sed exstat ad calcem Conmentarif in Sphaerani 1. DE SACROBOSCO per Cfr
CLAVIUM . .. Digressic de Crepuserdis, cujus Auctor in Prooemio prosequitur, se NONNII librum in compendium
duntaxat redegisse. Huius aulem Digressionis Prop. XX dacet reperire Punclum Eclipticac in quo Sol brevissi-
muwn efficit Crepusculum, efusque Crepusculi magnitadinem definire. Etsi vero non incidit in Analogiam tam
simaplicem, guam ea est quae hic proponitur, legitimam ramen solutionem esse vegari nequit, quaeque facile ad
istam reducitue”,
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Contmentarti in Sphacran 1. DE SACROBOSCO per Chr, CLAVIUM. - . > Of eouve nne Digressio de
Crepuscatis, on I'auteur afiirme, dans le préambule, qu'il a seulement rassenthlé dans un réswng le
livee de NUNES, La Frop. X(T de cete Digression nous apprend i (rouver un poin de 1'écliptique,
ol le soleil produit le crépuscule minimum et & déterminer la durée de ce crépuscule. Quoique. en
wétitd, ¢lte ne soit pas une relation si simple gue celle que I'on propose ici. on ne peul pas, toutefols,
nier que celle selution-1a est légitime, laguelle facilment aussi se réduir i celleci.

Et voili Ia relation trouvée par Jacob Bemoulli, pour ta détermination de la déclinaison du
soleil, le jour du crépuscule minimum, dans un endroit™ : “Connne le sinus total & la tangente
de &, ginst le sinus de Uélévation du péle au sinus de la déclinaison cherchée ", ¢’est-d-dire,

1/1E(9°) = siv{e)/ sin(d).

Done, le jour ol le crépuscule de durde minimum arive. dans 1n endroit septentrional avant
Tatitude ¢, ¢'est celul oir Ia déclinaison austral du soleil, swr I'éeliptique, a la valeur 4, telle que

sinfel} = sin(@itg (h/2).

Finalement. on peut dire que le probléme du crépuscule minimum a été résolu par PEDRG
NUNES, qui a ¢tabli géométriquement (il ne connaissail pas encorc le caleul différentiel) des
formules pour la détermination, soit de la dusée cu crépuscule minimum, dans un endroit septen-
trional, soit des jours®™, ofi if a liew. Il a aussi 1€ résolu. une centaine &' années apres, mais
partiellemnent, par JACOB BERNOULLI celui-ci ayant d’autres moyens malhématiques, ¢'est-3-
dire, le calcul différenticl. Lui aussi a trouve, une formule pour la détermination des jours”” on
le crépuscule, duns un endroit septentrional, a durde minimum.
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Quelles mathématiques pour former des enseignants
Illustration d’une expéricnce de définition de contenus
adéquats, i forte coloration épistémologique et historique,
sur [e theme “La géométrie : une description de la réalité 7

DALLA PIAZZA Aldo
Université de Berme {Suisse)

Abstract

Doit-on former des magmaticiens qui feront de 1'enseignement ou des enseignants qui
enseigneront les mathématiques 7 Une formation académique en mathématiques donne-1-
clle de cette discipline la vue large et contextualisée qui devrait étre celle d'un enseignant
ou méne-r-elle & une forte spécialisation et 4 une vision formaliste et trop axde sur la riguent
et la structueation axiomatique 7

Ces questions ont amené, notamment en Suisse, § ce que soit discutée I"idée de fonma-
fion en mathématiques orientée vers I'enseignement. La définition des buts, des contenus
et des processus 4 mettre en reuvee dans un tel cadre demande un wavail approfoudi de
réflexton ainsi que la réalisation et I'évaluation de nombreux essais,

Cette conférence donnera une présentation d'un tel essai, centré sur une approche
¢pistémologique et historique de la géométric et de son enseignement, essai qui a été réa-
lis¢ I'automne dernier & I'Université de Berne, en Suisse, dans le cadre d'une foomation
post-dipléme destinée & habiliter un groupe de personnes 3 enseigner la didactique des
mathématiques dans les Hautes dcoles pédagoeiques qui se mettent en place dans ce pays.




1 Le probleme général

Doit-on former des malthématiciens qui feront de 'enseignement ou des enscignants qui
enseigneront les mathématiques 7 Une formation académique en mathématiques donne-t-elle
de cette discipline la vue large et contextualisée qui devraif étre celle d’un enseignant ou méne-
t-elle 4 une wop forte spécialisation, b une vision fonnaliste et trop axée sur la riguevr et sur la
structuralion axiomaligque ?

Quelyues réflexions préalables permettent d'éclaiver ces questions, sans prétendre leur don-
ner une réponse définitive. Partons peut-€tre du “haut nivean™ de savoir qui est généralement
aticndu pour cnscigner Ics mathématiques et remarquons avec DEVELAY {1994, p. 84) :

Onest-ce guun havt nivean - on savolr pointo corune celul de Fagrégzation dans guelques domaines
lriés el sans grande relation avec les proprammes du secoad degré ou ne convrant au misnx qu'une
Laible partie f entre ux ? Nous pensons pour notre part, qu'un savoir de haut niveau est celui qui
permoet un recul distancié vis-i-vis de 1a stuctare de la discipline. an savoir des contenus ot de lour

éplstémulogie.

Nous partageons ici I'avis de WITTMANN (1989, p. 294 et 299) selon lequel 1a formation
universitaire ne répondrait pas réellement i cette attente :

In general, the mathematical training of tcachers is ool systematically related 10 educational as-
pects, Yery often we find a formal smdy of mathematics ignoring the requiverments of school [ ]
Marhematics must 0ol be seen within the narow bonndaries of a specialised discipling which is
represented exclusively by the departments of pure mathematics at the universities; rather it should
be seen i the full spectum of its relationships w science, o lechnology, o the homanirics, aut ©
huma life,

L’enseignement universitaire est souvent tés formel. 1l privilégie des connaissances poin-
lues, une démarche d'enseignement essentiellement transmissive et nne présentation des con-
naissances sous la forme de “théories achevées”. La concrétisation par des exemples “pra-
tiques”, pax des interprétations ou des représentations intuitives est rare.

Cette forme d'enscignement peut 8 avérer efficace et permetire une avance rapide pour les
guelgues éludiants qui deviendront éventuellement des chercheurs en mathématiques, les misux
adaptes et les plus douds pour une telle approche. Cependant, nombreux sont ceux qui se
réfugient dans un apprentissage par ceur, pour les examens, seul moyen pour eux de “réussir”,
Lz représentation de cc que sent les mathématiques, de la fagon dont elles se construisent, se
structurent, se présentent ou s’ cnscignent en sort fréquemment biaisée. Cela se révéle notam-
ment Jors des séminaires, dans les examens ou dans les cowrs de didactique, lorsque les érudiants
doivent “se dévoiler”.

Sans nécessairement vouloir la condamner, nous pensons que cette forme ¢ enseignement
nest sfrement pas idéale si 1'on vise 4 former des enseignants. Selon nous, un réel efforr
doit &tre enwrepris pour infléchir la formation des futurs enseignants vers des contenus mwoins
techmiques, en cherchant 4 leur donner une vision large de la stucture des mathématiques, une
vision réaliste de la facon dont on les “fait”, une vision de leur sens, de leur vdle et de leur
histoire!,

'Pour rétablir I équilibre. il convient de remarquer que, de leur ¢ots. les sciences de Udducation devimient se
pencher plus gu'clles ne be font aujourd’bui sur les particularités des disciplines i enseigner. Ce qu'écrit Shulman
(1986, p.73 au sujel de ce qu'il appelle “the missing paradigm™ mérite bien une réflexion | WITTMARN (1592, p.
58} monere selon nous izs bien comment peut éo réalisée wne intégrativn des aspects liés aux mathématiques et
de ceux s aux disciplines qui contribuent & leur spprentissage on i leur enseignement.
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Ces réflexions ont amen€ 4 ce que soit discutée 1'idée de formation en mathématiques
orientée vers I'enseignement. La définilion des buts, des contenus ¢t des processus A mettre
en ceuvre dans un tel cadre demande vn travail approfond: de réflexion ainsi que la réalisation
el I'évaluation de nombreux essais. Ce texte présente un tel essal, centré sur une approche
épisiémologigue ct historigue de la géométiie et de son enseimement.

2 Le cadre de Pexpérience

Nous 1'avons réalisée, mon collégue Th. Rychener et moi, 4 I'Université de Beme, en 1998,
dans le cadre d’une formation post-dipldme destinée & habiliter un groupe de personnes i en-
seigner la didactique des mathématiques dans les Hautes Ecoles Pédagogiques qui se mettent
en place en Suisse. Le cours concernait douze personnes cnseignant la didactique des mathé-
matiques dans la formation des cnscignants du primaire et du secondaire obligatoire depuis
plusicurs annécs, mais elles-mémes insuffisamment formées pour satisfaire aux exigences qui
seront posées pour ceuvier dans les nouvelles structures de formation. 1.a majorité des partici-
pants €taicnt des cnseignants du degré secondaire I (€léves de 12-135 ans) réputés avoir “fait leurs
preuves”. La plupart disposaicnt d’une formation de premier cycle en mathématiques {compa-
rable au niveau bac+2). Quelques-uns n’avaicnt jamais étudi€ les malhématiques a I'université
mais €taient portews d’un diplome de psychologie ou de pédagogic.

La formation quils suivaient comportait des compléments académiques en mathématiques,
des cours de psychopédagogie et de didactique générale, des cours de didactique des mathéma-
tiques ainsi que des modules de formation en mathématiques orientée vers 1'enseignement (lc
terme allemand exact est “unterrichtsbezogene Mathematik™). C’est d'un tel module, organisé
$ur une semaine intensive de cours, de travaux de groupe et de séminaires, qu'il est question ici.

Le niveau relativement peu ¢levé des connaissances des participants en mathématiques a
€videmment constitué une difficulté pasticuliére. Il nous a contraings i nous en tenir 4 I'essentiel
et nous a €vité dc nous laisser cnirainer dans des considérations formelles et techniques pourtant
bien tentanies pour des mathématiciens. ..

MNous avions carte blanche pour la conception de ce cours si ¢e n'esi qu'il devait porter sur la
géométrie et répondre anx aftentes d'un “cours de mathématiques orienté vers 1'enscignement 2.

3 Les objectifs poursuivis

Nous nous étions fixds des objectifs de trois types
Connaissances “dans™ les mathématiques :
- Approfondir les connaissances des participants en géométrie euclidienne.

- Travailier dans des théories gdométriques diverses, ou duns différentes approches de la
géométrie, pour les comprendre.

La géométrie s'étudie d habitude par une approche éiémentaire construite sur le modéle eucli-
dien dans les premiéres années de scolarité obiigatoire. Par la suite, elle se traite sous forme
analvtique et vectorielle puis, 2 Uuniversité, sous fornie dalgébre linéaire, de géoménie alfine,
convexe, projective ou différentelle, pur une approche des variétés riemanniennes ou de la
lopoiogie. Il esl rare qu'un retour sur les fondements euclidiens apparaisse dans les cursus.

IWITTMANN {1989, p. 299-300) denne une description gui 5*appliquerait trés bien & ce concept, mais qui ne
nous érait malkevreusenent pas encore comue i 1'épogue.
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Cette trajectoire de formation fait que les fururs enseignants considérent fréquemment la théorie
euclidienne comme peu profonde, élémentaire et naive. Tls sont cn outre souvent trés mal
l'aise en géométrie synthétique el recourent volontiers i des formes calculées de péométrie,
meéme lorsque les arguments syntheliques sont plus explicites. Une réflexion au sujet des liens
entre les différentes approches joue un rdle important dans la préparation & enseignement.
Dans vn cours classique de mathématiues. nous nous en serions tenus i ces premiers points,

Connaissances “sur” les mathématiques
- Erudier la genése des théories géométrigues.

- Etudier le va-et-vient entre perception de la réalité, élaboration de schémas, de théories et
illustration par des modéles, sur I’exemple de la péomeétrie.

- Comprendre la portée et le sens de la démauche axiomatique.
- Réfléchir sur les rapports entre le vrai, 1a réalité, la perception et la géoméuie.

Généralement, Jes étudiams savent peu de choses de I'histoire des mathématiques et des
idées mathématiques. 1ls savent que la géomémrie euclidienne reléve d’une construction ax-
iomatique et la congoivent fréquemment comime un “systéme axiomatique matériel” (TRUDEAU
1987}, s v attachent quelques noms mythiques, en connaissent divers axiomes ainsi que des
“définitions” pour les notions de point, de ligne et de swrface, qu’ils cilenl avec unc pointe
d’amusement et de géne parce qu’'ils en craignent confusément les limites. L'idée que la
geéoméirie naive qu'ils ont & I'esprit n'cst que lenr représentation mentale d'une géoméurie
formelle et que ces “définitions™, bien que nécessaires pour celte représentation, n’ont pas de
raison d'étre dans une telle géométric leur est habituellement érangére.

IIs décrivent volonliers I'axiome des paralléles, qu’ils savent discutable, mais sang vrai-
ment pouvoir imaginer conunent ou pourquoi. Justement parce Gue leur conception de cette
géométrie est celle d’une idéalisation de a 1éalité ct de la vérite® et que, dans la pensée com-
mune, le lien entre la géométrie et ka réalité est i la fois extrémement fort et culturellement bien
ancre |

Tls lient I'approche axiomatigue aux structures algébriques, ressenties comme formelles,
plutt gu’d 1a géomélrie. ressentie comme bien réelie. [is sont fidquemment désarconnss lors-
qu’on leur demande si on axioime se prouve ou se justifie et gu’on leur rappelle dans la foulée
qu'ils ont systématiquement dii commencer par les “vérifier”, dans chaque exemple trailé en
cours d'algébre. Pour la plupar, le rapport entre systéme axiomatique formel el modéle lo
réalisant concrétement n'est pas clair, comme ne 1'est pas celui entre réalité et schéma.

Un cows d’histoire des mathématiques serait ené dans les évEnements et les différentes
sources existantes de maniére plus détaillée®, Un cours d'épistémologie aurait approché les
questions évoguées ci-dessus plus systématiquement. I les anrait traitdes plus en profondeur,
avec un accenl plus margué vers la philosophie. Mais de tels cours n’anraient probablement pas

*0On ne discute habituellement pas la vérié dans kes cours de mathématiques. Elle est supposée e absolue
et basée sur la logique. bien qu’elle soit en fait souvent issue de la conviction par “le bon sens”, fondée sur la
perception “claire” de la véalité ou construite sur I'intuition (GONSETH 1936, p. 327).

“Nous pensons avec DEVELAY (1994, - 85-86) que ee ¢ui importe dans la formation des enseignants ce 1'est
bien sfir pas “une Kistoire descripiive, bicgraphique qui explignerait par exemple, que da wotion de fogarithme
népérien est due & 1 baron deossais du nam de John Neper qui vécut au XV sigcle [, 5. Mair 4 wne histoire
des fdées qui évoquerdir i quel probigme s5'est confronté Neper .. |, quels éraient les concepts mathémarigues de
Uépogue, en quoi ils se montratent insyffisoms .. ]."
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abordés les liens de ces questions avece la géométrie enseignde aujourd hui i I'école, pour en
donner une vue large ot contextualisée.

Objectifs de type didactique

- Suivre les étapes de |"histoire pour développer le savoir des participants en géométrie et
an histoire de la géométrie (démarche génétique).

- Comparer la genése du savoir géométrique, I’ apprentissage de la géométrie et I'évolution
de son enseignement.

- Expérimenter une approche socio-constimetiviste av niveau tertiaire.

- Comprendre ce qu'est une révelution copernicienne, en la vivant dans le sens de son
déroulemeant.

La démarche génélique se justifie particuliérement dans un cas ol I'on veut simultanément,
comune ici, étudier la constitution du savoir, faire acquérir ce savoir et réfléchir au processus
tle son acquisition par des €léves. Couplée & une réflexion sur quelques courants didactiques
actnels ainsi qu'i une analyse de manuels, elle donne une grande cohérence i 1'enscible ct
permet de dresser de nombreux paralléles entre ce qui s'est passé dans |"histoire, ce qui esten
train de se passer chez les étodiants et ce qui se passera probablement chez des éléves.

Il est par exemple intéressant de comparer, d'une part, ce qu'on imagine avoir été le pro-
cessus de constitution du savoir géométrigue avant qu'il ne soit formalisé par Euclide (PONT
1286, pp. 62-65 et 75-99), d'autre part, les processus décrits par les théories de |'apprentissage
et, finalement, certaing processus préconisés aujowrd’ i dans enseignement de la géométrie :
passer par des mathématigues en constmction, des mathématiques iformelles (WITTMANN,
1987); privilégier une approche réaliste, favoriser 1'élaboration d'objets mentaux par le biais
d'activités concrétes faisant sens pour 1'apprenant, constituer et renforcer graduellement des
flots déducrifs (CREM 1995, pp. 33, 34 et 135).

T est de méme intéressant d'opposer cela A la démarche axiomatique systématique qui
transparait encore dans de nombreux manuels de géométrie, alors que c’est beancoup plus
rare pour d'aufres domaines des mathématiques, et de mesurer ainsi Uinfluence considérable
des travaux d’Buclide. L'utilisation. couvne manuel d’enseignement, d'un traité scientifique
Stablissant I’état du savoir 4 une certaine époque exerce encore sas effets anjourd ' hui.

11 vaut également la peine de constater comment, aprés phus de deux mille ans d’efforts avant
mené aux travaux de Hilbert, si parfaits guon a pu penser clos le chapitre de la géoméltrie,
quelques années ont suffi pour retourner la construction et amener i des présentations de la
géométrie basées sur les nombres @ Jes nombres g'expliquaient par la géométrie (SESIANO
1999). 1a géomélrie se justifie aujourd hui par les nombres.

Finalement, 1a démarche génétique s impose dans un cas oil elle permet de faire vivre une
révolution copernicicnne i celui qui la suit. Se libérer d"un enfermement dans une vision stricte-
ment euclidicrne par I'ouverture de perspeclives de géométrie hyperbolique, se forger grice
3 mme théorie mathématique une clé avec laquelle nous pouvons ouvir notre regard sur une
antre perception de la rdalité, ressentir le trouble qui résulte du sentiment que la réalité s’en
trouve comme modifide, est une expérience fascinante. Nous partageons sur ce point I'avis de
TRUDEAU {1987, viii-ix) :

This [ .. | wilt provide [ ] a race opporiunity 0 acteally experience the intellectual and intuitive
disurientilion scieatifie revolutions canse. 1o fact the oppormunity ouy be unigque. IF you are an
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average educaled person it would probably be difficult for you, reading an acconnt of one of the
other scientific revolutions I mentioned, (o feel the confusion {and excitement ') (hat originally
surrounded the event, becausse you already believe the once-revolutionary themy 1o be substantinlly
correct. You have brought up to believe the earth moves around the son and iz held w its path by
gravity [...]. With cegard to geomedry, however. you are almost cermataly a comunided Euclidean,
and consider the possibility of o logical, “truthful” geemewy contradicting Euclid's to be absurd.
ou are alike a [oth-centary astronoiner hzaring of Coperuicamism fos die fest dme.

4 La démarche poursuivie

Pour atteindre ces objectifs, nous avons suivi une démacche o apprentissage en spivale
(CREM 1993, p. 37) construite avtour de la question récurrente des rapporls enire verité,
géométrie et réalité, prise comme fil conducteur du cours, La description qui en est donnée
ci-dessous livre bien sir un apergu trés incompiet, en particulier parce qu'elle se centre sur les
conlenus et les intentions et tait peu apparaitre les modes de cravail urilisés.

Nous avons suivi le découpage svivant, partiellement imposé par la chronologie des événe-
ments :

4.1 Une entrée dans la géométrie

On renvoic trés naturellement celui a qui 'on pose 1a quesijon : “Décrivez les objets de la
géomdétric (point, ligne droite. .. . )" i une gdométrie considérée comme un ensemble de véritds
tirées de la réalité, 4 une géometrie obienue par idéalisation de faits observés. 1l est ators lacile
de faire paitre une série de conflits entre intuition. logique et savoir, Mais c’est bien cette
démarche qui était suivie jusque dans les anndes soixante dans les manuels wrtilisés en Suisse,
manuels par ailleurs construits sur le modéle des Elémenrs, sans cesse présents en fligrane.
Is débutaient invariablement par une description des termes primitifs et une justification de
leurs propriétés “siires” (GONSETH & MaRrT! 1933, DELESSERT 1960). Leur analyse et leur
miise en opposition avec des texies plus récents permettent de mener des discussions avec les
étudiants sur les objets mentanx, sur leur caractére indispensable dorsqu'il s’agit de penser et
dc faire des mathématiques. Elle méne 4 parler de la nécessite, a 1’école, de construire, de
déerite ou de faire décrire les images idéalisées qu'on se fait des objets de la géométrie, a parler
finalement aussi &'une premiére géométrie, structurée localement en fofs déducrifs. On bascule
ainsi naturellement vers la didactique et les points évoqués dans la discussion des abjectifs 5’y
rapportant. Cette démarche a aussi pour effet, d'ailleurs recherché, de replonger les éudiants
dans leur conception pré-universitaire de la géométrie et de recréer I’obstacle épistémologique
(BACHELARD 1938, p. 18} qui les empéche de penser 4 une autre géométrie, par exemple
hyperbolique. Les questions posées ensuile au sujet des résultats connus et du foisonnement
de leurs liens logigues, les uns aux avtres, raménent les étudiants 3 un stade pré-euclidien.
DXésécurisés par une constellation si diffuse, ils congoivent le besoin de structurer et d'ordonmer
les connaissances. Le moment est venu de [aire le pas ct d’enwer dans les Eléments.

4.2  Au-deli d’une approche descriplive, premiére abstraction : une forme mixte
Sec plonger dans le texte d’Euclide est proprement fascinant. Tout est 3 interpréter ef a dis-

cuter. Que veulem dire les définitions 7 8 agit-il vraiment towjours de définitions 7 Quelle est
la portée des différentes demandes (postulats) ? Pourquoi distinguer entre demandes et notions
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communes (axiomes) ? La rencontre avec la culture grecque nous confraint 4 questionner notre
peint de vue. Le mode d’expression inhabituel utilisé dans ce texte ouvre la porte aux interro-
galions sur la pensée de I'auteny et appelle le débat. Les questions ne rouvent pas toutes des
réponses mais des sous-entendus sont évoyués, des conjectures sonl émises sur des implicites
possibles, gu'il s’agira de mellre i I'épreuve i la leclure des constructions, des théorémes et
des justifications qui suivent. L'imporlance de la langue et du débat d'idées sur les mathéma-
tiques apparait clairement anx émdiants qui godtent par ailleurs le plaisiv d'avoir une marge
de manceuvre : grice au décalage culturel, les mathématiques sont “discitables”. Ce qui cst
paradoxal i 1'on songe au but poursuivi par Fuclide !

L'analyse des premiers résultats proposés permet de revenir sur les hypothéses émises. de
comprendre certaing sous-entendus, d’ebserver la structure impressionnante de la construction
mais aussi de déceler un appel somme toul [réquent & 1'évidence géomdéirique ainsi que quelques
manges de rigueur, du point de vue des exigences formelles d'aujourd hui. Ceci constitue une
excellente base pour discuter de 1a relativité de 1a rigueur et de la précision, mais aussi pour
confronter preuve et conviction, dans un contexte a priori plus “élémentaire” que celni des
exemnples de LARATOS (1984).

Cette analyse permet de traiter du concept de systéme axiomatique matériel et de s'interroger
a ce propos sur le statut des manuels dont nous disposons ainsi que sur celui des Eléments
(TRUDEAU 1987, pp. 250-251). Nous avons conven i ce stade de patler pour Euclide de
systéme mixte : matériel au premier abord, parce gue tes éléments fondamentaux sembient
définis, mais finalement formel par le fait que ces définitions ne sont pas vraiment descriptives
et qu'il n'est jamais réellement fait appel & elles: formel aussi par 1'absence de toute tentative
de justifier les postulats; formel encore dans la volonté de rigneor. mads maténel dans Pappel
fréquent A ¥'évidence géométrique: materiel finalement en ce sens que cette géommétie se veut
une idealisation des faits chservés. de la réalité.

D autre part, une cetaine familiavité et de nombreuses similarités avec les manuels se font
jour et imposent une conclusion : I'influence des Eléments a é1€ telle qu'ils ont trés longtemps
£té simplement transposés dans 1'enseignement, quand ils n’étaient pas méme directement uti-
lisés tels quels (PanNT 1986, pp. 102-105) ! Ce qui constitue 13 encore une source de discussion
didactique. -

4.3 Le postulat des parailéles

Avant de Iancer une analyse des résultats qui concement les paralléles dans les Eléments,
nous avons proposé la lecture et 1'interprétation de la définition que donne LOBATSCHEFSKIT
du terme paraliéle’. La prégnance des images euclidienues est frappante. Elles raménent les
étudiants A estimer, aprés un certain étonnement, qu’'il s’agit 12 d’'une définition inutilernent
compliquée pour une notion somme tout usuelle et claire. Les potentialités de cette définition
ne Sont pas reconmies.

Les ¢tudiants savent cependant bien qu’il y a eu polémique au sujet des paralicles. Tls sont
d ailieurs étonnés de ne pas trouver expliciternent le postulat qu’ils attendent, qui affirmerait
selon les uns 'existence, selon les autres 1'unicité des paralléles (axiome de Playtair). La
recherche et Panalyse des énoncés ayant trait 4 cette notion parmettent de clacifier le seng du
cinquigme postulat et de comprendre ce qui le lie 4 'axiome de Playfair et au résultat sw Ia

Flowtes les droites (racdes par un wéme paint dans wn plan penvent se distiluer, pac rapport A une droite donnée
dans ce plan, en deux classes, savoir : en droites quf eoupent la droite donnde, ef en droites gud ne fa coupent pas.
La droite qui focme 1a {inire comimuine de ces deux classes est dite paralléle i la droite donnde.
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somme des angles intérieurs d un triangle.

4.4 Une échappatoire pour sortir de la polémique sur I"axiome des paralléles : le point
de vue axiomatique. Ou : Trancher le nceud gordien par le renoncement i la réalité

Larichesse des implications du postulat des parvallzles apparait lorsqu”on éludie les formula-
tions proposées dans 1'histoire des mathématiques pour le “prouver” ou le remplacer. Diverses
activitds portant sur ene liste de formulations équivalentes ainsi que sur leuts liens logiques zé-
ciproques permettent aux étudiants de §"en imprégner et de sentir les conséquences profondes
du postulat sur des résultats dont ils ne mettraient pas en doute la vérité, dans la réalité. Clest
notamment le cas de celui portant sur la somme des angles intériewrs d’un uiangle, qui semble
bien &rre pour eux un des résultats les moins discutables de la géoméuie.

l.a ésistance de cet axiome aux tentatives de montrer qu'on peul s'en pusser ct 1"histoire
des échacs successifs de ces tentatives aménent graduellement une prise de liberté. Dans ce
Jjeu, on accepte peu 4 pen de faire abstraction du lien de Ia gdométuie avec la réalilé et Ia vérilé,
I'essentiel passant dans la clarification “a tout prix” des guestions concernanl sa nécessité et sa
portée. Ce processus historique correspond aussi 4 celui suivi par les étudiants dans ce cours. A
ce stade, la leclure des Eléments. 2 1a recherche de ce gui touche au paraliélisme, et 1"analyse des
points concernds donnent | occasion de présenter des explications sur la notion de systéme axio-
matique, sur celle d’équivalence entre axiomes et sur la possibilité de réorganiser une théorie.
Mais si [a disposition et la volonté sont bien 14, une deuxigme Jecture du texte de Lobatchevski
montie que la conception usuelle du mot droife fait encore barrage 4 une interprétation qui serait
nouvelle.

4.5 Laméthode axiomatique. Mot d’ordre : Renoncer i toute description ou justification
des concepls et des énoncds fondamentaux

Meme si les étudiants sont désormais d"accord de jouer le jeu de 'axiomatique, suivre ia
démarche de Hilbert ne leur apparait pas trés naturel. Renoncer, comme il le fait, i définir et &
décrire les objets de la géométrie, ravalés au niveau de “choses™ sans signification propre, sus-
cite des résistances. Cependant, une fols cette situation acceptée, la lecture des Fondements de
Hilbert se passe sans difficultés apparenies. Les édiants ont le sentiment de suivie. Les pre-
miers €léments lus concernent unigquement des “évidences”, si bien que la concentration n’est
pas vraiment élevée et qu’on est facilement convaineu d'avoir comprs. Mais on lit plutdt les
figures gue ce qui est réellement &crit. Un test effectud aprés une lecture et une réflexion indi-
viduelle portant sur les axiomes d’ordre a bien révélé que les étudiants avaient plutét projeté les
images de cc qu'ils pensaient que diratent les axiomes plutdt que d’interpréter ce qu’ils disent
exactement. Au fond, le texte de Hilbeit est s subtil. Tout compte, tout a une importance.
L'analyse d'un des premiers théorémes prouvés par 'auteur® s'est " ailleurs avérée extréme-
ment ardue, les arguments verbaux et le rappel précis des axiomes étant toujours court-circuilés
par I'évidence lide a la figure.

Des Ie moment ob le principe d'un systéme [urmel et d unc démarcation du réel est admis, il
est envisageable de postuler des axiomes gui seraient, sinon, contraires au “bon sens”, Lalecture
du texte de Hilbert portant sur 1a géométrie hyperholique peut &tre entreprise. Mais lu surprise
est alors de taille, Méme si le style reste exactement le méme, le contrasie est total. Le sentiment

®Théoréme 3. Deux points A et C élunt donnés. il existe sur Ia droite AC au moins un point B siwé enve A el
.
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de stupeur et d"incompréhension remplace le confort de 1’évidence et de la banalité apparente
qui avait régné i Ja lecture de lu purtie euclidicnne du exte. Ceci agit comme révélatenr de
la supetficialité avec laguelle les parties précédentes étaient lues. De méme le role essentiel
qu’avaient joué les figures devient patent. Ici, elles contredisent I'intuition au lieu de la refléter
fidelement. Les droites sont courbes. Les termes, supposés ne désigner gue. des choses, sc
révelent avoir €té d’importants supports de lecture et d’inlerprétation, Désormais ils interferent
avec la pensée et créent une situation de paradoxe permanente. Plus que 1'absence d'images
mentates ¢’ est 1'appel natured 4 des images mentales inadaptées qui nit 2 la compréhension.

On se rend compte qu’on comprenait les textes cuclidiens de Hilbert, malgré la relative
rareté des fignres et le fail que le texte ne s’y réfere pas explicitermnent, paice qu’on a en téte
suffisamment de représentations issues de I'expéricnce. Par contre. on ne peut pas lire les texies
hyperboliques de Hilbert. On ne dispose justement pas de ces outils, nécessaires pour penser !
On pergoit alors bien I'importance de pouvoir s appuyer, pout comprendre, sur des représen-
tations, méme partielles et mal abouties. sur des images mentales, geénéralement constiiites
i partir du concret. On pourrait rappeler & ce propos le point de vue de GONSETH (1936,
p. 338) pour qui g pernanence du concret est une condition d'existence de U'abstrait”, Sans
ce concret, sans ces images mentales, les textes mathématiques, bien que comrects de 1'avis des
spécialistes, ne font tout simplement ancun sens. Us ne devienncnt ni faux, ni dénués de sens.
Mais ils se vident de tout sens. glissent dans le “sans sens™ (BARUK 19835, chapitre 8). Sans
clés d'interprétation, tous les énoncés se ressemblent et se confondent : ceux qui sont faux, ceux
qui sont absurdes, ceux qui sont corrects. Seules les personnes qui disposent des connaissances
nécessaires ou de représentations préconceptuelles qui guident leur intuition peuvent faire Te tri.

Pour des enseignants, vivre une telle situaljon ¢l en débattre constitue & coup sir une ex-
perience importante. Placés, face au savoir officiel, dans une situation qui sera peut-étre partois
celle de leurs futurs €léves face au savoir du maitre, ils vivent Iinconfort de cette situation. Une
cxpérience sans doute a fortiori utile pour un maiue de didactique.

4.6 Une approche axiomatique de la géométrie hyperholique, illustration par le modéle
de Poincaré

L'illustration par un modéle, en I'occurrence celui de Poincaré pour le disque, permet
d’entrer dans cette géométrie. La traduction et la vérification des axiomes donnent I'occasion
de revenir sur différents énoncés de géométrie euclidienne concernant notammment les propriétés
des inversions par rappot aux cercles. Celles-ci jouent dans ce modile de plan hyperbolique
le role des symétries orthogonales de la géométrie euclidienne. On peul illustrer avee elles la
pussibilité de “conjugner les sitwations™ pour passer de situations générales & d'autres, panticu-
ligres mais favorables, et résoudre ainsi divers problémes assez simplement. Un passage par la
géoméirie analytigue ou par les nombres complexes montre parfois I’ efficacité de ces approches
et I'interconnexion de diverses facettes des mathématiques. Ces activiiés sont 'occasion de
templir certains des ohjectifs fixds en ce qui concemne les connaissances “dans™ les mathéma-
tigues : approfondissement des connaissances en géoméuie classique. approche de problemes
non élémentaires par des méthodes varides et mise en évidence de principes mathématiques
généraux,

il est frappant d’cbserver comment, aprés quelques réflexions menées dans cc modgle au
sujet des premiers axiomes, la situation se déblogue. Le texte de Hilbert devient lisible, car
désormais interprétable, L'axiome concernant le parallélisme. les définitions qui le suivent au
sujet des extrémités des droites, Je texte de Lobulchevski, la possibilité pour la somme des
angles intérieurs d’un triangle d'8we infédeure 4 180, tous cos aspects qui avaient offert tant
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de rdsistance auparavant s’ouvrent littéralement 4 la compréhension intuitive ! Le modéle a
livté les représentations mentales gni permettent de “penser hyperboligne”. La discussion de
ce phénomene, vécn par tous les participants, devrait selon nous avoir eu un impact didacticque
profond. Parler du besoin, pour penser, de disposer d’images mentales est une chose. Avoir
|'oceasion de ressentir soi-méme le déblocage qu’clics peuvent permettre est incomparablement
plus marguant.

Ceci dit, gu’une telle géométrie puisse exister ne constitue encore ni la surprise ni la révo-
lution copernicienne attendue. A ce stade, la géométrie hyperbolique est prise comme une vue
de I"egprit, un pur produit de Uintellect sans réel rapport & la réalité, méme si I'on dispose
désarmais pour elle d'une concrétisation par un modéle. L'évocation dans un jeu de !'esprit
d'une plongée dans le centre de notre modéle de plan hyperbolique et d’un brusque change-
ment d'écheile fait surgir le sentiment trouble que cette géométrie est peut-&tre bien aussi réelle
que nous le pensions de la géométrie euclidienne | La révolution promise se situe bien Ja :
cette géométrie, dont a priori I"approche a €t€ rendue possible en évacuant le lien 4 la réalité, se
charge d'elle-méme de réalité. On ne peut plus choisir vraiment entre elle et celle qu'on pensait
initialement &ire en fait la seule vraie possible. TRUDEAU (1987) décrit trés bien une démarche
menant son Jecteur A un tel basculement ot 1'on ne peut que répéter avec lui :

This [. . .] will provide [ .] a rare opporturity to acually experience the intellecrual and intuitive
disorientation scientific revolutions couze.

4.7 Conclusion : Vérité, géométrie et réalité

Le schéma ci-dessous, établi dans une discussion avec les participants 4 la fin du cours,
donne un apergn de la démarche suivie et du jeu entre abstraction ¢l représentations intuitives,
entrz schémas, théories et modeles concrets. I permet de revenir une demiére fois sur la ques-
tion du rappoit entre géométrie et réalité et de constater I'évolution des poinis de vue. 11 pent
d’ailleurs se lire aussi bien comme représentation du processus historique de constitution du
savoir géométrique, comime vue d’ensemble récapitulant Te déroulement du cours que comme
llustration du processus d’apprentissage de ses participants. Ses premiers éléments [ournissent
Ioccasion d'un retour sur quelques éléments didactiques discutés en cours de route : évolution
de "enseignement de la péométrie, évolution des manuels utilisds et processus d"apprentissage
des éléves,
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5 Résultats et conclusions provisoires

La démarche quc nous avons suivie a rencontié un accueil enthousiaste des participants,
Nous pensons avoir atieint de maniére satisfaisante la plupart de nos objectifs et estimons pou-
voir telever 4 son sujet les points positifs suivants :

Elle permet de compléter, mais sutout de relier entre elles des connaissances éventuelle-
ment fragmentaires.

Elle permet de relier les processus individuels d apprentissage anx processus historiques
d’élaboration du saveir,

1

Elle illustre des correspondances entre difficuliés ghservées chez les éléves et difficultés
concephrelles rencontrées hislofiquement.

Elle permet de comprendre des faits sur les mathématiques malgré d’éventuelles diffi-
cultés ou lacunes de connaissances dans les mathématiques.

- Elle donne du recul et une vue d'ensemble sur un domaine des mathématiques.

Elle illustre des rapporis entre mathématiques, courants de pensée et cultare, au sens
large.

Elle montre “d’ol nons venons”, ce que sont les sources de notre savoir ou de nofre
fagon de voir et permet de mesurer le caractére extraordinaire des performances de nos
prédécesseunrs.
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En outre, le r6le el le sens de I'approche axiomatique nous paraissent avoir été clairement
percus, de méme que les rapports entre systémes axiomatiques et modéles. Le fait qu'une
théorie a priot: abstraite améne  lire des aspects de 1a réalit€ auxquels le “bon sens” et I'empi-
risme n’auraient pas donné accés, qu'elle crée une distance qui permet justement de dépasser
I’enfermement dans le bon sens, semble avoir &€ clairement cessenti. L universalite de résultats
considérés corume absolus a é€ remise en question, notamment celui concemant la somme des
angles dans un triangle, ouviant wn regard désormais plus critique. T.a démarche génétique a
rencontré un grand succes. Grice a clle, histoire et apprentissage individuel des mathématiques
ont €t¢ mis en correspondance. Le regard des participants sur les mathématiques 5"est véritable-
ment medifi€. Is devraienl avoir enrichi leur compréhension des rapports entre mathématiques
el réakité.

On doit toutefois tempérer ce tableau trés optimiste en relevant que parmi les participants,
Jjusqu'a présent, seul le tiers a finalement réalisé les activités exigées pour la validation du
module ! 1.a 1zés grande disparité de leurs connaissances mathématiques, qui avait compliqué
la préparation et le dérculement dn cowrs, a finalement rattrapé les moins bien préparés dentre
cux. Le cours n’a pas sufti pour combler les lacunes existantes. T1 les a pufois méme révéldes.
Certuins doivent encore fournir un travail considérable pour parvenir a remplic les conditions
imposées. [s 5y sont pour la plupart attclés avec un fort engagement, motivés anssi, rappelons-
le, par des raisons externes i leor intérét pour les mathématiques, lices & la nécessité d’assurer
leur avenir professionnel.

Le seul objectif insuffisamment atteint coacerne 1"approfondissement des connaissances en
géonétrie. Le wavail de vérification du modzle de Poincaré par )’ étude de constmictions faisant
intervenir les inversions n'a pas assez pu étre développé. Le temps a disposition tait trop court.
Ou le projet trop ambitieux. Trois blocs de deux jours, séparés par des phases de travail indi-
viduel & domicile auraient pent-étre fowmi de meillenres conditions pour le réaliser, Bicn siir,
un couts classique de mathématigues aurait certainement pu amener plus de connaissances, o
des connaissances plus pointues. Par opposition, un cours comme celui gque nous avons décrit
el réalise améne des connaissances plus profondes sur les mathématiques, en privilégiant une
vue contextualisée et large du domaine. Selon nous, cet aspect de la formation en mathéma-
tiques des enseignants st celui dans lequel on reléve actuellement les plus grandes faiblesses,
du rooins en Suissc. .

Par cet essai, nous entendions clarifier le concept de “formation en mathématiques orientée
vers l'enscignement™ et ouvrir ka voie pour les développements er cours dans notre région. Nous
ne savons pas dans quelle mesure nous y avons réussi ni si nous avons suffisamment caractérisé
les critéres propres & ce type de formation’. Néanmoins, cette expérience nous semble révéler
la necessité de travailler simultanément sur trois plans différents si 1'on entend répondre aux
objectifs visés par une telle formation :

- Le plan des connaissances “dans” les mathématiques, au travers de thémes liés aux con-
tenus des plans d'études scolaires.

- Le plan des connaissances “swm™ les mathématiques : aspects historiques, réflexion sur le
fonctionnement des mathématiques, sur leur construction, sur leur sens, sur leur rdle par
rapport i d’autres secteurs du savoir

- Le plan des processus d’enseignement/d’apprentissage, au travers d'une approche dans
laguelle le savoir émdié est mis en relation avec 1'apprentissage des éiéves, au miveau des
contenus et des modes de travail.

“Voir & ce sujet WITTMANN 1989,
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Nous ne prétendons pas gue cc type de cours doive se substituer & I’étude des mathéma-
tiques® ou de la didactique. Nous pensons gu'ils ont 4 remplir un 16le de pont enire ces
deux aspects et qu'ils peuvent orienter la formation en mathématiques vers une formation &
I'enseignement des mathématiques.

Ce cours n'était pas notre premier essai. Nous en avions déja dispensé un autre dans le
méme cadre. La place de I'histoire y étalt incomparablement plus faible, On y partait des
représentations des €tudiants au sujet des nombres. Le cours €tait construit sur un canevas sirmi-
laire 4 celui d'une situation-probléeme, contraignant les étndiants a expliciter diverses facettes de
leurs conceptions des nombres, & érablir un débat au sujet des contradictions entre ces faceftes,
coniradictions présentes parfois chez une méme personne mais plus généralement entre les dif-
férents participants, puis & clarifier (2 institutionnaliser) les points de vue. On visait a montrer la
signification des théoties qu'ils avaient édides préalablement dans des cours classiques mais
quils ne relient pas toujours spontanément aux questions inhabitvelles qu: étaient posées.
Le débat &tait illustré par des controverses similaircs ayant teaversé 'histoire et gqui avaient
débouché sur I'élaboration. justement, des théories étudides dans leurs cours académiques an-
igrdeurs, LA, c'était plus la méthode de travail que les aspects historiques ou épistémologiques
qui avaicnt donné au cowrs sa teinte et son orientation particuliére.

Ces cours ne devaient a prion élre pour nous gue 1'occasion ponctuelle de sortir du cadre
de nos activités habiinclles. Cependant, lo contexte de réformes dans lequel nous nous trou-
voms engages nous a donné I'envie de lancer une démarche plus large, en vue de définir, pour
Ia formation des enseignants. des contenus et des approches des mathématiques qui tiendraient
compte d’une orientation vers la didactique. Nous ne nous sommes pas guidés pour cela par
des considérations ct une démarche scientifiques. Nous avons pracédé de fagon pragmaticque et
intitive, sur la basc de notre expérience de mathématicicns ct d'enseignantsg. Mais nous en-
tendons prolonger ces premiers pas ct suivre le plan de travail suivant, comportant trois phases :

- Faire des essaig. Ces cours €taient les premiers. Un prolongement suivra pendant 1'année
169599/2000 dans e cadre de la formation continue des enseignants.

- Sur la base de ces expériences, des conclusions provisoires, des conjectures et des hy-
pothéses qui en seront retirées, passer 4 une théorsation de la démarche et définir des
thzimes de recherche et d’'expérimentation, avec cette fois unc méthodelogie précise.

- Construire des modules de formation qui viendraient & 1" avenir s'insérer dans la formation
des enseignants.

La réalisation de la derniére étape dépendra des choix qui seront faits dans notre région et
gui nous échappent pour une grande part. Selon ce qu’il adviendra, le projet en restera peut-étre
aux deux premiéres phases. Ce congrés aura £ié 1'occasion d'établir des contacts et d apprendre.
Il est un pas dans la phase de théorisation et vers I'établissement de contacts avec des collégucs
préts a collaborer avec nous i un tel projet.

fNous avons bien percu les limites imposées par 1o nivean insuffisant des conngissances en mathématiques
de cenains participants. En sci, ce constat est irés préoccupant et nous ne pouvons gu'espérer gue les nouvelles
institutions de formation des enseignants sauront poser des exigences plus ¢levées au moment du cecrutement de
leur personnel,

*Mons avons (ous deux une expérience de 1'enseignement des mathématiques awu degré secondaire I {@eves de
15-19 ans) er au pivean des prenters cycles universilaires (étudiants de 18-21 ans) ainsi que. powr la didactique des
mathématiques, dans la formation des enseignants du secondaire IT {(édiants de 23-25ans).
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Sume reflections on the illusion of linearity

DE BOCK Dirk, VERSCHAFFEL Lieven, JANSSENS Dick
University of Leuven (Belgium)

Abstract

Linear (proportional) functions are undoubtedly one of the most comnion models for
representing and solving both pure and applied problems in matheniatics education. But
according 1o several authors, different aspects of the cutrent culture and practice of school
mathematics develop in students a fendency to usc these linear models also in simations
in which they are not applicable. In this paper. we first present some historical examples
of and comments on this “illusion of linearity™. Second, we briefly discnss the resuls of
five recent empirical studies about the occurrence of this phenomenon in 12-16-year old
students working on problems ahout the relarion between the lincar measurements, the area
andfor the volume of similar geometrical figores, as well as about the effect of several task
variables on this improper use of linearity. Finally, we analyse the connection between
this linear illusion and other intuitive rules and erroneous ways of thinking in mathematics
edocation.
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1 Introduction

Linear (or directly) proportional relationships are a major topic in elementary mathematics edu-
cation. The attention given to linear relationships is mainly due to the fact that they are the
underlying basic model for a Jot of problems in pure and applied mathematics. Unfortunately,
students’ prowing familiarity and experience with linear models may have a serious drawback:
it may lead to the misbelief that these models have a “universal” applicability and to a tendency
to deal with each numerical relation as though it were linear (FREUDENTHAL 1983). In the
literature, this phenomenon is referred to as the “illusion of linearity”, “linear wnisconception”,
“linear obstacle” or “linear frap” (scc, c.g.. BERTL 1993; FREUDENTHAL {973, 1983; ROUCHE
1989}, Although these terms may have subtly different meanings ([or instance, the term “linear
illusion” carrics a connotation of visual perceplion which seems absent in the other terms), we
will not diffcrentiate between (hem and use them intermixedly in the rest of this article. The
illusion of lincarity in students’ reasoning has been frequently described and illustrated with
respect to different domuing of mathematics in this literature, but it has elicited little systematic
empirical research. This is quite remarkable taking into account the large amount of research
on proportional reasoning in the last I{-15 years (for reviews of this research see, ¢.g., BEHR,
HAREL. POST & LESH 1992; TOURNIAIRE & PULOS 1985), including research on students’
misconceptions aboul and primitive strategies for solving proportional tasks.

2 Examples of the illusion of linearity

A first secies of examples relates to elementary school pupils” modelling of word problems in
school arithmetic.
“It takes 15 minutes to dry 1 shirt outside on a clothesline. How long will it roke to dvy

3 shirts mutside 7"

“it costs 2 EUR to send a parcel weighing 500 g. How much will it cost to send a
parcel weighing 1500 g™

“John'y running record for 100 i is 12 seconds. How long will it take him to run 1

k2"

Pupils who fall imo the trap of proportional reasoning on the first example, obviously neglect
the realistic consideration that the drying time doesn’t depend on the number of clothes on the
ling. Rather than using their real-world knowledge about the simation described in the problem
- namely: drving clothes - they simply play the “game of school word problems” (VERSCHAF-
FEL, GREER & DE CORTE, in press), in which the players are assumed not (o altend (00 much
10 the realilies of the situation described in the problem statement and to idenlify (he arilh-
metic operation(s) with the given numbers that yields the correct answer. In the example of the
mail costs, it is less sure that pupils giving the incorrect, divectly proportional response neglect
to apply their knowledge of the context or meaning of the problem. Probably, they are just
ignorant of the specific mathernatical model linking mailcost to weight, a “staircase” instead
of a linear function {VERSCHAFFEI. et al,, in press). Apart from that, even if they knew the
adequate mathematical model, this knowledge wouldn't enable them to answer the problem
correctly; therefore, they have to know the appropriate costs for sending parcels or at least have
the possibility (o look them up. [n a way, the problem about the running time is even more deli-
cate because, strictly speaking, it cannot be solved comrectly based on the information given.,
on the one hand, and the solver's real-world and mathematical knowledge, on the other hand.
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An adequate mathematical model for this problem siluation. cnabling to determine precisely
the wnoing tine, and thus taking inte account the time the runner needs to accelerate at the
beginning us well as his tiredness latterly, isn’t obvious at all. A student who realizes thar the
distance and the running time in this “problem” are not proportional, is -in some sense- placed
in a dilemma: either acknowledging that the realities of the problern context prohibit that it ig
solved by means of proportional reasoning and therefore refusing to give a (precise) answer
{(which is a violation of vne of the basic rules of the “game of word problems”, namely that
word problems always have to be solved by means of a numerical answer}. or playing the game
by doing as if one had not detected that mathematical modelling complexity and responding
with the outcome of a routine proportional reasoning process.

A mathematical subject-matter in which many people (frequently) fall in the proportional irap is
gemmetry. For instance, it appears that some pupils regulaly apply an incomect linear reasoning
in problems involving the relationships between angles and sides of plane figures. Figure 1.
borrowed from ROUCHE (1992a), suggests incorrect methods for bisecting (drawing left) and
trisecting (drawing right) an angle.

The first construction assumes a linear relation herween an acute angle and its opposite side in
a right-angled triangle. The sccond construction, which is correct for the hisection but not for
the. trisection of an angle, assumes a linear relation between the angle at the top and the base of
an isosceles triangle {or between an angle jn a circle and its comresponding chord).

Soime other interesting geometrical examples of the linearity Hlusion can be found in the doc-
toral dissertation of DE BLOCK-DOCG (1992). [n the margin of her “epistemological compara-
tive analysis of two teaching methods for plane peometry with pupils of the age of twelve”, she
mentions some typical erronecus reasoning processes, based on an inappropriate application of
direct (or inverse) proportionality between non-proportional quantities.

“The angle of a regular dodecagon can be obrained by dividing the angle of a regular
hexagon by siv and muitiplying tifs vesnlt by nvelve.”

“To construct an equilateral triangle inscribed in a circle, one has o pace the diameter
on the circumference; an inscribed regular dodecagon can be constructed by pacing
the half of the radius on the circumference.”

“If one can split a hepiagon into five triangles (by joining one comer to all the other

corers), one can split up o 14-sided polvgor into ten trigngles.”
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The ficld of probabilistic thinking provides also a lot of nice cxampies of improper applications
of proportionality. Confronted with the problem:

“In a game of chance the probability of success iy one teath, Whet iy the probability of

at least one success if one plays the game of chance three times?”
many pupils wiil trap into proportional reasoning.

Very fameus in this domain are the two historical preblems Chevalier de Méré posed to his
fricnd Pascal (see, e.g., FREUDENTHAL 1973). De Méré knew (by cxperience?) the advantage
of betting on the eveat “at least one six i 4 rolls of one fair die” and he deduced that it must be
equally advantageous to bet on “at least one double-six in 24 rolis of two fair dice”. One specific
oulcome among 6 possibilities in 4 trials must occur equally frequent (and thus justify the same
stake) as one specific outcome among 36 possibilities in 24 trials, becanse 6/4 = 36/24. [.ater
on, because he experienced that, notwithstanding his reasoning, bets on the latter event didn’t
yield the hoped-for financial gain, he consulted his friend Pascal. Pascal’s (correct) answer was
as follows: the probability of no sik n one roll of a fair die is 5/6, thus the probability of no
six in 4 trials is (5/6)* and thus the probability of at least one six is | - (5/6)1 = 0.5177, a bit
more than a hall. The probability of no double-six in 24 rolls of two fair dice is {35/36* and,
consequently, the probability of @ least one double-six is | - (35/36)%* = 0.4914, a bit less than
a half.

The second problem de Méé propounded to Pascal is the so-called “probléme des partis”.
1wo persons, let’s say A and B, siake the same amount in a game of chance consisting of at
most 9 sets, each with the same chance of profit for A and B. Due to circumstances without
their consent, they must break the game after 7 sets. At that moment, A has won 4 sets and
B 3. How can the stake be honestly shared out? Chevalier de Méré proposes a proportional
reasoning based on (he three numbers given in the problem (3, 4 and 3). but hesitaies between
a proportion of 4 over 3 and (5 - 3) over (5 - 4). What is comrect? None of both, Pascal judges!
Suppose both players would play two more sets, than there would he four possibilities:

A wins, A wing

A wins, B wins

B wins, A wins

B wins, B wins.

In three of these four cases, A would receive the whole stake while B would receive il in only
one case. Thus, A has three chances versus the one chance of B. In consequence, the stake
should be shared out in a proportion of 3 to 1.

Finally. also in the fields of algebra and calculus one can find several examples that can be
qualified as linearity dlusions. In this domain, what pupils actually misuse in most cascs is not
the linear model ilsell, but rather its properties, especially the preservation of the addition and
the mwliiplication by scalurs. Every high school teacher knows cxamples of students applying
“properties” like: “the square root of & sum is the sum of the square roots”, “the logarithm of
u multiple is the multiple of the logarithim”,. .. BERTE {1992) takes up the question how this
“linear obstacle™ can be removed to open pupils’ mind for the acquisition of new mathematical
models and their proper range of application. The improper use of linearity in the solution of
extremnum problems has been deseribed in DE BOCK {1992).

In addition to the numerous examples of pupils’ misuse of the linear model in a wide range of
situations, the mathematics education literature also contains some reflections and comments
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on this phenomenon. Some authors suggest that maybe the simplicity and self-evidence of the
Iinear model arc at the root of the iflusion of lineariry.

Linearily is such a suggestive property of eelations that cne readily yields to the seduction to deal
with each numerical relation as though it were linear, (FREUDENTAAL 1983, p. 267)

Clest Uidée de proportionnalité qui vient d'abowd & I'esprit, parce qu'il n'y a sans doute pas de
fonctions plus simples que les lingaites. {ROUCHE 1289, p. LT,

The faulty solution strategies by de Méré based on a straightforward application of linearity
mentioned abave, elicit the following (sharp) comment by FREUDENTHAL (1973, p, 585) with
respect to mathematical instruction:

He [de Més€] applied the mathenatics he knew. the kind of mathematics which in my childhood
was called the nule of thiee. .. Muybe he would have pecformed betler if e had never learned
mathematics at atl! Then thers would have been some chance that he wonld have applied not the
matliemalics he had leamed but the mathematics that he would have to create himsell.

3 The effect of a linear enlargement (reduction) on area and volume

Our own research focuses on applied mathematical problems about the relation between the
lingar measurements, the area and/or the volume of similar geometrical figures. The principle
governing that Kind of application problents is well-known: an enlargement or veduction by a
factor r. multiplics lengths by tactor 1, areas by factor £* and volumes by factor % (Fi gure 23,

A crucial aspect of understanding this principle is the insight that these factors depend only
on the magnitudes involved {length, area, andfor volume), and not on the particulatities of the
figures (whether these figures are squares, circles, ete.). According to FREUDENTHAL {1983,
p. 401), this principle is mathematically so fundamental that it must come first, both from a
phenomenological and didactical point of view.
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This principle deserves, as far as the moment of constinnion and the stress are concemed, priority
abave algorithmic computations and applications of fomaulae because it deepens the insight and the
tich context in the waive, scientific, and social reality where it OpEraLes,

The improper use of a linear proportional model in enlarging and reduction operations is a
classical mistake - probably one of the oldest in the history of mathematical thought. The most
often quoted example can be found in Plaio’s dialogue Meno (see, e.g., BERTE 1993, ROUCHE
1992b) in which a slave, when asked by Socrates, Plato’s master, to draw a square having two
times the area of a given square, firstly proposes 10 double the side of the square. 50, lhe slave
spontancously applies the idea of linear proporttonality (between length and area) and changes
his mind only when Socrates helps him in diagnosing and correcting the error in his reasoning
confronting him with a drawing.

Since then many other authors have argued that getting insight in the above-mentioned rela-
tionships between lengths, areas and volumes of similar figures usually is a siow and difficult
process. In the American Standards, for instance. it is stated:

-+ - most stdenls in grades 3-8 incorrectly believe that if the sides of 4 figure are doubled to prudnce
2 similar figure. the area and voluine also will be doubled. (NCTM, 198%, pp. 114-115).

But scholars of the Freudenthal [nstitute, who have explored the influence of linear enlazgement
on area and volume in realistic contexts (like “Gulliver” in TREFVERS 1987, or “With the giant's
regards” in STREEFLAND 1984), have claimed and provided some evidence that -at least in the
context of realistic mathcmatics education- this misbelief can rather easily be overcome even in
the primary school. Howcver, this assertion is -as far as we know- not supported by systenatic
empirical research data.

Remarkable and contrary to some other domains in which pupils (frequently) fall in the lincar
trap, is the ascertainment that real-word or commonsense kanowledge doesn't always suffice to
grasp comectly the influence of a Tinear scaling on length, area and volume. In this respect,
FEYs (1995, p. 123) describes an experience with his pre-service leachers as [follows:

We ask pre-service teachers what will happen when they lay vut two A4 pages side by side on
a copier in arder (0 reduce them on one Ad page. Regularly, they answer that the texl will be no
longer readable because the height and width of the characters unil of the drawings should be halved.

Also typical for this phenomenon is the Fact that pupils are often swprised that by an enlarge-
fment, the area and certainly the volume is enlurged thus much; contrarily, by a reduction, they
are ofien surprised that the area and certainly the volume is reduced thus much {a giant being
ten limes as tail as an adult man of 70 kg, weighs 70 ton; a goblin ten times smaller than this
adult, enly weighs 70 g!). A well-known example of pupils’ misjudgement of the very strong
effect of a reduction on volume is the conic glass that is filled half (of the hei ght) of a full glass:
pupils most often realise that its volume is less than the half of a full glass, but when asking
them to estimate more precisely which part it is. their answers are mostly more than one eighth,
(Pupils” tendency (o overcstimate this volume probably relates to visual perception: in front
view, ohe can see in fact a triangle whose area is reduced to onc tourth, see Figure 3.)
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Finally, it is reality itself that, in a certain sense, puts the pupils ¢n the wrong track. The
mathematical idea of a “linear enlargement” doesn’t always fall together with the physical and
biclogicat reality of scaling. Old trees are more plump than vounger specimens: tipers have
relatively thicker paws than cats, These examples of enlargements “taken from nature™ are not
simitar enlurgements and, conscquently, the relationships between linear measurements, area
and volume, a5 described above, are not applicable in these situations. The reasons why are not
mathematical, but have a physical or biclogical origin. Let us explain, for instance, why higher
trees {must} have celatively thicker trunks than smaller species. Supposc the trunk of a tree
being twice as high. should he twice as thick, then, the higher tree’s volume should be increased
by a factor 8! In fact, the bearing-power of a trunk (pillar, paw,...) is ditectly proportional
to the cross-section of the trunk. that, in the case of a linear enlargement by a factor 2 (in all
dimensions}, enly would quadmple. Tn order to bear a tree being 8 (imes as heavy, the diameter
of the trunk should increase by a factor /8 (which is nearly a triplication!). Also in this respect,
we notice that babies aze not “linearly redaced” adults: their bead and bones have a relatively
bigger portion in their weight which makes them reiatively heavier than adults.

In the next part of this article we report on five closely related ascertaining studies on the illu-
sion of linearity with respect to problems involving length, area and volume of similar figures
presented in a schoo! context.

4 Five ascertaining studies on the illusion of linearity

We first summarize the objectives and major results of these five empirical studies (DFE BoCK,
VERSCHAFFEL & JANSSENS 1998a, 1998b; DE BOCK, VERSCHAFFET., JANSSENS & ROM-
MELAERE 1999; DE BOCK, VERSCHAFFHL & CLAES 1999, Study | investigates the illusion
of linearity in 12-13-years old pupils working on word problems involving length and aren of
similar plane figures of different kinds of shapes. To answer the question whether self-made or
ready-made drawings are helpful in breaking pupils” tendency to overgeneratize the applicabi-
lity of linear reasoning for that kind of problems, testing took place under various conditions,
Study 2 is basically a replication of the first one with 15- 16-year old pupils. Both Study | and 2
convincingly demonstrated the strength of the illusion of linearity in pupils solving (non-linear)
scaling problems presented in a school context. With a view to amive at a better understanding
of the resnlts ohserved in these studies, three follow-up studies were executed focusing on the
influence of different aspects of the testing context on pupils’ solutions. Study 3 was set up
to examine the resistance to change of the illusion of linearity by providing pupils adeguate
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metacognitive and adequate visual support. Subsequently, Study 4 investigates to what extent
the tendency towards improper proportional veasoning is caused by particularities of the prob-
lem formulation, more specifically by the missing-value type of problem that pupils leamed to
associate with propertional reasoning throughout their school career. At last, Study 5 explores
yet another possible explanation for pupils' misuse of the linear model, namely the inauthentic
or unrcalistic nature of the problein context.

4.1 Study 1

Hundred-and-twenty 12-13-year old pupils. divided in three equal groups, participated in this
study. The experiment consisted of two phases, During the first phase all pupils were admini-
stercd the same’ paper-and-pencil lest consisting of 12 experimenial items and several buffer
items. No hints or special instructions were given. All 12 experimental items involved similar
plane figures, and belonged to cither one of three categories: 4 items about squares, 4 abour
circles, and 4 about irregular figures. Within each category of figures, there were 2 proportional
items (c.g. “Farmer Gus needs approximately 4 days to di g a ditch around his square pasture
with aside of 100 m. How many days would he need to dig a ditch around a squarc pasture with
a side of 300 m?”) and two non-proportional items (e.z. “Farmer Carl needs approximately 8
hours to manure a square piece of land with a side of 200 m. How many hours would he need
lo manure a square piece of land with a side of 600 m?"). Two weeks after the first test the
three groups of pupils were confronted with a parailel version of the first test. The problems in
this second test were the same for all (hree groups, but the instructions were different. Tn Group
I, which functioned as a control group, the testing conditions were exacily the same as during
the first test. The students of Group I were explicitly instructed to make a drawing or a sketch
of the problem situation before computing their answer. In Group I11, finally, every problem
was accompanied by a correct drawing (like the one given in Figure 4). The influence of the
task varjables on pupils’ performance was determined by means of an analysis of variance and
a posterioni Tukey tests.

200 m 600 m

The results confirmed the hypothesis that the predominance of the linear model would be a
serious obstacle for the vast majority of the pupils. Indeed, the analysis of variance revealed
an extremely strong main effect of the task variable “proportionalily™; while the proportional
items elicited 92% of comect responses, only 2% of the non-proportional items was answered
correctly, Second, we unexpectedly did not find any beneficial effect of the sell-made or given
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drawings. nor in general, vor for the non-proportional items in particular. Third, the type of figu-
re had a significant effect. Percentages of correct cesponses were also in the expected direction
(problems about squares > circles > jrregular figures),

For more than one reason, we found it appropriate 1o set up a follow-up study with an older
target group. First, the small number of correct responses on non-proportional ilems made us
wonder how strong the predominance of the linear model would be for pupils who were older
and -therefore- mathematically better equipped for overcoming the obstacle of unlimited lineur
proportional reusoning. Sccond, because the illusion of linearity proved to be so strong with
12-13-year olds. the fiwst study did not yield adequate information about the possible influence
of self-made or given drawings on the occurrence of ercors based on inappropriate proportional
reasoning.

4.2 Study 2

Two-hundred-and-twenty-two 13-16-year old pupils participated in (he follow-up study. Con-
wary 1o the first stndy, we did not administer the test twice to afl pupils, but worked with (hiee
groups that were rigorously matched based on several subject characteristics. Group [ iin which
no special help or instructions were given). Group II {in which the pupils were instructed to
make a deawing) and Group I {in which cvery item came with a correct drawing). We used the
same 12 experimental items and the same procedure for test administration as in rhe first study.

The anatyses of varjance showed once again an extremely strong main effect of the task variable
“proportionality™: the overall percentages of correct responses on the proportional and non-
proportional items were 93% and 17%, respectively. The hypothesis about the positive influence
of the self-made or given drawings was, once again, not confirmed. Finally, as in the first
study. the type of figure involved played a significant role. Pupils performed better on the
on-propoctional items when the figure involved was regular (a square or a circle), but as a
drawback they performed worse on the proportional items about these regular figures because
they sometimes started to apply non-proportional reasoning on the proporticnai items (oo,

So, both Study 1 and 2 revealed the expected alarmingly strong tendency among pupiis to apply
linear proportional reasoning in problem sitations for which it was not suited, but they did not
show the anticipated facilitating drawing effect on students’ performance. It could be argued
that the extremnely wealk results on the non-proportional items and the absence of a positive
drawing cffcct were due to the fact that the students had approached the test with the expectation
that it would consist of routine tasks only (as is frequenily the case in current mathematics
education). A possible additional explanation for the weak resulls could be that the response
sheets nsed in these studies were not suited for measuring lengths and arcas of (given) plane
figures because of the lack of useful reference points for this activity on these sheats. Based on
these two arguments, one could predict that the accuracy rates for the non-proportional items
would increase significantly (1) if pupils would get at the beginning of the lest some kind of
explicit warning that not all problems in the test were standard problems, and (2) il we would
make use of response sheets with (drawings made on) squared paper instead of blank paper. The
third study itvestigates the possible influence of these two forms of “scaffolding™ on pupils’
solution processes and outcomes,
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43 Stdy 3

Bwo-hundred-and-sixty 12-13-yeur olds and hundred-and-twenty-five 15-16-vear olds parti-
cipated in the study. In beth age-groups students were matched in four equivalent subgroups
which received one and the same paper-and-pencil test, consisting of 6 propertional and 6 non-
proportional items, but the administraton of the test was different i the fouy subgroups of
pupils. In Group | -the control group- no special help was given. In Group 11 -the metacopni-
tive scaffold group- the test was preceded by an introductory task that confronted pupils with
a correct and an incorrect solution to a representative non-proportional item and asked them
which one was the comect. In Group IIT -the visual scaffold group- every item came with an
appropriate drawing of (he problem sitwation made on squared paper. Finally, in Group 1V both
kinds of help were combined.

The study yielded small bwt significant effects of both kinds of scaffolds. As a result of the
Imetacognitive scatfold, the percentage of correct responses on the noa-propottional problems
increased slightly from 12% to 18%. With respect (o the visual support, the increase was even
smaller; from 13%; in the groups without visual scaffold to 17% in the groups with the visual
scatfold. As a drawback of these better tesults on the non-proportional items in the scaffolded
conditions, the pupils’ results on the proportional items decreased. Apparently, the scaffolds
made it easier -at least for some pupils- 10 discover the non-proportional nature of a problem.
but as a result they sometimes hegan to question the correctness of the linear model for problem
situations in which that modei was appropriate. However, the most important result of the study
is that the positive effects of the two scatfolds on pupils’ solutions of the non-proporiional items
remained retnarkably small, suggesting that students’ tendency towards linear modelling is very
strong, deep-rooted and resistani to change.

44 Study4

While all these three studies revealed pupils’ almost irresistible tendency to apply proportional
reasohing in problem sitwations for which it was totally inappropriate, the question remains why
somany pupils fell into this “proportionality trap”, even after receiving visual and/or metacogni-
tive support. In Study 4, we investigated the effect of another attempt to overcome the linearity
illusion by changing the cxperimental setting, namely the problem formulation. In the three
previous studics, all proportional and non-proportional ilems were presented as missing-value
problems. In this problem type, three numbers (a, b and ¢) are given and the problem solver is
asked to determine an unknown aumber x. In a proportional missing-problem, the unknown x is
the solution of an equation of the form /b = o/x. It is clear that the vast majority of the missing-
value problems pupils encounter in the upper grades of the elementary school and the lower
grades of secondary school, are probiems for which the linear model suits perfectly. Therefore,
it could be argued that pupils” extremely weak results on the non- proportional ilems may not be
due to intrinsic difficulties with the mathematical concept involved in these problems -namely
understanding the effect of a linear enlargement on area- but are merely ihe result of 3 mis-
leading problem formulation which is associated with and therefore calls up the overlearned
solution scheme and procedure of proportional reasoning. 'Fo find out this, we set y P a new
study in which the formulation of the problems was experimentally manipulated while keeping
the intrinsic conceptual difficulties constant.

Hundred-and-sixty-four 12-13-year old pupils and hundred-and-fifty-one 15-16-year old pupils
pirticipated in the study. All pupils were administered the same paper-and-pencil test consisting
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of different kinds of proportional and non-propottional items, - just as in the previous studies.
In hoth age-groups we worked with two equivalent subgroups of pupils that were matched on
an individual basis and that were given a different version of the test. For half of the pupils (the
so-called missing value-group), all items were presented as missing-value problems (see, e.g.,
the examples given 1 the report of Study 1), while in the other half (the comparison group), the
items were forinulated as comparison problems (e.g. “Farmer Carl manured a square piece of
land. Tomarrow, he has to manure a square piece of land with a side being three times as big.
How tnuch mote time would he approximately need to manure this piece of land?™}.

The results of the analysis of variance with respect to the cffccts of proportionality and age
on pupils’ performance. confinmed the findings from the carlicr studics. More interestingty,
however, is that while the analysis of vartance did not reveal a main influence of the problem
formulation variable, a highly significant interaction effect of problem fornmulation and proper-
tionality was found. As expected. the group who received the comparison problems performed
significantly better on the non-proportional items than the group whoe received the missing-
value problems (41% and 23%. corect answers, respectivel v}, but this better performance of the
comparison group on the non-proportional items was parallelled with a worse score on the pro-
portional itemms {i.e. 68% versus 87% comrect answers in the missing-value group). Apparently,
the formulation of the items used in the comparison group prevented pupils for falling into the
propertionality trap, but as a result these pupils sometimes began Lo question the correctness of
the proportional model for problem situations in which thal model was appropriate - u fnding
that is very similar to the one obtained in our previous studies and ihal has been observed in
several other studies about strategic and conceptual change,

S0, the significantly better results of the comparison group o the non-proportional items made
it clear that a significant number of pupils fail on traditionally presented non-proportional items
not because of their belief in the ommni-applicability of the lincar model, bul rather because of
the association of (hat model with a particular type of problem formulation. in this case the
missing-value type. While the effect of problem formulation was significant, it was again still
rather small, as still more than half of the pupils in the comparison condition failed on the
non-proporticnal items. This alzo raises the quesrion whar other aspects of the testing context
affected pupils’ incorrect reasoning process.

4.5 Study 5

In the last follow-up study, we investigated another possible explanation for pupils’ misuse of
the linear model. namely the inauthentic and uncealistic nature of the problem situations, Some
evidence [or this hypothelical explanation can be found in TREFFERS (1987), who realized a
design experiment with sixth graders on the influence of lincar enlargement on area and vo-
lume that was built around the context of “Gulliver's travels”, and claimed that, in this realistic
mathematics education approach, pupils have no difficulty with a problem like “How many
Lilliputian handkerchiefs make one for Gulliver if vou know that the length of a Lilliputian is
12 rimes smaller than that of Gulliver””. To test the facilitating power of making the problem
context more realistic and motivating. we executed a new study.

In this study, hundred-and-fifty-two 13- 14-vear olds and hundred-and-sixty-one 15-16-year olds
were matched in two equivalent subgroups. In both groups. a paper-and-pencil test. consisting
of proportional and non-proportional scaling problems was administered. In the first group.
the test was preceded by an assembly of well-chosen fragments of a film version of Gulliver's
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visit to the isle of the Lilliputians and all experimental items were linked 1o these filin fragments.
For instance, inspired by a fragment showing a Lilliputian occupied with filling Guiliver's wine-
glass, we asked “Guiliver's wineglass has a volume of 172 800 mm?®. What's the volume of a
Lilliputian wineglass?”. In the second group, an equal number of mathematically isomorphic
problems was presented in the form of a series of non-related traditional school problems, with-
out any contextual support.

Contrary to owr expectation, there was no positive effect of the authenticity factor on pupils’
performance on the tesl as a whole, and on their scores on the non-proportional iters in parti-
cular. On the contrary, pupils who watched the video and who received the video-related items
perfortned even significantly worse than the other group (257 for the video versus 429 for
the non-video condition). At this moment we are planning a replication study to investigate
whether this unexpected finding was an artefact of our operationalization of the experimental
variable (e.g., the fact that the pupils who watched the videa had less time to solve the test) or
if it was due to the fact that these pupils” involvement in an attractive and rich context had led
them away from the necessary in depth analysis of the mathematical problem stiucture, instead
of helping them to find it.

5 Discussion

A couple of years ago, we executed 3 study showing that the vast majority of pupils futled on
word problems about the length and area of similar plane figures. We have conducted follow-up
studies showing that several attempts to overcome these fatlures by changing the experimental
setting did not work or hod only minor success: providing drawings, providing metacognitive
suppor, rephrasing the problem and increasing its authenticity. In our [uture work, we will (urn
fron: ascertaining studies to individual interviews with selected groups of pupils and then 1o
design experiments whetein we will develop and test new instructionad materials and techniques
aimed at improving pupils’ necessary conceptual tools and cognitive strategies to overcome this
very strong and resistant illusion of linearity.

This more process-oriented research could also vield a better understanding of the relations
between the illusion of linearity and the broad domain of pupils’ “misconceptions” (or “pre-
conceptions” or “alternative conceptions™) and “illusions™ in the learning of both mathematics
and science. A reiated, but in a way more primitive misconception than the illusion of linca-
Tity, is the one of additive reasoning in siwations wherein {rather) a multiplicative reasoning is
applicable (for instance, in the contexi of a lincar enlargement of a figure, pupils argue that all
lengths are added to instcad of multiplied by a constant. This “additive illusion” is nscertained
in numerous studies and appears to affect especially elementary school pupils passing on from
additive to multiplicative structures (see, €.g., HART 1981: KARPLUS, PULOS & STAGE 1983;
LIN [99]; STRELELAND i988). A similarity with the linearity illusion is that in both cases the

error results from pupils” overgencralizations of a previously learned model beyond its proper
range of application.

There exists also a similarity between the illusion of linearity and the so-called “illusion of
constancy” or the intuitive rule “Same A - same B” {see, e.g.. Tsamir, Tirosh & Stavy, 1998} - a
tuie emetging reguiarly when pupils formulate properties of geometrical figures (2.g. “miangles
wilh equal angles have equal sides”, “quadrilaterals with equal sides have equal angles”, etc.). In
the same way, muny pupils spontaneously think that plane figures with the same perimeter have
the same area or solids with the same surface area have the same volume. One can expect that
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thase pupils neither make any distinction between the scale factors al.ppropriate f(?r these diffe-
rent dimensional quantities. CASTELNUOVO & Barka (1980) describe two classical examples
of this phenomenon. The first one deals with crushing a square or lectmgle made of straws.
By crushing the figure only slightly, most pupils think that the area remains the same. Only
when confronting them with an extreme simation (the figure is cnlsheq ahnosl‘ completely).
everybody can sce that the area decreases by crushing the ﬁgur;. A .second one is the [all'uous
cylinder-problem of Galilei. Using a rectangular piece of stuff (with deferent length and \jﬂdth),‘
one can make cylindrical {com)sack: a wide but low one (by comnecting t!]c smallest sides of
the rectangle} and a narrow but high one (by connecting the biggest sides of the rectangle). Tbe
wide but low cylinder does have the greatest volume, but many people (“except the farmers in
Galilei’s time”} think they have the same volume because they have the same surface area.

In the field of probabilistic thinking, many well-known erroncous reasonings of pu]?jls can
be both explained in terms of the “Same A - same B” intuitive mule and of a pfo?mjtlonahty
illusion. Let’s first remind the first problem de Méré propounded to Pascal: de Méré's 1nco11:ect
argumentation for the equiprobability of two events was bascd on an equivalel?cle of ratios,
in Freudenthal's view a straightforward application of the “rule of three” de Mété learned at
school.  Yet another explanation for de Méré’s faulty approach to tlis problem can be foune
in the theory of intnitive miles, more specially, as a manifestation of the “Same A - same B’
scheme (de Méré argnes: “Same proportion, thus same probability™).

Recently TIROSH & STAVY (1999, p, 190) reported a quite similar example:

The Carmel family has rwo children. and the Levin family has four children. Ts the probabilicy that
the Carmels have oue son and one daughter largerfequal o/ smaller than/ the probability that the
Lewving have two sons and two daughters?

The probabilities of these events conld be reached by a relatively simple r‘:oullating and f:alcu—
lation. In fact, the probability of “one boy, one girl” in the Carmel family is la’2 while for
the Levin family, the probability of “two boys, two girls” ts 3/8, Thus the probability that the
Carmels have one son and one daughter is larger than the probability that there are two sons and
two daughlers in the Levin family. The researchers presented this problem to about 4q ?l‘!.ldents
in grades 7 to 12. The majority of these students incotrectly argued thaE both probabilities e
equal because “the ratio is the same, therefore the probability is the same™. Rgmarkably. Lhe dis-
tribution by grade showed a {slightly} increasing trend in the percentages of incorrect responses
with age,

This result is very similar to the one obtained by FISCHBEIN & SCHNARCH (1996, pp. 355-
356), with respect to the problen:

In a cenain town, there are two hospitals. a small one in which (here are, on the average, aboul 15
births a day and a big ome in which Gere are. on e average, about 45 births a day,

Tha likelihood of giving birth to o boy 15 about 50%. (Neverlheless, there were days in which more
than 50% of babies bom were boys and thece were days in which less than 50% if babies bomn were
bavs),

In the small hospital one has kept a record during a year of the days in which the number of bovs
born was greater than 9, which represents move than 60% of the total of bicths in the respective
hospital.

In the big hospital, one has kepl a record durdng a year, of the days in which there were bom more
than 27 boys which represented more than 60% of the binks.

In which of the two hogpitals there were more such days?
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In fact, the small hospital will record more days where more than 60% beys were born. The
stochastic law one has to consider is the law of large numbers. As a saraple size (or (the mumnber
of trials) increases, the relative frequencies tend to come closer to the theoretical probability.
And, on the contrary, if one considers a small sample, the relative frequencies of expected out-
comes may deviate largely from the theoretical probability. Fischbein and Schnarch presented
this preblem 1o groups of 20 pupils of grades 5, 7.9 and 11. The main misconception. in this
case. “lhe number of days in a year on which one has recorded the birth of more than 60%
boys does not depend on the sample size”, increased with age in a suprisingly regular manner,
Starting from 10% in grade five, it reached about 80% in grade 11. The eronenus answer was
usually justified by the cquality of ratios; “9/15 = 27/45 - they express both the same ratio™.

Mast likely. the “scheme in action™ in pupils working on this kind of problems, the intuitive rule
“Same A - same B” or the proportionality illusion, depends on pupils’ age and school career.
The first scheme is more general and even observed in very young children (for instance when
solving Piagetian tasks), the second is more specitic and swongly affected by schooling. Further
research is needed (o unravel the interaction between both schemes, its evolution with age and
how this interaction can be influenced by mathematics education,
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The role of physics in introducing vectors
to secondary school students

BEMETRIADOU Helen
Toannina (Greece)

Ahstract

Despite the oviginally geometrical point of view adopted by mathematicians of the i9th
century congeming Lhe nature of the concept of a vector, history suggests that vectors were
established as a language of mathematics and science (symbolism, terminelegy, and com-
putational techniques) mainly through physics.

Physics offer intuitively suggestive situations for introducing vecter notions and ope-
rations in school. Previous research by Il DUMETRIADOU & A. GAGATSLS has identified
concrete and persisting difficulties among Greek high-school students {aged 15-18) con-
cerning certain epistemological aspects of the concept of @ vector. Some of them concern
the confusion between notions like “vector and line segment”, “sense and onentation or
path”, the meaning of symbols like " +™ or * =", as well as the use ol vector operations.

It was also found that there is a serious difficulty concerming the differentiation between
vectors as “line segments with a definite magnitude and direction (path and sense) artached
1o a point” {called “tied vectors™ in the Greek curriculum}, the prototype being the physicat
concept of force, and vectors as “line segments with a definile magnitode and direction
{path and sense)” {called “free vectors™ in the Greek curricutum), the prototype being the
geometnceal concept of a parallel translation.

These are related o apparently different types of addition: the pacallelogram and the
triangle laws respectively. From o more advanced, mathemaneal- epistenological point
of view, these laws correspond o the distinction between “rangent vectoss to a manifold”
and “parallel translated tangent vectors on a manifold”, the latier coneept requiring more
structure {i.e. the concept of a counection on a manifold} than just the ordinary ditferential
stactore of a manifold. This partly explains our experimentally confirmed result that often,
secondary students do not recognize the eguivalence of (hese laws.

We conclude that purely mathematical teaching situations are not the most appropnate
means to introduce vector notions and operations. Inspired by the historical development
of the subject and based on previous work concerning the students’ difficulties conceming
vector notions and operations, we suggest the use of real and thought expevinients related
(o displacements, velacities analyzed as successive displacements, and forces, not enly for
introducing, but also for clarifying vector notions. Some results from a teaching experiment

are also presented in this connection.
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1 Introductien

Despite the geometrical paint of view adopted by mathematicians of the 19th century, con-
cerning the natwe of 4 vector, hi story suggests that vectors were established as a lan guage of
mathematics and sciciice mainly through physics (whether one considers symbolism, termino-
logy. or computational technigues).

In fact. it was the interplay between pure mathematical and physical situations that influenced
the emergence of vector concepls and operations. This historical influence of physics is ignored
by the secondary curriculuin when vectors are introduced in school. In our opinion, the vector
concept is wo complicated to be introduced in its abstract mathematical form in sccondary edy-
cation. Physics, on the contrary, offers intuitively sugzestive situations not only for introducing
but alsa for clarifying vector notions and operations in school,

Yector notions are considered as a rather marginal subject in secondary school mathematics in
Greece. Young studcnts are left for many years lo form their own ideas about vectar concepts
on the basis of physics lessons and every day life experience, until the age of 17 or 18, in the
last year of high—school. For the first time, at that age, they come in confact with vectors as a
mathematical concept having both a geometrical and an algebaic character, and they are asked
to use it as a (ool fot selving geometrical problems. On the other hand, there is a peculiar sity-
atian conceniring the teaching of gcometry in Greek scheels. For § vears (age [3-17) classical
Euclidean geometry is systematically taught and only in the last year (age 18) are vector and
analytic geomelry presented,

Previous research by H. DUMETRIADOU & A. GAGATSIS ([101) has verified that students are
more successful in solving geometrical problems by euclidean methods than by vector oncs,
towards which they have a rather negative attitode. Simitar errors are also made by younger
Greek students ([6], [7], [8], [91). Most of these errors are due to preconceptions and false
ideas about vectors. Students’ ditficulifes and strong preconceptions concering vector guan-
litics and operations, motiot, and the distinction between a vector and a scalar have also been
verified by other researchers, mainly in physics education (WARREN 1971; TROWRRIDGE &
MCDERMOTT 1980, 81; WATTS & ZYLBERSZTAIN 1081; Warrs 1983; MCCLOSKEY 1943;
AGUIRRE AND ERICKSON, 1984, AGUIRRE, 1988; AGUIRRE dr RANKIN 1989; ECKSTEIN
& SHEMESH 1989; GILBERT ef al 1982; ARONS 1992; KNIGHT R.D. 1995).

Bascd on siudents’ difficuliies concering vector concepts, and mmplicitly influenced by the
historical development of the subject, we attempted a teaching experiment based on real and
thought activitics and situations reiated ro displacements, veloeitics and torees, for bath intro-
ducing, and clarifvin 2 vector noations.

2 The research

A pilot teaching procedure was performed the previous year. It concerned a class of 30 stu-
dents in the second vear of high-school (aged 14), before they had received any physics lessons
in which vectors are introduced. The research indicated difficulties related either to the sty-
dents® preconceptions, or to the nature of the concept of vector, some of which remained after
teaching. These difficultics concem the confusion between notions like “vector and linc seg-
raent”, “direction and orientation as it is used in every day experience”, the meaning of “+” and
“="3zigns, and the use of vector operations.

The main experiment took place during the school year 1998-99. 1t concerned two groups of
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studeats in the third year of the same high- school (aged 15): the experimental group consisted
of two classes (Cy. Cz) of 28 and 30 students respectively, the second being the pilot group.
The researcher. who was also their mathematics (eacher, taught in this group. Two other classes
(C;, Cy) of 29 and 31 students were used as the control group. In these classes the traditional

geometric and algebraic aspect of vectors, as presented in the school- book, was taught. In
this connection it should be noticed that teaching this chapter is optional and in most sﬂloo}s
it is usually omitted. The teaching in both groups started afier the study 0; vector qu.antlties in
physics. Firstly, a questionnaire (Q,) was given to both groups to revere their conceptions about
vector notions and operations. Two other questionnaires were used, one after the epd of the
lessons (Q2), and another (Qy) after two months, to check conceptions that had heen improved
or difficulties and misconceptions that still remain strong,

Lessons in the experimental group concemed the introduction of vectors, their chalrftcteristic
¢lements, symbols, and geometrical representation. equal and apposite vectors, addition. sub-
raction and muldplication by a number, The teaching was focnsed on students, in the scnsel that
they had the epportunity to construct most of the notions, the symbolism and the upc.ratlons,
The lessons were taped and calendars were kept in every experimental ciass. T.he leaching was
based on physical activities and situations where vector quantities were u§ed, Displacements for
the introduction of vector notions, velocities for operations between collinear vectors, and both
furces and velocities analyzed as successive displacements, for the study of operations between
non- collinear vectors,

3 The experiment: teaching procedures and difficulties encountered

3.1  Vector and line segment

From the very heginning we tiied to clarify the distinction between vectors and line seEments.
The difference was focused on the element of motion, and was given by simple examples of
displacements. Comparing different displacements, students realized (he s.ignif‘ical?w of origin
and terminus points and consequently the significance of magnitude, and direction Le. path and
sense (sec Appendix I). They alse came in comtact with the idea of opposite vectors. A.ftclr these
notions had been elaborated on an intuitive ground, we tried to give more formal descriptions or
definitions of them. By successive guestions posed by the teacher and discussions irll the class,
the students finally arrived al a definition, Thus a vecter was defined as a new entity of }?nth
mathematical and physical character. related to a Tine segment, and to the concept of motion,
and therefore its origin and (erminus points are thus determined, A path was defined to be. the
line on which the vector is Lying and cvery line parallel to it. The notion of sense was described
through the movement along the line of path.

3.2 Vector and veclor quantities

In our previous research we have identifted difficulties concerning [.he elation between “vector”
and “vector quantities”, Students see only one aspect of this relation: vectors as a tool for the
representation of vector quantities. We tried to present the other aspect.as well, i.e. that a vector
is an abstract notion whose concrete represcntations are vector quantities. Students were asked
to formulate the concept of a veclor precisely, The most convenient way was {0 use veelor
quantities as examples of this notion. They mentioned velocity, force, weight, acceleration as
examples of vectors. since they are characterized by magnitude, path and sense.
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3.3 Symbols and geometric representation

Afier the distinction between vectors and ling segments was discussed, the need for an appropri-
ate symbolism and geometrical representation of vectors arnse naturally. Students were asked
to make their suggestions, which were written on the blackboard: [, x. 7/7, { — E. For every
suggeslion, comments were made and finally it was accepted or rejected by the majority of the
class. The first two ones were very close 1o the notation used for line segments or straight lines
and were rejected since they do not show the sense of motion. During the second lesson, the
last symbol was also rejected, since it covered a lot of space.

After vectors representation had been discussed, a new symbol £o appeared in both experi-
tmental classes to show the displacement opposile 0 &

This symbol was discussed a lot. and ap-

peared sporadically through lessons, Al-

though it was finally rejected, two chil- 0
dren, one at every class kept it wuntil
the end and in the final questionnaire it
cansed confusion to both of them.

Concerning the geometric representation of vectors, the following suggestions were made:

1. I ¥
—_—
—
5 1 1E E
2.1 E
— 6. 1 > E
3.1 E
[—*E
7. 1 E
4. 1 LA

The students finalty kept the 2nd and the dth representation. When the teacher drew some
vectors using model 4, with paths cutting each other, most of the students realized that it was
complicated. It was finally left oul after the second lesson.

34 Misconceptions about Sensc and path
Several difficulties and misconceptions concern the notions of sense and path, mainly related 1o

preconceptions aboul orientation used in every day experience. The following misconceptions
seem 10 be closer to the notion of scnse. However, in most cages they also have a negative

'Tt may be interesting to notice that this nottion invented by the students is curently used in rescarch mathe-
matical domains such 0s non-commutative geomeatry, stochastic caleolus, ele!
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influence in understanding the notion of path. The most characteristic error is that nonparallel
vectors are considered to have the same path.

341  Sense related to circular motion

Vectors which are either successive,

or with paths which could be sim-

ilarly oriented as langents to the /
same cirele were considered as hav-

ing the same sense.

/“‘*\

Students were strongly influenced by the vse of the term “sense” in physics lessons for the
orientation of circular motions. A characteristic case is that of two students, one at every ex-
periment class, who insisted that identically oriented arcs on a circle are vectors of the same
sense. It is remarkable, that it took quite a long time before some other students realized that
those were not vectors at all. There was a long discussion about the different points of view
conceming vectors and circular motion.

3.4.2 The concept of sense related to destination

Vectors whose terminus points are \‘
very close were considered as hav- N
ing the same sense, /'

34.3 The concept of sense related to points of compass

Some students consider vectors 1o

be of the same sense when “they

go up”, “down”, “left”, “right”.

“southwest”, etc. Or they con-

sider two vectors of horizontal and \
perpendicular paths respectively, as V\
opposite.  F.g.  These vectors

are considered as having the same

sense, since “they go up”.

344 The concept of sense related to the same origin point
This could be cegarded as closely

related to the previcus conception.

These vectors are considered of the

same zense, since “they go to the

same place” or “they go down™

3.5 The equality relation - The *="" sign

As verified in our previous work. students consider vectors of the same magnitude to be “equal”.
and they use the notation; & = & for such vectors. This misconception could partly be due to
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the manipulation of vectors as line segments, and partly to the presentation of equality reiation
in the school- books. [ndeed, the use of the term “equality”, as well as the use of the “=”
sign for vectors, seem to be rather confusing in school mathematics. Mathematicaily speaking,
equality of vectors is actually an cquivalence relation with respect to magnilude, sense and path,
which is completely different from the concept of “equality” of line segments; the latier is an
equivalence relarion with respect to the length of segments. However, the same word “equal™
and the same symbol “=" are used to denote both cquivalence relations. This is a subtle point
for the clarification of which no effort has ever been made in Greek textbooks or curricula.
This point was discussed in the classroom, and other examples of different types of equality in
the sense of equivalence were also mentioned, like the above mentioned equality between line
segments or fractions (see also MARIORAM 1966; Davis & SNIDER 19873 Simple situations
with pairs of equal displacements, forces on the same rigid body, and velocities were used for
the clarification of the subject. These vector quantities were considered equivalent because they
lead o the same result. Concerning notation, students suggested the notation |7 = |l for
vectors of equal magnitude, inspired hy the symbol used for the absolute value of a number,
in distinction to the notation 7 = 5. However the misconception mentioned above was rather
strong and persisted for many children, as the final questionnaire indicated.

During the lessons, the algebraic aspect of vectors was manipulated in paraliel with the geo-
metric one, especially in subjects like Opposite or zero vector. operations and their properties
{distributive and associative laws, etc).

3.6 Vector operations

3.6.1 Addition of collinear vectors

Addition between collinear vectors was presented, first through sirmple examples rom physics,
like that of two men pushing a car. and second through more complicated cuscs of relative
motions, like that of a little ball rolling on & moving board, where velocities were analyzed as
successive displacements in a unit time interval, In every case the sludents made the drawings
of vectors to scaie, and they tried 10 find out the relation of the magnitude and direction of

components and those of the resultant. They also produced the comesponding models of vector
operations and vector pattems.

A remarkable misconception about addition is rclated, on the one hand to the nature of this
operation and on the other hand to the manipulation of vectors as linc segments by the students:
vector addition is considered as addition of numbers, probably because the sign of addition "+
1s used with two different meanings (¢f. the comments on “=" in 3.5 above). Consequently,
the magnitude of the resultant vector is the sum of the magnitudes of the two vectors, even in
the case of opposite or non-collinear ones. After measuting the lengths of the sides of some
triangles, the students’ wrong conception of vector addition led them to contradictions, since
they realized the validity of the triangle tnequaliiy for the lengths of the sides of each Triangle. A
long discussion concerned the meaning of the symbols “+” and “="" in relations like: F |+ By =
ﬁu‘ which indicate that £ is cquivalent, i.e. gives the same result as the rwo others together,
Both terms “sum” and “resuitant” were used, indiscrirninately,
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J.6.2  Subtraction of collinear vectors- Multiplication by a number

The introduction of the subtraction of collinear vectors came natrally when adding displace-
ments of oppusite sense.

After the notation AC+C 17 = AB. C
was used. a student suggested also:
“dC — (B = AB. Let’s put - to B

show that we have a displacement A

and then we go back again™.

Fotlowing this, other students tried to improve this notation:
2. AU+ BC= AB,
L AC- BC = AB, )
3. AC-BC=4B:"B y =" L indicate that f3(! is the opposite vector of OB ™
These remarks gave the opportunity to see the subtraction of two vectors as “the addition of the
opposite vectm™,
The introduction of multiplication by 2 number was presented on the basis of the addition of
equal forces,
i
1
{
1

3.6.3 Addition between non-collinear vectors

Serions difficulties were found concerning the differentiation between “tied vectors” (L.e. line
segments with a definite magnitnde and direction attached to a poim,‘ the prototype bemg the
physical concept of force) and “fiee vectors™ (lLe. line segments with a dcﬁmtg magnitude
and direction, the prototype being the geometrical concept of a parallel l‘fanS]atl(.!l‘l), These
are related to apparently different types of addition: the pm'a.’le{ogmm. and thf: triangle laws
respectively. From a more advanced mathematical - epistemologic_al point of ‘\:'Jew, these laws
correspond to the distinction between “tangent vectors to a manifold” and langent vectors
translated in parallel on a manifold”, the latter concept requiring more structure (e, ll_)e concepl
of a connection on a manifold) than just the ordinary differential struchie of a manifold. The
result of the pilot research that often students do not recognize the equivalence of parallelogram
and triangle laws respectiveiy may be due 1o this fact,

A convenient first step for cstablishing the equivalence of these laws seems t?‘be .connccte.d
with the commutatvity property of addition. Activitics were given for the verification of this {
property. On the one hand groups of 1wo and threc line scgments ag well as groups of vectors
were nsed. Tn both cases. the students were asked to make them successive and find out all
possible ways that this could be done. Tt is obvious that, for vectors where not onl'y magp]tudes ‘
and paths, bul also senses were considered, the result was always the same. This verified the _‘
commulativity of vector addition, }
The wiangle law was verified on the basis of successive displac_ements on d‘{ﬂ'erent pathsl, and
velocities considered as successive displaccments in the unit of 1ime. Certain cases reminded
some students of the purallelogram law, which they used in physics. This was the reason for
studying and (inally verilying the equivalence beiween these laws, The parallelogram law was |
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also studicd experimentally with the aid of an experimental arangement comprising a system of
two pulleys, and three weights balancing each other. By changing the weights, the students were
given the opportunity to vectfy not only the parallelogram law, but also the incquality between
the sum of magnitudes of the two components and the magnitude of the resultant. The final
result was thai a}though both methods of addition ate different, they are equivalent, in the scnse
that they lead to the same physical result. It was also discussed thar in 50Ime cases it is more
convenient to use the one or the other law, More precisely, the triangle law is more convenient

for successive vectors. whilc the paralielogram law is more convenient for vectors having the
SHme origin.

4 Results

Concerning the analysis of the questionnaires, work is stillin progress. However, the first results
indicate some interesting points. The first questionnaire (Q) identified specific emors related
to the understanding of notions like path and sense, difficulties in the distinction between linc
segments and vectors, and also errors concerning vector operations.

The questionnaires () and (Q:) indicated some iraprovemments of the experimental grong in
comparison with the control group. On the other hand. it seems that some misconceptions
are strong and persist afier teaching. In (he following we refer (o some types of eirors met
in all classes. Classes C) and C, constitute the cxperimental group. while classes Cy and C,
constitute the control group, Concerning their performance in schoot, C, is considered to e the
best class, with students having a very good level in mathematics and physics. Classes C, (the
pilot class) and C; come 2nd and 3rd respectively, while C) has students of a rather low level jn
both mathematics and physics.

The numbers in the following tables correspond to percentages of errors made by the whole
clags,

The figures for each test exercise are given in Appendix I1.
4.1 Errurs related fo the concept of path

Exercise WQy): Which of the Jollowing vectors have the same path?

Confusion between path and orientation:

_| G C, Cy C,
L 11% 10% 3% 24 Y,

4.2 Errors related to the concept of sense

Exercise 3d(Qq): Vectors Cand b have the same sense.

Correct Wrong Why?
Sense related to points of compass:
< € & T
[ 4% 13% 62 % | 52 %
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The following table gives the maximum percentages of ErTors concerming sense, met 1_n 1?]
before (zaching, compared to etrors met in Q after teaching, All classes were on h:;l 1atﬂ(:
equivalent level concerning their preconceptions about sense. However, alter (he teaching.
experimental group showes a greater improvement.

Errors (%) related to the concept of sense

| | Cl C'Z C3 C.; _|
0 ! 40 57 43 56
Q; . 11 27 62 52
4.3 Vectors regarded as line segments
Exercise 4 (Quy a} i =3k bji=k |
Correct Wrong Why?
Answers (%): “Correct” in 4 (Qa) o
" C, C, Cy Cy
}" da 14 17 38 23
] ab 11 10 24 16

Exercise 5 {Q1): The triangles ABC are all isosceles (AB = AC). Examine which of the following

cases expresses the velation bevween b and € for every one of these figures:
ab=¢ blb= ¢

¢) Angther answer, Which?

Answerbh = ¢

Cy

C.

Cs

11 %

T,
o

| e

36%

20%

4.4 Subiraction of collinear vectors

Exercise 6 (Qo): Complete the second part of every equality by the corvect vector:

@) FA—BA=...

byCIy - ED=--.

As it is indicated in the answers of exercise 6 the cxperim_enta] group made greater progress.
We should also mention the high percentage of no answers in the control group.

Answers (%) in 6a (Qq)

C] C‘2 Cq C'i
’7 Correct 54 67 34 i(;
| No answer D 10 17
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Answers (%) in 6b (Q,)
| C, C, C, Cy |
Coirect 57 63 31 23
No answer 7 [0 21 23

4.5 Parallelogram law-triangle law

The experimental group had a belter performance in mamipulating the triangle law.

Exercise 6(Q,): Repluce the question mark by the correct vector by using vectors & B or ¢ :
d+b=?

The experimental group made greater progress in this question, where the use of the triangle
law is more convenient than the parallelogram law.

Answers (%) in 6 (Q)

|— CJ ' C2 Cd C4
Correct 43 | 43 7 19
No answer 4 | 0 10 8
Exercise 5 (Qu): Replace the question mark by the correct vecror: A8 + ? = AC
] Answers (%) in 5 (Qs)
G ! G Cs Cy
Correct 86 100 a9 65
| No answer 0 Q 10 3] !

4.6 Relative motion

It seems that children’s strong preconceptions about motion and vector quanlities are in most
cases obstacles for understanding relative motion. Our groups had rot been taught about such
motions in physics lessons. During the experimental teaching several preconceptions appeared.
especially among good students. Many of these conceptions were so strong that they led to long
debates among students. Qur rescarch suggests that although the concept of relative motion is
rather difficult for young children, teaching can modify some of their preconceptions,

4.6.0  Relative motion - Collincar vectors

Exercise 7 (Qq): The railroud car is movin g rectilinearly, ar a constant speed of 30 s Sfrom
west to east. A passenger is moving along the raifroad o af a constant speed of 2 m/s. Using
" vectors indicate the passenger's displacement after 3 sec in the following cases:

a) The passengeris moving from A to B, b) The passenger is moving from B to A2

*The figures vsed in this exercise have been taken fram 7.
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Answers (%} in 7a (Qy)

C. C, G |G
Correct é8 63 0 2
No answer 11 7 o 38 23
Answers (%} in 7b (Q3) _
C, C: Cy . C4
Correct 57 47 0 39
No angwer 11 20 41 2

4.6.2 Relative motion - Non collinear vectors

Exercise 9 {(Q;): A marble ball is moving across the floor of a railroad car. at a speed of 6m/s

relative to the floor. When the ball starts moving, the railroad car starts also moving rectilinearly,
al a constant speed of 8 mi/ 5. With what speed does an observer outside the railroad car see the
marble ball moving?

Answers (7t}in 9 (Qy)

- | o C, <, C,
Correct 36 4(} 14 _ 1%
No answer 11 i7 L7 35

Exercise 10(Q;) An ahplane is moving horizontally with velocity @ and packets of cattle food
ate thrown over 2 mountain village. There js no air resistance. Draw where a villager sees the
packet moving towards, when it leaves the airplane from point A.

Answers (%) in 10 _(Qa)

Cl CE C;]_ C-‘l ‘
Comect 25 43 B 6 |
No answer ] 4 7 7 0 |

5 Discussion

Vectors are introduced. as a tool for solving geometric problems, only in the last year of Groek
high school mathematics. Qur previous research has verified specific and persisting dﬂﬁmﬂu‘cs
ameng Greek students (aged 15-18), about some epistemological aspects of the concept of a
vector, which have a negative influence on geometry problem solving procedures,

Tn our opinion, these ditficulties are mainly related to the fact that vector nol‘i_ons are p{'cscptled
in their abstract form right from the beginning. without introducing them first in a more mmltl\‘se
and physical way. Physics is a suitable field for introducing vector notions and operations in
a more intuitive way. Howcver, the role of physics in the development and establishment of
vector notions suggesied by history is ignored in the cumriculum of secondary schaol,

The above difficuliies, and indirectly the role of physics in the historical development of vector
algebra, led us o an alternative teaching approach, which can help students construcr basic
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vector notions and operations on the basis of physical and geometrical situations and activitics.

Our experimental teaching gave us the opportunity on the one hand to face and discuss difficul-
ties in depth, and on the other hand to attempt to eliminatc them, Although our results presented
here are mainly based on a qualitative analysis of teaching, they indicate that our approach is
successful, The first results suggest that our teaching helped students in the experimental group
o overcome some of their wrong conceptions. However, a more detuiled description of the
consequences of our teaching approach, based on a quantitative analysis of the questionnaires
distributed to the students, is still in progress.

Nevertheless, we believe that the teaching approach of using intuitively physical sitwations,
proposed here, would be heipful for a deep understanding of such notions and their construction.
This understanding is necessary before vector concepts and operations are used as a (ool in
veCtor geometry.
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Appendix {

In English one describes a vector by two terms: Iis magnitude and its direction. 1 -[ [ 5 ]
1 2 / Vs !
| Sl i g A4 L
2 ' J/r} r‘“““' I
magnitude ll< / ! \ ik | I 2F
J— ! . i 3
. 3 i Y
¥ - ot T B
direction L byt - s\ N L
uatl i L i _ ! 20 RN
3 s \ L 4 j / ]
T L} b : -
apposite direction N 16 Sy Y as |
N ' T i
. m - | _ ; I 3: |
i —+ ‘!_ i : I | < | \?1 | ! NI |
: ) I ! F | j | . | |
| | . S [ N :
In Greek (and in French) one describes a vector by three terms: its magnitude (longueur), its T T T [ T | | | I i I \; i ‘
ecti ; o (e 1t ;| Pt . i
3 path (direction) and its sense (sens). i ; — 1 - ! T l I —|—| T J;
: r
. f Exercise 1{Q3)
| .//// _ g
i
same path [' Exercise 3d(Q2) Exercise 4(Q2)
opposite scnse :
A
C B
c
B
Appendix IT C
A b
\ Exercise 5((}3)
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Excrecise 5(Q2)

Exercise 6{()2)

=

&)

Exercise 6(Q3)
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Exercise 7(Q2)

Exercise 10(03)

Exercise 9((Q3)
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Pascal précurseur de Newton ? La chate des idoles

DEPONGE Charles, METIN Frédéric, RACINE Marie-Noélle
IREM Dijon (France)

Abstract

Dans les périodigues édités par les Acaddmies et les diverses sociélés scientifiques, on
découvre les Mathématiques telles quelles étaient faites {en poblic) par les plus grands
savants de leur temps, dont on apergoit parfois 1'esprit étriqué ou au contraire trés large.
Les noms de baptéme des théuremes qui ont bercé nos émdes prennent corps (Rolle le
rngard, Varignon le héros, Laplace le dieu vivant, etc.); des inconns revivent, et I'on se
demande pourquei ils sont oubliés (Frenicle. connu des seuls amateurs de carrés magiques,
Montmort célébeé par toute 1'Earope,. . . ) Enfin, quelques phares de la Science descendent
de leur piddestal ; ¢’est le cas de Chasles, I'un des plus illustres mathématiciens, avec
Pythagore et Thalés, puisque son nom est dans toutes les mémoires (¢ était "homme d une
seule relation, mais tout le monde 1a connait.’)

Son aventure et sa déchdance 4 T Académie des Sciences sont grandioses et incroyables :
En 1867, il prézenta une letire de Blaise Pascal, tendant & prouver que ce dermier avait
trouvé 1'expression de la loi de la gravitation universelle bien avant Newton ! Un sunple
entrefilet des Comptes Rendus allait déclencher une polémigue sans précédent, mettant en
scene des scientifiques de toute I'Europe, tenant en haleine les pays conceings. Trois ans
durant (de 1867 A 1869), lcs Compres Rendus se firent 1'écho, au long de containes de pages
des rebondissements de 1" affaire. & la lecture des Compres Rencus relatant cette affaire, on
mesure |'importance de |"archivage officiel, méme dans les histoires les plus douteuses, car,
pour certains, 1" Académie des Sciences de Paris s'était définitivement ridiculisée, alers gue
pour ses défenseurs au contraire, elle s'était grandie en ne cachant rien de la polémique qui
grandissait en son sein.

Mais laissons la place aux textes.

"Ein tout cas en Franee, coconen |
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COMPTES RENDUS

HEBDOMADAIRES

DES SEANCES

DE I ACADEMIE DES
SCIENCES

POBLIES,

CONFORMEMENT A UNF DECISION DE L' ACADEMIE

e dhete il ¥y Failor FANTTA

PAR MM. LES SECRETAIRES
PERPETUELS

TOME SOTX ANTE-CINQUIEME.

FCIELET- DECEMHRE 1567

PARIS,

GAUTHIER-VILLARS, IMPRIMEUR-LIBRAIRE
CES COMPTES RENDLUIR DES SEANCES JE L'ACADERIE OTS
SCIENCTS,

STROCESSETR NEAALLLT-BACHELIER,

Qued dees Augusting, 33

1367
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Premiére époque : Révélation - Riposte anglaise.

Le 15 juillet 1867, la séance cst présidée par Chevrenl (I" Académie se réunissait tous les

qui invite Chasles & parter de manuscrits dont il avait fait mention quelques séances anparavant.
Ce demier annonce :

< ai honnewr de mettre sous les veux de Idcadémie guelgues éorits de

Paseal, gui montrent gui'il 8'est beawcoup oceupé de la recherche des lois de

{'attraction, ef qu'il les a comtites. s

Et le Cammpre Rendu en fournit méme des extraits, ce qui sera fait dans tonte cette histoire a
chaque fois que Chasles présentera des manuscrits 4 'appui de ses affirmations; voici Ie texte
d'une lettre de Blaise Pascal av physicien Robert Boyle:

Ce 2 seprentbie,

MONSILUR
Dans les mouvements célestes. la force agissant cn rajson directe des masses et en raison
inverse du quamé de la distance suffit & toot et fournit des raisons pour expliquer toules ces

granles révolulions gui animent I univers. Rien n'est si beau selon moy ;

-]
PasCaL
A M. Boyle

Stupeur dans 'assernblée | Chasles est trés estimé, on Ie sait collectionneur de manuscrits
autographes, mais chacun semble se demander ce que recéle sa collection. 11 donne un autre
cxtrait d'une courte note attribuée 2 Pascal et retrouvée dans ses papiers:

Clest par ces principes qu'on bouve que les quantités de matigre du soleil, de Jupiter, de

) 1y 1 Lo 1. L
Saturne ef de o terre sonl entre elles comme les nombres 1, | e oo e

11 faut attendre 1a séance suivante, le 22 juitlet 1867, pour que certains Académicicns don-
nent leur sentiment, 4 commencer par Duhamel :
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Or peut-on supposer giee Pascal eiit une mesure du diamétre de fa Terve plus
exacte que celle que on connaissalt en France ¢f en Angleterre, et dont les
historiens de ta science n’ont pas parlé ? La comparaison des forces aux dis-
tances aurait donc plutdr éloigné Pascal de la loi qu'il énonce. Ce n'est done
pas cette comparaison qui lui en a donné Vidée. D ot luf ext-elle done venue ?
... I Comment Pascal aurait reconiii qu'une pareifle force ferait décrive des
eilipses ayant e Soleil pour fover. Newton n'a pu le faive gu’apres avoir établi
sa belle formude enmre la force centvale et certains éldmenis infiriment petits
de la trafectoive.f. .. | La letrre die 2 septembre, attribuée & Poscal. semble

donc inexpliguable.

Chasles répond & peine, mais donne quelques nouveaux cxtraits de lettres de Pascal i Boyle,
€tayant son propos. I se justifie le 29 juillet 1867, peut-éire face i 1" étonmement (et une sourde
réprobation) de ses pairs :

e w'ai vien dit de plus, et je n’ai pas prononcé le nom de Newton, it'ayant
pas pour but &' dtablir un pavalléle entre ces devx grandy génies. dignes tous
dewy de Vadmiration et du vespect des géométres de rous les tenps er de tous
les pays; car la science a powr patrie fe monde entier: {.. ] Dans une lettre
inédite, Leibnitz dit que Newton posséde des écrits de Pascal, et que lui-méme
en posséde aussi. {. .. ] Aussi je n'hésite pas a déclaver formellement quil ne
pe.i!! ¥ avoir aucun dotte; c’est-d-dire gue toures ces piéces sont bien de la
main de Pascel; qiee celg m’est prouvé non-sevlement par le nombre de ces
piéces et les sufets que'elles raitent, mais surtout par une corvespondunce de

dix années entre Pascal et Newton f, .. ]

On remarquera la rhétorique classique () &l pas dit ga, mais ¢’est viai”) et surtout le fait que
Chasles cite pour sa defense une lettre inddire, Ce sera quasiment toujours pareil : les documents
décisifs de Chasles sonl toujours inédits ct connus de lui seul ! C'est Prosper Faugére, grand
érudit et premier éditevr des ceuvres complétes de Pascal qui porte un coup que Ion aurait pu
penser décisif :

{... T que la signature mise an bas de ces docwments n’est pas celle de Pascal,

et gt 'ils sont d'une autre criture que la sienme. ..}

Il était ie mieux placé pour I'expertise, ayant détenu des manuscrits “officiels™ de Blaise
Pascal, prétés par la Bibliotheque Impériale. Ce méme jour, Bénard remet les choses en place
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La question est trop Importanie pour yue Uamoini-propre national des Anglais
céde devant une confrontation de style, d orthographe, d'écriture et niénie de
papier. D 'aillenrs, les documents produits par M. Chasles sont certainement
fabriqués & plaisiy, et méme par un falsificatenr assez mathabile. ... ] Tour
cela ne semble-t-il pas copié dans un Traité modeme de cosmographie ? On
se sera contenté d'altérer grossiérement le devnier nombre, Mais comment
Fascal anrait-il pu calculer le 2 janvier 1655, au plus rard, la masse de Sat-
wrne & P'aide des révolutions d'un satellite quii ne fur décowvert qute le 25
mars de la méme année et dont fes premiéres tables, publides en 1659 par
Huvyghens, étaient encore trés-imparfaites ? {. .. ] Mais malhenrensement la
Sfraude que je prends la liberté de vous signaler doit cacher une vile perfidic,
L'arigine anglaise des lettres avtribuées & Pascal me parait manifeste. [, |
L'aureur doit étve aux aguets powr recueiliiv le bruit qu’ elles feront en France

[

C'est la thise du complot (de ces perfides Anglais, bien siir). 1argument des dates parait
lui aussi décisil et cette histoire devrait s arréter 1, mais c’est compter sans la ténacité de ce
vieux passionné de Chasles

Les Anglais attaguent. en la personne de Sir David Brewster, honorable el réputé physicien
britannique, le biographe de Newton, qui gerit le 12 aofit 1867 :

Ayanr sofgreusemeitt examing tous les papiers et la correspondance de Sir
Isaac Newron ... ] je n'hésite pus & dive qu'aucune letrre de Pascal & New-
ton, N qucune qufre piéce contenant le nom de Puscal n'existent dans cette
collection. {...] Je crois que jomais letves n'ont été échangées entre Pas-
cal et Newton, {... ] Les letires de Pascal & Newron datéey du 20 mai 1654,
et les nombreuses lettves qid'on donne comme échangdes entre eux dans la

méme année, quand Newton avait moins de onze ans et dend, sont également

forgées, car Newton n'avait nulle connaissance des sufets qui y yont traitées,

s'oceupant alors, d'une maniére bien plus comvenable G son dge, de cerfs-
volanes. de petits inauding et de cadrans solaires {. .. ]

Que fait Chasles ? Il produit de nouveaux documents, qui, comme par enchantement, répon-
dent parfailement aux arguments de Brewster ; par exemple les extraits suivants :

Anbrey & Pascal,

Le 12 may 1654. — Je me suis rendu suivant voue désit auprés du jeunc Isaac Newton.
et me suis entretenu longhement aves Juy. W est Lort jeune encore, car 3 peine a--il onze ans,

et pondanl il raisonne fort sciemment sur les mathématiques el la géoméuie [. .. ]
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Newrenr a M. Uabbé Bevrier

18 juins. -— Je vous prieray m’envoyer., i vous plait, toutes les letizes de moy adressées

aM. Pascal. Ce sont des scuvenins de mon enfance que jo désirerois garder devers moy. [, . ]

Lc probléme de cette surenchére, ¢’est qu'elle commence & scundaliser les membres de
I" Académie, car les €crits de Newton le montrent “sous un jour particulizrement odieux”, selon
le mot de Duhamel. Mais, est-ce la notoriélé de Chasles ou sa force de persuasion? Ses contra-
dicteurs se placeront toujours sur un tertain scientifique ct historigue.

1l faut imaginer ce grand personnage! de la fin do XIX*™ siecle discourir, en ces termes, &

Un faussaive qui aurair fabiiqué 1ouwtes ces Lettres, toutes ces piéces, pour
prowver qu il a existé des relations entre Pascal et Newton, aurait eu bien du
talent, puisquil aurait fait tout & la fois du Pascal, du Newton, du Labruyére,
du Montesquien, du Leibnitz, du Malebranche, du Saint-Evremond, ete. Aussi,
quelques affirmatives que solent les protestations de M. Faugére en favewr de
Pascal, er de Sir David Brewster en faveur de Newton, je réitére & ['Académie
Fassuraitee qu'elles ne font naftve dony mon esprit awcun dowre, et qu'elles
ng ¢ Catsent aucune inguictude,

Autrement dil, il met tout son poids dans la balance. En outre, il accumule les témoins les
plus prestigicux, ce qui lui vaudra les pires ennnis.

Par exemple, le 30 septembre 1867 est Jue en séance une lettre adressée i | astronome Le
Verrier {membre de 1’ Académie, qui joucra un réle déterminant dans la conclusion de cette
histoire) par le Directeur de I'Observalvire de Glasgow, un certain Grant :

"Pour 13 pelite histoire, Michel Chasles avait regu i son baptéme, dans 1a période post-révelutionnaice, ¢
prénom de Fleréal, mais v jugement due tribunat i avail permis d'cn changer alors quil avait une vingtaing
d"années. [ ne devait pas fabre hon plaisanter sur le sujet,
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C'est en 1633 gue fut publié Uouvrage vemarguable de Riccioli, 'Almagesiumn
Novim. En 1659, Huyghens publia son Systemo Sutwrnivm. Ces detix on-
vinges peuvent étre considérds comme fournissant les meitlewrs matériqus
accessibles @ Pascal pour former la base de ses recherches en astronomiie
physiquee. [... ] Aprés avoir établi ainsi wne comparaison entre les meillewrs
éléments de calcul gu’on pewt supposer avoir servi dans le remps de Pasedl, et
les éléments employés par Newton en 1687 et 1726, je vais maintenant com-
parer lex résultars communiques par M. Chasles & 'Académie des Sciences,
avec les réswltats corvespondants des recherches de Newton conterus dans les
éditions des Principia de 1687 et 1726.

Comparons 4 abord les masses du Soleil, de Jupiter, de Saturne er de la Terre.

Nows rouvons ainsi:

Soleil.  Jupiter. Saturne. La Terre.

Pascal (1662})..... 1 i o T
Newton (1687).... 1 ke 0 T
Newton (1726).... 1 o Tt e

L'inspection de ces nombres montrera au premicr coup d'wil gue {"une des
detx conclusions suivantes est indvitable : ou quelque pbservarenr inconnu
a found & Pascal des éiémems de caleul absolument identiques & ceux que
Newton a obtenies en 1726 de Cassini, de Pound et Bradiey, et alors Pascal a
dii faire usage de la méme valewr de la parallaxe solaive employée par New-
tom en 1726, o'est-d-dire 10172 secondes, on Bien ley chiffres communiguds a
PAcadémie des Sciences par M. Chasles doivent éres de purs mensonges. La
premniére de ces concluxions ne pet étre dccepiée.

Cela parait maintenant clair : il ¥ a eu manipulation ! Mais, vous I'uvez comptis. note
grand homme est au-dessus de cela, et Chasles répondra, superbe, dans la méme séance .

Cest done évidemment Newton qui, aprés '8tre Scarté, en 1687, des nombres de
Pascal, qu'tl connaissait, y est revenn en 1727,

Pour étayer ses affirmations, Chasles évéle une corespondance de Pascal avec un illusire
savant qui fait son entrée dans cette histoire et marque 1'épisode suivant.

Seconde épuyue : L'Italie impliquée.
Le 7 oclobre 1867, toujours e riéponse i la lettre de Grant, Chasles voit rouge :

Suns doute les observations faites depufs n"existaient pas; mais qu'est-ce gui prowve
qute Pascal i’en possédait pas gui lul permissent de faive ses calouls 7

Eh bien, heurcusement je puis produire un autre ordre de documents se rappor-
tant & ce catcild de Pascal. Et Uadmiration powr Pascal s'en accrofirg encore, car
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c'est & Vdge de dix-huit ans quil a trouvé ces nombres. Cest en 1641, en bas-

. A

ant ses calculs sur des dcrits inédits de Kepler, et des observations ASHONOPNGUES
que hui transmettait Galitée. Cest le témoignage de Galilée lui-néme, ce sont ses
propres Lettres que je vais produire, Des Lettres de Pascal er d'aurres documents
successify v fevont suite jusqu'd Newton fui-méme, qul viendra apporter yon propre

témoignage.

Er voici les lettres el la conclusion :

Florence, c2 7 juin 1641,

[-.. 1T ay examing avec beaucoup de soin vos caleuls des forces qui pevvent agir sur ces
corps @ distances dgales du Soleil, de Jupiter, de Saturne et de 1o Tere; el ces farces donnent
pacfaitement la proportion de matidre contenue dans ces différents corps conformément i la
loi générale de la variation de la gravité, comme j’en avois e Uidée. Cest donc par ces
principes gu'on trouve que les quantites de matk&re du Soleil, de Jupiter, de Saturne et de la

Tere sont enire elles comene les nombres 1, e s ) 1rsss- ainsi gue vous 1¢ démontrez

fent bien en vostre traité. [. .. ] Continuez-nous, je vous prie, vos nouvelias expériences, Je
suis oujows Ies-souffrant; je n'y vois presque plus. Je suis comme oujours, Monsiewr,

vosire trés-affecionngd.

[.. 1€ar quayque je ne vaye mesque plus den, j2 n'en parviens pas moins i déchiffrer
vos escrits oy mesme, tant a sur moy de force 'omonr de la science et le désir de son
ProgIés,

Je sujs votre ben affectionné serviteor

GALILEE GALILEL

Quant 4 la question des observations, tout s”arrange, grice 4 Boullian
Boulfiow & Huvghens,
Lin de mes amis, Monsieur Pascal. qui avoit quelques relations avec Gelilée, aregu de ce
dernier s instroment qui grossit prodigieusement Tes objeds, et an moyen duquel on appetgoit
peés de Saturne quelque chese qui me semble extraordinaire. {. ..

Huyghens & Boudliue.

Derniéremenl par un tlemps clair et magnifique, je me suis remis & observer Saturne, et
non seulement j'ay reva Uanneau dont jo vous avois déjd entretenu, mais j'ay découvert

parfaiternent le satellite que Galilée disoir aeeir appergu. I o'y a plus de doute [. .. ] Vastee

Ce 2 décembre,

uis homble el wés affectionng servitear

. GALILEE B CH. HUYGHENS
A Monsienr Fascal MLEE GALILEL

Chasles conclut en présentant des Lestres de Pascel, d Huvghens, de Marioe,
de Newton, du cardinal de Polignac er de Malebranche, gui s'gecordent tontes
& contfirmer les Lettres de Galilde, Elles prouvent toutes que Foscal aveit

. composé, en se servant des écrits de Kepler et des observations de Galilée,

Huvgens? est mouillé dans cette sale aftaire | On dirait vraiment que toute I'Europe s'est
impliquée dans cetie conspiration du silence, visant & déposséder notre brillant Pascal de sa
découverte au profit de Newton. I était improbable que la Hollande pe réagisse pas.

. sx . Troisieme époque : La Hollande au secours de 'lialie,
ui petit Traité reafermant les valewrs monérigueys des masses ef des densités pod
P des plonétes, qui ont €€ reprodiites par Newton dans V'édition de 1727 de Le 9 décembre 1867, Harting, astronome de [ observatoire d"Utrecht, repond depuis le Nord

son Livre des Principes. Telle est ma réponse aux objections, prétendues de I'Europe :

. décisives, de Uéminent astronome de Glascow, o s . : e 3
- C'érair fe 25 murs, ¢’est & dive environ sept semaines aprés Uachévement de

P L'y a pourtant un probléme, entre autres, qui échappe pour Iinstant 2 Chasles : il est reconnu son presier objectif, que Huvghens apercur powr la premiéie fois le satellite;
: que Galilée était aveugle 4 la fin de sa vie, et qu'il n'écrivait plus rien. D’aprés le schéma bien
connu maintenant, nous allons assister & une nouvelle controverse, qui n’abattra pas pour autant

le vieil homme qui balaie cet argument d*un revers méprisant a 1a séance du 18 novembre 1867 -

mais fes observations des jours suivants éraient nécessaires pour en établiv la ) i
véritable nature. D'abord il fui attribuo une révolution de seize jours et quatre

fewrres. Ce ne fut gue guelques années plus ravd qu'il lui assigna un temps

Je suis en mesure de prouver gue Galilée n'a point ér€ atteint o' une cécité
complete dés la fin de 1637, mais seulement dans le dernier mois de 1641,

de révolution a pen pres égal & celui qui est mentionné dans Iy Lettve que
M. Chasles vient de faire connaitre, et gui cerfainement est d'un foussaire,

i et méme d'un faussaire peu habile, puisqu'il puise ses coordonnées dans les

Drailleurs Galilée le confirme et prévoit méme avec beaucoup de pertinence : .
secondes éditions.

Gatitde & Pascal. Cette attague vient d'ailleurs aprés le coup de poignard de G, Govi, érudit italien, spécialiste
| -
Ce 2 septembre 1641, 1 ne mangue que Te 500 pout que vous puj.‘,'si&'f. m1len1¢e noLre__belle pmnor.u:ial.im.l (ui:g_uinsse)‘ i ﬁtfc Pam;r
d'effrol les anditeors pordiques de cet exposé. Nous pensions nafvement nous rapprocher de 1o prononciaton de
1'époque. .. Finalement, la plus élémentaire courtoisie vis-3-vis de nos hotes nous conduit a faire unpas dans oo
sens et prononces “nig-cnne-se”
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de Galilée comme il se doit, qui €crit une semaine auparavant, le 2 décenbre 1867

Et d'abord. Galilée n’a jamais écrit en fromeais. [ .. ] Mais il y a plus : les
cing lettres sont datées de Florence; on depuis le mois de décembre 1633,
Galilée vivair prés d' Arcetrl, dans une vifla de la famille Martellini, appelée
{e Gigjello, ot V'illustre vieillard expiva le § janvier 1642, .. ]

Quiant & la cécité du panvre grand homme, elle n’était, hélas ! gue trop vrale,
et si M. Chasles veut bien se donner la peine de consulter Ia correspondance
de Galilée, il verra que dés Uannde 1632, ses yeux avaient été frappés d'une
aftération assez grove pour Ini Ster le powvoir de lire et écrire sans souffrance

Interméde : L’année 1868

11 ne se passe rien, ou presque’.

Le volet italien de 'affaire trouvera sa conclusion cn méme temps que {affaire elle-méme,
Torague 1'on montrera que les etires que posséde Chasles sont indubitablement nspirées d’une
édition des ceuvres complétes de Galilée, dablie an XTX®™® sjdcle (les manuscrits ayant éé
transcrits), et ne peuvent donc étre de la main de Galilée ou d'un de ses secrétaires.

Quatrieme époque : Le réguisitoire de Le Verrier - La Yérité

C’est un certain Breton (de Champ), ingénieur ami de Le Verrier, qui dévoile une partie du
pot-mix-roses, fe |2 avril 1869 :

{. ..} Cet ouvrage est " Histoire des Philosophes modemes, par Savéiien, gui
a paru, dans les années 1761 er subvantes, en sept volumes in-12, Dans le
quatrieme, qui poite la date de 1764, se rrouve article consacré & Newion.
A la suite de la partie historique de cet article vieat une exposition du systéme
i monde fondde sur la théorie de Iattraction universelle. O certe exposition
renferme non-seulement la substance, mais aussi le texte complet de la plu-
part des Notes et Observations relatives & ce systéme, qui omt éré présentées
i UAcadémie comme étant de Pascal.

La demiére pirouette de Chasles est semblable aux autres ; ¢’est bien sfic Savérien qui a
copi¢ sur Pascal et cie et. des lettres (inédites. . . } présentées a T' Académie 2 1a séance suivante,

*Des querelies “de spécialistes” sur la cécité de Galilée. entre Ies Ialiens qui font référence 4 tout ce que I'on
connalt du grand homme. ot on Chasles dont 1o maavaise foi n'a d*égale que 1a conviction.
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M. Breton s¢ prononce ginst avec une grande assitrantce et une foi naive, bien
imprudente. ... [ Savérien g ey connaissance e a fair usage de plusieurs des
Documernts qui me sont parvenus. Ces pi¢ces se trouvaient alors dans la riche
collection d'objets précieux en tous genres que possédait Muie de Pompadour.

[

Ce 14 imars,

MADAME LA MARQUISE,

Je vous retourne 200 etwes de Copernic, de Galilde, Descartes, Gassendi. Pascal, Male-
branche, Leibnitz, Newton et anties savans du siécle passé, que vous avez bien voulu me
confler. I'ai compulsé avec soin ces précieux documens. et jen o fair dey exiraits qui me
serunl iés utiles, non-sentement powr mon hiswire des poogrés de IMespeit humaiv dans leg
seiences naturelles, intellectuelles et exactes, mais aussi powr une histoire des philosophes
anciens et modemnes. que j ai dessin de faire,

]
Vole trés humble, wés dévoud et trés obéissant serviteur,

A Madane fa marguise de Pompadour SAVERIEN

Il est amusant de lire sous la plume de Chasles 1"expression “foi naive”, 4 I"heure méme ol
I'hypothése d'une supercherie dont i aurait été la victime semble unanimement adimise.

11 fallait alors un personnage aussi prestigicux que Chasles et membre de la méme Académie
pour mettre un terme A cette histoire. Ce fut Le Verrier, dont 1"époustouflant réquisiloire (Ex-
mnen de la discussion soulevée au sein de PAcaddmie des Sciences au sujet de la décowverte
de l'artraction universelle, commencé le 21 juin 1869 mais étalé sur plusieurs séances) rappelle
tont ce qui a éi€ dit et sape 1a demiére once de crédibilité de Chasles en mettant cn évidence
son systéme de défense. Le Verier reprend le lexte de Savérien cité par Braton (de Champ) et
le met en paralléle effectivement avec le texte des manuserits de Pascal. le 3 juillet 1869

La discussion s envenime le 26 juillet 1869 .

[Chasles] Tout ce gue M. Le Verrier dorit dany e Compte rendu du 3 juiliet et ce
que il vient de reproduire sur le fonctionnement de la Connission est done dii &
son imgagination e¢f est contraire & la réalité des faits. Quont & ses insinuations
injurieuses sur ce que je refuse de i dire de qui je tiens ces Documents, je ne serai
point einbarrassé d'v répondre quand je le fugerai & propos.

[Le Vermier] M. Chastes s'écrie gu’on Uattaque, et gie fa demiére parole doit éne
réservée an droit sderé de o défense. J'accepte le principe. Mais qui donc est-ce
qui attaque ick, 5i ce n'est M. Chasles ? Qui @ done osé dive en s’ appuyant sur des
papicrs suspects, émanant d 'une saurce cachée et inavouable. que Newron n'érait
qit un vilgaive plagiaive qui avait sousrrair i Pascal ses titres de gloive 7 Er quel est
celui qui se défend si ce n'est Newton, i g mud ne peut vefuser le droit de pausser

& fond le débat et dexiger qu'on y mente la méme rigucur gue devant wit fribunal ?
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Le vieil homme est délait le 13 septembre 1869 ; aprés deux anndes de combat, # avoue
avoir été 'objet d'une mystification, dans un mémoire lu 41" Académie, Question des smanuscrits

livres avec faux ex-fibris) pour environ 150 000 rancs de 1'époque {¢a doil [aire une furtune),
de Pascal, Galilée, etc.

: Il écopa de 2 ans de prison et d'une amende,

Lorsque dans les premtiers jours de juifler 1867, jai en 'honneur de con- On apprend 2 1a lecture du livre que :

miiniguer & U'Acadéniie cevtaing Documents gui prouvaient gue Pascal aurait
cu connaissance des lois de Pattraction er airait méme des relations avec le a} Les quelque 27000 manuscrits sont tous de la main de Vrain-Lucas. Sur tous les faux,
Jjeune Newton, je n'agissais pas avec précipitation; car ¢ dtait depuis 1861, I"écriture est d’aillenrs sensiblement la méme.

b il utilisait de vieilles feuilles vierges achefdes aux puces ou volées dans les bibliothaques
et une encre vieillie atificiellement,

c) toutes les lettres étaient Ecrites en ancien frangais. Conuuent Chasles a-t-11 pu se laisser
abuser quand on sait qu’il a acheté des lettres de Thalgs au roi des Gaules, d"Archimede i
Hi€ren, d’Alexandre le Grand & Aristote, de Jeanne d'Arc au peuple de Rouen, et méme de
Lazare i Saint Pierre et des apéitres a Jésus !

en novenbre, gi'un individu, se disant archiviste paléogrophe et faisant com-

merce de titres géndalogiques, me procurait ces Documents émangers a lo |
spiécialité de son commerce. de la part du possessein qui me les faisait pro-

poser

Je connaissais done 'hmpertance scientifique de ces Documents, je savais

foontre gque je ne possédais pas toute la ¢ jon; }linsiskai - gt . . qeie y N
oo que s £ £ collection; J'insistais pour qu’on Aucune conclusion ne pourrait avoir 1'intérét des textes cités, cette histoire est suffisamment

me lu livedt tour entiére: mats on me répondait que le possesseur; qui Uavait _ formidable pour ne pas avoir besoin de commentaire; mais, puisque vous avez lu jusqu’ au bout,
rapportée d Amérique, ol clle avait passée en 1791, ve plaisait & parcoinir voici pour votre plaisic un extrait d'une des lettres achetées en loute simplicit€ par Chasles :

teutes ces Fiéces, et ne voulait les livrer qu'a son loisin N \ ; p
e s . . . e s Cleopatre royne d son trés amé Jules César, salut
{... ] Mais bientét, aprés les observations qui ont €1é faites & Florence suv la
Letrve de Galilée chi 5 novembre 1639, dowr [avais emvoveé une photographie,
ot éveillé mon atrention, et ont commencé & m'inspiver des inquidtudes qui Mon trés amé nostre fils Cesarion va bien. J espére gue bientbi il sera en estar
ot porté d certaines vecherches ¢t & dey mesures d'information, et méme

i

de supporter e vovage d'icy & Marseilles ot Pay dessin de e faire instruire i

a solliciter de M. le Préfer de police une surveillance, & Ueffer de connditre tout & cause du bon air qu'on y respirve et des belles choses qi’on y enseigne :

enfine le véritable dépét des piéces qui m'étaient vendues. [..]

[ ] Mais on n'a owvé che: fle vendeur] que quelques papiers blancs, ‘

provenaat de registres, des plumes, un seul flacon d'encre et quelques fac- : O reste suns voix. . . i

siniite de !'Isographie, quand f'avals espéré qu'on y trouverait la masse : . |
I

des Documents dont it ne m'avait livié gue des copies er domt une panie

Ll il ke 4

p considérable m'érait encore due. I o refusé d’abord de faire connatmre de "
4 gui i tenait ces Docuinents. Er il a déclaré depuis que o éiait Ini qui les
: Jobriquaitf. ..}

Iy a done I un mystére o pénétrer. et fusque-li il 0’y a rien & conclure avec
certitude.

Quelle éirange fin, comme si Chasles voulait croire encore a l'incroyable. . .

Epiloguc : I procés du faussaire

Les denx experts nonmungs par le tribunal pour le procés du faussaire Vrain-Lucas ont publié )
leurs résultats dans un livie en 1870%. Ce qui y est écrit est pire que cc que I'on pouvait imaginer.
Vrain-Lucas avait vendu a Chasles 27,472 objets (fausses letres, letives anodines talsifides, :

TF LI =

*Henri Bordier & Emile Mabille, Ine fibrigue de faux autographes ou récit de Uaffaire Vrain-Lucas, Paris,
Léon Techener, Libraive, 1870, Cette atfalre avait tant suscilé d'tniérét dans | grand public. de par lu personnalité
des deux principaux acteurs, qu'il éuait logique de publier le rapport o espertise,
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. About the notion of natural legic: historical and theoretical remarks

FREGUGLIA Paclo
L' Aquila Universicy (Italy)
BERNARDI Raffaclla
Utrecht University (NL} and Chieti University (Italy)

, Absitract

The paper 15 meant as a hustorical and theoretical analysis of some ootions we claim o

charactenze a “natural logic”. As an example we focus our attention on the syltogistic the-
v ory. After giving a brict introduction to the classicat syllogism, we examine the rechniques
of the syllogistic ‘demostratio” with respect to the analytic and synthetic methods and we

charactarize them by means of elimination and introduction rules. 1n the second part of the
I paper we propose a comparison with Gentzen's Natural Deduction.
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1 Imntroduction : Syllogisms

The syllogistic "demostratic’ has been traditionally considered to be the unique logical instru-
ment for formalizing natural reasoning inferences. In the philosophical discussions of the XVI
century a prominent role was plaved by the analysis of mathematical proofs. 1n particular the
attention was focused on the guuestio de certifudine mathematicarum {see Piccolomini, Catena,
Clavio [?] and Barozei [?]) and ihe methodological symmetry between analysis and synthesis.
The resolutio and the compositio, their synonyms. were described by Dupleix [?], as;

Analytique [, .. ] est un mot Grec dérivéd d"Analysis, c'est-i-dire Revolurion : qui n'est autre chose
qu'un regrés ou retour d'une chose en ses principes |...] tellement que c’est ke conteadre de la
composition [ ].

The increased interesi for the analysis was molivated by 1wo events: the discussions on Euclide,
from the one hand, and on Pappo and Dicfanto, from the oiher. These two fact pushed the math-
ematicians to focus their attention on the method they were using. From this methodological
studies the analysis acquired a new role, and was considered to be as important as the synthesis.

Following this idea, in the paper we define the syllogism in terms of mathematical rules able 10
cxpres both the synthesis and the analysis.

As it is well-known the classical syllogisms are based on four types of categorical propositions:
universally affirmative (A), universally negative {E}, particularly affirmative (I), particularly
negative (O). The problem of how to Interpret the catezorical propusitions comrectly has been
deeply discussed in Lukasiewicz [?]. We will represent these four propositions as:

#1(p,q): Every pisq
Fyp.gy Nopisq
Fy(p.g): Some pare q
£y(p. ). Some p are nol g

o-mx

Summing up we say that: Fi{x, y) stands for a categorical proposition where £ and y are the
subject and the predicate, respectively.

A syllogism is an interence schema composed by 1wo premises which share a term, known as
medium term, and which carry the other two terms which will be repeated in the conclusion,
Accordingly to the different positions these three terms occupy in the schema, different figures
are obtained. As an example we discuss the first figure.

1.et = be the medivm term, i and y the termes in the major and minor premises, respectively,

1+ Figure
Z X
¥ Z
¥y X

Different modes are obtained combining the fonr possible categorical propositions. We sum-
marize them in the table below:
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| mode, mode; mode; modey, mode;, mode
figure, | AAFA BAFE ART ENFQ AA-1 EAFQ

where the XY F Z denotes the inference of the conclusion Z from the major and minor premises
X and Y, respectively,

In order to interpret the classical syllugisms as introduction and elimination of the medium
term, we represent the above inferences by means of a niore general schema which has been
osginally proposed in Freguglia [?] where an algebra of categories was considered as a model
for the syllogisms.

Definition 1. Let Fi{j, p). F;(s, 4] and Fi(s, p} be categorical prapositions, we define a syl-
logism as the following transformation the validity of which is independent from the semantic
truth value of the categorical propositions it consists of. Let 4, 5,k € {1,2,3,4}

( RFap): Fils. )l = Eils.p)

We call (1) s-transformation, Fi{se. p) and F, (s, ¢) the major and minor premises, respectively,
and F (s, p) ihe conclusion. This schema satisfies the modes of the first figure, similar schemata
can be however given for the other figures simply changing the subject/predicate positions. As
an cxample we give the inference in Darii first in the traditional way, then with the format
proposed in def. L:

Example L: DARII

Every roman is stubbom  Some italians are romans
Somg italians are stubbom

DARIT

E[Every{roman,stibborn), Some(italians, roinans)} = Some(italians,smbborn)

2  Syllogisms by means of Introduction and Elimination rules

As the reader might have noticed the schema given in def. I simply consists in the elimination
of the medium term. We can replace the above definition with a more elegant and simple one:

Definition 2 Let @ and & be the major and minor premises, respectivety, ¢ the conclusion and g
the medium term shared by o and b, the syllogism is defined by the following operation:

2 Epla.bl=c

Example 2
a:= Every roman is stubborn,
b:= Some jtalians are romans,

c:= Some italians are stubboin,

E'roman’[ah]=c¢




From an epistemological perspective we can look at the elimination rule as the synthietic method
(the demostratio proprer guid or deduction), see Szabg[?]. Therefore we can now define the
analysis (i.e. the demostrario quic or logical induction} in terms of transformations. The ana-
Iytic method siarts from the results and goes back to the assumptions {see Hitikka-Remes[?]).
Applying this process to the syllogism means to start from the conclusion and reconstiuct the
prenises it has been derived from. In order to establish all the possible syllogisms with the
given proposition as the conclusion, we need to use lwo transformmations: one which gives the
set of possible mujor premises and one which gives the sct of possible minor premises.

Definition 3 Let A and B be sets of terms, £,(p, s} the given categorical proposition, we define
the transformations I';; and T, which retum the major and minor premises, respectively. Let
hod g€ {1,2,3.4}

(3) Tae[Fils. p)) = Finlpe p)
(4) U [#3ls, 23] — £5:(s, )

where 1, indicates the number of 1 & A and of the i« € 3, respectively. We call (3) and (4)
~-trangformations.

Theorem 1 Given the two sets of categorical propositions Fy, (ye, p) and Fj (s, ;¢) obrained by
the transformations (3) and (4), 3y € (4 N B) iff a specific transformation of the type given in
(1) is found as well.

From thig theorem it follows that in the same way we have formalized the X transformation
by means of the elimination rule, we can now replace the two schemata (3) and {4) with an
operation, namely the inverse of the elimination rule, viz. the introduction one.

Definition 4 Let ¢ be the given conclusion, and 2, b any of the possible categorical propositions
which can be the major and minor premises, the analysis is formalized by the introduction
operation:

&) Iie[e] = [a.b]

Example 3

Let A and B be sets of terms, M and m sets of categorical propositions obtained by means of
{3) and (4}, respectively, and Fo(s,p) the given conclusion:

A = {gir, roman, cat}
B = {abruzzese, roman, tuscan, girl }
Frls,p) = Some(italians, stubborn)

M = { My: “Every roman is stubbomn’, Mz: “Every girl is stubborn’, My “BEvery cat is
stubborn’ }

m = { m;: ‘Some italians are roman’, my: ‘Some italians are girls’, my: “Some italians
are tascan’, vy ‘Some italians are abruzzesi’}
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applying the theorem 1 we can give an example of the transformation (1) in the following way:
1. E[Every(roman_.stubbom‘_I,Sornel‘_ila]ians,mmans)]: Somelitalians,stubborm)

2, Y[Bvery(gil stubborn).Someitalians,girls}] = Someditatians, stubbem)

Starting from the conclusion we have reconstructed the reasoning (i the inferences) which had
brought to it

3 Dialectic argumentation

Having both the analysis and the synthesis we can give the rules which formulize the dialection
a:rgurnemations as the combinations of “analysis” and “synthesis”, Human beings’ argumenta-
tions are in fact made of these two different moments, one in which we ask how our claim has
been deduced. and one in which we look al the consequences of our argumentation.

In order to fonmnalize this natural way of reasoning, we use the ruics below. For both the Jutro-
duction and Elimination operator, we give two types of rules to which we refer as praper vs,
comventional. The former are the rles we have obtained from the transformations discussed
above — la, 2a below; whereas the later are new ones which are introduced by convention — b,
2Zb.

Having these second rules we can proceed in ovr dinlectic combination asking the same kind of
question twice — i.e. combining the E (resp. I operator with itself. As a constrain (o correctly
build the dialectic combination we require our “reasoning” to start always from eiiher la or
2a; whereus 1b and 2b can be applied only as a second step. As we will see with an example,
although formally all combinations of the operators E and 1 ure possible we obtain a result only
when we fix the medium term g, i.e. when the rules combined are operating on the same term,

For reasons which will be clear soon, we include the identity operation Z as well. For this
operator as well we give two schemara considering the 7 as a function which takes one or two
arguments. However in this case the different behavior of the two rules does not hold: our
reasoning can start with both of them, since the two rules are both “natural”.

{la] Elabl=[c] [Ib] E[e]=[c]

[2a] Ifc]=lab]l {2b] Ifab]=[ab)

Ba] Zll=[c] [3b] Zfab]=[ab]

Using the above rules we can combine Lhe operations 7, E. 1,

Examples 4 of dialectic combination.
(i) KED[ab] = El[a.b] = I[c] = [a,b]
{ii} (IE)[ab] = IE[a,b] = I[c] =[a.b]

where in {1} the rules are applied from the lell to the right, i.e. first (3b). then {la) finally
(2a); whercas in (ii) the rules are applied from the righl to the left following the same order.
Therefore, the associative law holds:
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(6) IEI[a.b] = [a,b]

which says: “Given two categorical propositions a and b if [ ask first which syllogism can ha\:re
them as conclusions, then which syllogisms they can be the premises of, and finally once again
from which syllogism they can be derived, the same propositions are found, i.e. T obtain the
same categurical propositions [ started from”.

As a linguistic example we can consider the categorical propositions given in E?(m‘nple 3 I:et Ji1
and jiz be two different terms in A M 5, for example, the lerins “roman’ and “gritl ..respecu\fcly.
If we combine the operators as in (i) we obtain the conclusion ¢, whereas the combination given
in {ii} is unable to go buck Lo he original premises.

Example 5

(i) EprLpg [My,my )= Hel = (M)
(i) EpeiTpep[My,m )= Hc] = (M, mg]

4 Algebraic Aspects

The situation described in the previous paragraph can be better expressed int}‘uduci.ng an expli-
cate operation Lo compose 7., I and E. Simply applying the rules 1-6 we obtain the table below:

ol E

I|ZT E I
@ E|E E T

I |1 I 1

In order to verify that this 1able comrectly synthesize the above rules. we can look at the com-
position E o 1. Ag it results from the example (i} applying first E and then I o (a ) we have
obtained the same result which is given by the application of I 1o the same argument, i.e. Eo 1
=7 =10 E. We can therefore conclude that the following theorem holds:

Theorem 2 The combination of the ¢ and ~-trapsformations, viz. (1) and (3}, (4, follows the
structuge of a finite commutative and idempotent group.

The commutalive property (as well as the associative one) is due to the constrain we h:fuc
required when speaking of the dialectic combination of the operators, viz. our argumentation
can never start applying the “conventional” niles { I and 2b).

The representation of “cognitive” processes by means of cperations, u1:1d even moce the inFclprff-
1ation of the possible combinations of these operations via an algebraic sLn:tcmrc recall Piaget’s
theory, see Piaget [?]. Our proposal of considering the dialectic combination as a group based
on T. 1, B is, in fact, similar to the idea of having the group of INRC as the algebraic struc-
ture hehind our mental operations. Having [ound this algebraic structure as a model fm‘ the
syllogistic theory is of particular interest because it sheds light on a class of lo_gic's wh;chlwe
can define as natural logic, i.e. a logic in which it is possible 10 inrroduce and eliminate logical
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elements. Inwitively this definition brings into the mind besides the syllogistic theory also the
natural deduction system proposed by Gentzen [?]. However, despite the similarity between the
meta-operators which chataclerize the two systems, some important differences occur. We are
going to discuss this point in the next section.

5 Gentzen’s calculus and the syllogistic theory: A possible comparison

As we have menticned if we look at the syllogisms as applications of introduction and clim-
ination mules, it seems natural to assimilate the vbtained formalization (o Genzten's Natural
Deduction. However, the similarity disappear as soon as we congider the composition of the
aperators. Before comparing the two systems, we briefly present Gentzen's calculus,

Natural Deduction is a proof-system introduced by Gentzen in order to reach a calculus closer
to natural reasoning than Hilbert's assiomatic system. With this intend he has characterized a
logic by means of ntroduction and elimination rules for each logical connective the language
is built from. Simplifying:

I+[....rp.gf=t+s E+]....pxql=r

where # is any connective which is introduced by means of L. and eliminated by means of E.
In the introduction rule the conclusion may contain a subformula which does not occur in the
premises’; in the elimination rule, instead, the conclusion is always a subformuia of one of the
premises.

Already at this point we can consider an important difference between our formalization of the
syllogistic theory and this calculus. In the latter the rles eliminate or introduce connectives,
whereas in the former they eliminate or introdnce tetms. As an example we give the introduction
and elimination rles for the conjunction /. and the conditicnal --». Let o 1.tz € F —where Pis
a set of propositions -, and i € {1,2}, the logical rules for » and — are:

@y dg oy Mg
) Mo al Pt
1
gz 7 g — a1y "
ay =y i A

To be noticed is the particular behavior of the introduction rule of the —, The two arguments
2 a2 are linked to each other: the latter is a consequence of the former through a derivation.

if we contpaie these inferences with the rules (2) and (5) we easily see the similarity and the
differences belween the two systems, In particular, we notice that in both the two systems
the “synthesis’ is formalized in a similar way by means of the elimination rules: whereas in
the natural deduction one the ‘analysis’ is missing. This differcnce can be betrer understood
looking at the introduction rules which are *deductive’ as welf as the elimination one; from a
sct of premises they give back a conclusion. To facilitate the comparison we give the above
tules in the format used in the previous section.

Foalmaa —aihae EAw fag=a

f—=lo o]l =0 —ay E—[m— Az =y

""This is the case of the infroduction nule For the - and *
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Due o the differences between the introduction 1ules in the systems we are considering, the di-
alectic combination differs as well, Therefore, the algebraic structure represented in (7} camnot [8] LUKASIEWICZ I, Aristotle’s syllogistics. Oslord, 1957,

be used as a model of Gentzen’s calculus, . ; oo . P
[9]1 PIAGET L., Essai sur les trasformations des opérations logigues. Press Universitaires de

Moreover, as we have said before, in the previous section it has been possible 10 build the finite France, Paris, 1932

cormmuative and idempetent group thanks to the combination of the standard mules with the [10] 5Zae@ A, Working Backward and Proving by Syithesis in Hintakka-Remes, 1974,
“conventional” one. Therefore, this combination cannot be done in Gentzen system since there

is no way to return the premises and because only the proper miles are given,

We now give some examples 10 show how the lack of the analysis moment makes the system
unable to formalize natural reasoning at least in the way we have said before.

Examples 6
Ella— b,a]l =1I[b] = ?
Let a:= ‘It vains’, b= ‘T cannot come’, the above schema becomes:

I cannol come
— 5
The question marker means that we are unable to reconstruct the reasoning which had lead to
the conclusion T cannot come’,

6 Conclusions

In the paper we have proposed a formalization of the syllogistic theory which is able 10 accoum

for both the dialectic moments: the synthesis and the analysis. The motivation behind this

proposal are of two natures: a historical one which has brought us to consider the resolutio

involved in natural reasoning as important as the composirio: and a physiological one — which

can be traced back 1o Piaget’s theory — which has made us thinking of the finite group as a basic
N and ‘natural’ structure in human beings’ mental processes.
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Histoire des mathématiques du chaos
et épistémologie du hasard

GUICHARD Jacqueline
Lycée E. Pérochon Parthenay
& IREM de Poitiers (France)

Abstract

Hasard ou déterminizme 7 L'alternative sur laquelle les sciences se sont construites av
profit d une conception déterministe du monde excluant le hasard et 1" imprédictibilité” est
actuellement mise en question aussi bien en mathématiques que dans I'émude des phénomé-
nes.

I'exposé se propnse de foire état des travaux de I'“Atelier Philo-Math” de I'TREM de
Paitiers (France) sur la théorie duv chaes et le statut do hasard, et sur la conceprion d'activités
visant i permetire aux léves

— de prendre di recul par rapport & leur conception spontangza dn hasard,

—de mieux comprendie le travail de modélisation dans 1a “mathématisatien du hasard”, les
limites d'un modéle probabiliste et la nécessité de recourir, pour certaines situations, a un

modéle chactique.
0. BREF HISTORIQUE DES TRAVAUX DE L' ATELIER "PHILO-MATH" SUR LE CHAOS
L LT TRAVAIL DE RECHERCHE SUR L'HISTOIRE DES MATHREM ATIQUES DU CHAQS

II. LA CONCEPTION D" ACTIVITES POUR LES ELEYES

Fixed Point Period 2 Chaos
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Bref historique des travaux de 1’atelier “Philo-Math” sur le chaos

LAtelier philo-math de I'1.R.E.M, de Poitiers est un groupe interdisciplinaive qui comporte
six mathématiciens, une philosophe, ainsi que deux physiciens, el qui se réunit réguliérement
depuis 8 ans, au rythme de wois ou quatre sessions d’une demi-jounée par an,

Ses travaux ont pour objectit final de concevoir des activités “productrices de sens”, ¢est-a-
dire qui aident les €léves & mieux comprendre ce qu'ils font quand ils font des mathématiques, et
d'une fagon générale a s'interroger sur les mathématiques elles-mémes: le type de connaissance
qu’clles constituent, leur rapport 4 la réalité et aux auires sciences.

Les recherches sur le chaos se situent dans le prolongement des tractales gui ont occupé
TYAtelier de 1993 2 1995 et qui onl abouti & la production d’une brochure : LES FRACTALES.
Rétlexions et travaux pour la classe'.

S e R et
£ Hlleter oz s e T e, &&%
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Les tractales permetiant de modéliser beaucoup d’aspects du réel, elles fournissent, en
méme temps qu’un travail sur les notions mathématiques de suite, de dimension, d homothétie,
la base d'activités provoquant la réflexion sur le statut des objets mathématiques, sur le pro-
blgme des rapports mathémariques-réalité, sur le statut de la vérité mathématique. C'est 1'occa-
sion de mettre 1"accent sur le éle de la modélisation, sur le probléme de 1'adéquation entre Je
modéle et la realite.

'LES FRACTALES. Rélexions et travaux pour la classe. D, Gaup - I, GUICHARD - 5. PARPAY - J.-P. SICRE
& C. CHRETIEN. Brochure de 1035 pages. LREM. de Poitiers, Juwvier 1996.
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Auterme de ce travail est apparuc la nécessité d aller plus loin, puisque les fractales peuvent
&tre définies comme “la géomeélrie du chuos™, que 1'étude de suites mathémaliques, d apparence
simple, fair appareaitre des cycles de towres sortes et méme, le chaos, - oit]'on “tombe” sur des
attractcurs ¢tranges, vers quoi convergent les valeurs d'une suite chaotique: ou, si I'on suit
1"évolution d’un point A pour visualiser géométriquement 1"état d’un systéme, c’est la région
de I'espace ol M finit toujours par aboutir, quelles que soient les conditions initiales;

Yoo certainy yont wméme fractals, comme celui donné par le germe
0.01010010{010001G101G1000010101010
.. " enfin, parce que le chaos apparait comune une structure “naturelle” parce qu’on la retrouve
dans beaucoup de phénoménes appartenant 4 des dotnaines différents.

Se trouve alors relancée la réflexion arnorcée dans les travaux sur les Gactales, sur ce qu’est
une théorie mathématique, une théotie scientifique, sur le probléme de la modélisation et le
statut du modéle. L'étude de shuctures chaotiques permet de bien mettre en évidence qu™“entie
le modéle et la réalité” intervient de fagon incontournable “fe caleuf™. Cest non sculement
la possibilité de faire rélléchir les éleves sur les liens enlre les phénomeénes physiques et les
mathératiques, mais aussi de faire un travail sar les notions de hasard. de prédictibilité, de
déterminisme’, pour déméler ce qui peut faire obstacle 4 la compréhension® et de mettre en
dvidence :

—que le déterminisme ne conduit pas nécessairement & du prédictible,

- qu'il n'y a pas réciprocité entre hasard et imprédictibilité, que “hasard” impligue “im-
prédictibilité”. mais qu'“imprédictibilitd” n’implique pas nécessairement “hasard”, puisque
Tinoprédictibilité peur avoir d"autres raisons, par exemple le trop grand normbre de causes.

—qu'il ¥ a différents "types” — ou notions — de hasard et que ce w'est pas le méme “type”
qui est en jen dans un modéle probabiliste et dans un modéle chaotique: et qu'il faut examiner
ce qui est modélisable en matigre de “‘phénoménes de hasard";

— que ce n'est pas parce qu'il ¥ a chaos que I"on ne peut rien dire !

Les problimes sont a la charniére de I'épistémologie — réflexion sur la constitution et les
limites du savoir - et de la métaphysigque — conception de la naturc, on structure. ou essence de
toul ce qui existe et de ses principes. Clest une vieille question qui résiste : le hasard existe-t-il
dans les choses ou n'esi-il que 'expression des limiles de la connaissince humaine, incapable
de détenminer la multiplicit€ des causes ?

Le résuitat des travanx : une brochute LES CHANTIERS DU CHADS qui comporte

~ des reperes historiques et théoniques,

—des etudes et des activités pour les €léves,

—les exiraits des testes de référence qui oat guidg nos travaux,

&dition 1984, 3" éditon. suivie de Swrvol du Jungage fractal. 1989, pp. 188-189,

3DELANAYE F.-P. LE COMPLEXE SURGIT-IL DU SIMPLE 7 Entde de Ia sitite réenerente . fizy =1 |2v - 1],
sur 011, ou “chapeau de cliwe™, FOUR La SCIENCE., Dossier hors série, janvier 1995, pp. 30-34. - Le germe ¢
le premier terme de la série. Cf LES CHANTIERS pU CHa0s, Th Gaup - §, GocpakD - LM, BONNEVAL -
I JACQUESSON - TH. LE GALLTOT - 8. PaRPAY - C. BLOCH - ). GACOUGNOLLE & U, CHRETIEN, brochure
da 227 pages. LR.EM. de Poitiers. octohre 1998 @ L 3. 1LES ATTRACTEURS ETRANGES @ DU CHAQS AUX
FRACTALES. et TI 2. LE CHAQS | EXEMPLES MATHEMATIQUES.

JHEKELAND 1. LE CHAOS, Coltection BOMNGS, Flamunarion 1995, p. 104.

*Ou I'opposition déterminisme-hasard : est-clle tenable ? CE. D. RUELLE, HASARD ET CHA0S, Editions
Odile Jacob, Sciences 1991, Réédition points Seuil 1993, p. 41; ¢t pour les éléments du débat, les textes de H.
ATLAM. I. EKELAND, I. LARGEAIULT, E. MoRrIN, 1. PETTTOT, L. PRIGOGINE, D. RUELLE, R. THOM.... dans
La Ouerelle dit dérerminisure. Philosophie de la seience d anjorrd "l Gallimand. 19%0.

SCf. LES CHANTIEGRS DU CHAOS 0. p. ILL. QU EST-CE QUE LE HASARD 7 COMMENT LE MATHEMATISER 7
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Tovitation i la lecture - Invitadon wu “hricolage”
Bibliographie

Index des noms - Index des notions
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1. Le travail de recherche sur I’histoire des mathématiques du chaos
Il a été guidé par deux préoccupations majeures : prendre des repéres sur ce qui a provogue

le recul dune conception du monde et du savoir sur laquelle Jes sciences se sont constraites du
XVIETE gy XTX5™E gigcles; et situer la rencontre chaos — fractades.
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Ces points de repéres historiques balisent 1a construction et le dépassement d'une physigue
de fu stabilité de I'univers dont KEPLER énonce les lois empiriques en 1602 et d'unc marhéma-
tigiie du conrinu dont les équations différentielles constituent I outil, avec 4 la fin du }XV1IF™®
sigcle LAGRANGE (1788), puis LAPLACE {1796-1812), FOURIER {L816) et CavUCHY (1820-
30%.

Te principe fondamental du moende et de sa connalssance est énoncé par Pierve-Simon
LAPLACE dans son Essai philosophigue sur les probabilités (1814-1825y. C’est le principe
du déterminisine wrfversel qui vise & assurer 1"objectif de 1a science : la possibilité de la prévi-
ston sclentifigue.

Tons les événemens, cenx méine qui par lewr petitesse, semblent ne pas tenir aux grandes lois de la
naluie, €n Sont ene suite aussi nécessaire gue les révolutions du soleil. /.../

Nous devons done envisager 1 érat présent de 'anivers, corame I'effet de son état antdricur, et
comme la cause de celui qui va suivre. Une intelligence qui pour un instant donsé, conmaiteait
towtes les forces dowt la natre est animde, et Ta situation respective des étres qui 1a composent, si
d'aillewrs elle éiait assez vaste pour soumettrs ces domdes i 1'anabyse, embrasserail dans la méme
fowmule, les mounvemens des plus grands corps de I'univers et ceux du plus 1éger alome : rien ne
serdit incerain pour elle, 2t 1 avenir comime 1e passe, serait présent i ses yeux, L espril lnurain offre
dans la perfecion qu'il a su denner i Pastmonomie. une faible esquisse de cete nellizence. Ses
découvertes en meévalique et en géométrie. joinles 4 celle de la pesantewr universells, 1'ont mis i
partée de comprendre dans les mémes expressions analytiques. les étals passés et fuiurs du systéme
du monde, Eo appliquant la méme méhode 3 quedques awires ohjels de ses connaissances, il est
parvenu i ramener A des lois générales, les plnoménes observds, et i prévoir ceux que des circon-
stanees données doivent faire éclore. Tous ses efforts dang 1 recherche de la érilg, tendent 4 le
rapprocher sans cesse de intelligence que nous venens de concevolr mais dont i1 restera towjours
infiniment gloigné. Cette tendance propre i I'espéce hwmaine, est ¢e qui 1a rend supérienre aux
animaux; et ses progrés en ce genre. distngeent les nations et Ies sidcles. et fondent leor véritable
gloire,

Cest ce lien pensé comme nécessaire entre déterminisime et prédictibilité qui va étre remis
en cause s ta fin du xixf™€ siécle, en particulier avec MAXWELL soutenant que ™, .. les
mémes antécddents ne coincident jamais™ {1873). Mais le tournent décisif, ce sont fes rravauy
de POINCARE sur le probléme des trois corps et Uinstabilité de leurs trajectoires. Dans les
METHODES DE LA MECANIQUE CELESTE (1892.93-09), il moutre gue le probléme de rois
cotps en mouvement et en interaction gravitationnelle n'est pas intégrable, et que par con-
séquent on ne peut calculer leurs trajectloives a long terme. C'est la premiére approche de la
sensibilité aux conditions initiales (SCI).

Grond-Officier de Ia Légion-d Honneur; Grand Croix de U Ovdre de la Féunion; Membre de V' Institut royal et du
Bureau des Longitudes de France; des Sociétds royales de Londres et de Gottingue; des Académics des Sclences
de Rugsie, de Danemarck, de Suéde, de Prusse, d'Talie, ele, $ECONDE EDITION, REVHE BT AUGMENTEE PAR
I AUTEUR. PARIS, Mme Ve COURCIER. lnpritneur-Libraire pour les Mathématiques et la Marine, quai des An-
gustins, n° 57, 1814, pp. ij-vii. - L texie de cette introduction, qui ceprend une lecon sur les probabilités dunnée
en 1795 i 1'Beole Nonnale (le ifh mai. Cf. 'ECOLE KORMALE DE L'AN [, LECONS DE MATHEMATIQUES.
Laplace - Lagrange - Monge. sous la direction dz T. DHOMERES, Dunod. Paris, 1992, p. 125, €rail parv quelgques
mois amparavant chez le méme éditenr sous ce fitre © ESSA1 MIILOSOFNIQUE SUR LES PROBABILITES, el il con-
naitra frois autres éditions du vivanl de anteur, Réddition PIERRE-SIMON LAPLACE - Esxaf philosoplique sur
les probabilisés (Texte de la 37 édition, 825) suivi d'exteaits de Mémoires. Préface de René THOM, Postface de
Bemard BrRU, C. Bourgois Editur, Paris 1986,




En (908, il consacre le chapiire TV du livre [ de SCTENCE ET METHODE au hasard®, et il éerit :
“ . que de petites différences dans les conditions initiales en engendrent de 1rés grandes dany
les phénomenes finaux”. T.a notion constitutive du chaos déterministe se trouve ici mise en
avant bien avant sa dénomination, et avant de passer & la postérité sous la dénomination d**'effet
papitlon”, par ... I'effet d’'une comparaison d’Edward LORENZ dont les travaux pour madéliser
les phénoménes météorologiques constituent, au début des années soixante, I'atre tournant
décisif de I'histoire du chaos, qui fnaugure le temps des recherches et des madéles®. Nutilise un
systeme d’éguations non linduives. Les représentations graphiques des solutions ont pout lirite
“I"attracteur de [.ORENZ".

La tencontre avee la théorie des fractales s'est faite par le biais des espaces de phases'?
utilisés par fes physiciens pour géoméniser les états des systeémes qu'ils etwdiaient, RUELLE et
TAKENS montrérenl dans les années 1970 que 1a géoméie fractale permettait de visnaliser le
chaos délerministe, par les attractevrs éranges.

L'année précédente, I’ astronome M. HENON donne une approximation numérique au piob-
leme des trois corps de POINCARE et contribue & éveiller I'iniérét pour le chaos déterministe.
En 1976, avec le physicien Y. PoMMEAU, ils construisent un attracteur qui va constiter un
modele dans 1'étude du chaos dissipatif.

2. La conception d’activités pour les éléves

Deux idées ont dirigé ce travail :

— Ta notion de hasard est un 1éel obstacle pour les éleves lors de I'enseignement des proba-
bilites ,

—te chaos déterministe pensé comme nouveau paradigime scientifique constitue une vérita-
ble mpture épistémologique’’ dont les conségquences sont pédagogiquement exploitables pour
faire comprendre aux élaves que les probabilités ne constituent pas le senl moyen de marhéma-
tiser le hasard. Le chaos ouvie & autres perspectives gui, uises en parallgle avec les probabilités,
offtent 1'occasion de réfléchir sur la modélisation cf en particulier de revenir sur les problemes
de modélisation rencontrés dans les exercices de probabilitcs,

Par conséquent. pour concevoir des activités qui provoquent ces éflexions chez les éléves
et les aménent & questionner leurs conceptions spontanées du hasard, nous avons pris comme
repéres les principaux enjewr du chaos qui concernent la nature des phénomenes que nous
attribuons au hasard, et cortélativement la notion d’ordre, la question de la prédiction dans une
théorie scientifique, et par conséquent 1a réflexion sur les limites du savoir scientifique.

« Le chaos conduit en effet & repenser la notion de “hasard” et a distinguer denx catégornies
dans les phénoménes aux comportements ervatiques :

— ceux qui ont pour origine 1"action de causes on de forces s'exergant aléaroirement, comme
lc mouvement des dés roulant sur la table sous 'effer des multiples chocs du brassage, ou le

fPomCcarE H. Science er méthode, 1908, Réédition Flammarion 1934 pp. 64-94.

"Dans une histoire du ¢haos. on ne peut omellre wus les wavaox de I'Beole usse sur bes oscillateurs non
linfaires, Cf LES CHANTIERS LU CHADS o, p. L2, PETITE CHRONOLOGIE DU CHAOS,

I%Espace abstrait dont les dimensions corvespondent aux variables de position et de vilesse du systeme. CFL 1ES
CHANTIERS DU CHAOCS 0. p- L3 LES ATTRACTEURS ETRANGES - DU CHAOS AUX FRACTALES.

U une véritable révolntion conceptuelle” DUk M., ATTEN P. & BERGE I L'ordre chaotigque. LA
RECKERCHE n° 185, p, 192. Féviier 1987, "._. un dvénemenr historigue ; le pussage d'une physigue qui ne
considérail que les phénoménes lindaites & une physique qui a decidé de regarder les phénomenes non linéaires.”
DINER 8. LE CHAOS, puissance ¢f inpuissaice, Yol 24 n° 234, p. 24, Revue du Palais de la Découverle Janvier
19494,
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mouvement brownien engendré par la multitude des chocs que les particules en suspension
re¢oivenl des molécules du fluide,

- et cenx qui sont le résultat de 1'itération de lois simples, comme I"engendrement de nom-
bres imprévisibles, bien que "opération faisant passer d'un nombre au suivant soit strictement
déterminée, et auxquels on réserve |a dénomination de “chaos déterministe™ 2,

* Du méme coup, le chaos déterministe conduit a repenser fa notion o ordre, pensée conune
toute noticn sur “fond de son contraire™ Je désordre; mais... v a-t-il un désordre fondamentat,
premier, le chaos des Anciens. qui serait manifesté par certains phénomeénes, ou bien avons-
nous tendance i appeler désordre une organisation qui nous est inconnue, & lagquelle nous ne
nous attendions pas, comme Hemi BERGSON le soutenait ¢ 1907 dans { ‘Evelution créatrice.

» La possibilité de ia prédiction, considérée comme une des caractéristiques d'une théorie
scientifique'® est aussi mise en question. Te chaos déterministe conduit 3 “assouplir” le con-
cept de prédiction : enwre la détermination certaine d'un phénoméne ou d'un systéme dans la
conception déterministe de type laplacien —qui constitne le concept classique de prédiction—,
el I'impossibilité de dire quoi que ce soit sur les états futurs qu’engendrerait une indétermsi-
nation totale, il ¥ a place pour penser un encadrement des possibles pour ¢e qui concerne les
systémcs scnsibles aux petitcs vadations des conditions initiales, une sorte de “cadrage prévi-
sionnel” par discrimination du possible et de I'impossible, du transitoire et de 1'essentiel - ou
“naturel”, ¢’est-a-dire lié & la natire du systéme en question, {var EKELAND U'illustre en mon-
teant “lo mécanique du hasard” ou “le jer du hasard et de 1a nécessitd” i propos de I'attractenr
de LLORENZ.:

£ il antite les wajecioires, toutes les wajectoires, quel que soit leur point de départ. T3 oh gu'etles
partznt, elles se difizgent immangnablement vers cette Etroite région de 1espace qui contient | alwac-
teur ¢t lewes dvolutions y restent conlindes. On voit bien ici 1a différence entee un état arbitraire du
systdme ef un élat réaliste. que nous avions déja essaye de Faire seniir & propos de [ médorologie.
Alors que chague point de I'espace b trods dimensions représente un élal théorguement possibie,
sculs certains d'enire cux sont naturels. en ¢¢ sens que Iévolution namrelle du sysizme pewr ¥
condnire. Ces états namurels occupent une partie beaacoup phis vestreinte de 1'espace, représentée
par 'attractenr de LORENY. Tous les aulres €tats sont transitoires, en ce sens que i I'on y améne
le systeme, dés que celui-ci sera libéré et reprendrz son cours normal il 5'en Scartera inunédiate-
ment pour ne plus jamais ¥ revenir. En régime de croisiére, il se touve nécessairement guelque
part sur attracteur. o'est-A-dice dans un érat natwrel. 71 n'est pas immobile, an conteatre: i1 poar-
suil mdgliniment son mowvement giradoire, quelgues tours & gauche, puls guelgues fooes & droite,
mouvemnent qui Fanene 3 explorer sysiénatiguement oot atrxctear, cesl d dire i visiler s les
étals natwels. L'existence de I'atwacteur traduit done une distinction fordamentale i opérer entre
I"innnense majorité des situations, par lesquelles le systgme ne passera jamais de lui.méme, ¢t les
quelyues situations natrelles, par lesquelles Je systéme repassera indéfiniment, quoigue iméguliére-
ment. '

Durols M.. ATTEN P. & BERGE P. L'ordre chaotique. 0. p. 1, 190491, et LES CHANTIERS DU CHAOS ©. .
.2, exemples mathématigues.

Y Caractéristique qui tient au lien inteme entre la connaissance certaine et la puissance de déduction et d' action
qu'elle conftre, dont se sont nourds les espoirs mis duns le développement scientifique. Auguste CuMIE le
résumudl dans b seconds legon 1L (23] de son COURS DE PHILOSGPHIE POSITIVE (1830473 0 “Seience d' ol
prévoyance; prévoyance. d ol action”. Franels BaCON en avail explicité le puincipe dans son MOVUM ORGANUR
(1620}, Livee £ 3. @ "La science et 1a puissance humaine si @ comespondent dans lows les points et vont au
méme but; ¢’est Iignorance ol nous sownmes de la canse qui nous prive de effe; car on ne peat vaincre la nahue
qu'en bt obéissant; et ce qui éiait un principe, effet on cause dans 1o théorde, devient régle, but ou moyen dans la
pratique.” In EEwwres piilosophiques, trad, Buchon, Pans 1336, p. 272,

WERELAND L. Le chaos. Dominos - Flummarion, 1995, pp. 59-60.

219




« A partir de 1a, on peut conduire une réflexion éclairée sur les fimites du savoir scientifigue.
qui, loin d’aboutir au scepticisme qui dénierait toute crédibilité aux sciences. est une bonne
antidote au sciennsme.,

1l semble que notre siecle soit celui o lu science décowvre ses limiles 1 en mathénatiques, le
théoreme de GODEL montre que, gquel que soit le sysieme d’axiomes adoplé, il exdstera toujours des
propesitions non démontrables; en physique, les relations d'incertimnde de HEISENBERG imposent
wie limite & ce gui pewt Sire mesweé; et kes découvertes récentes sue le chaos montrent que 1a previ-
sion 4 long erme d'un phénomene n'est pas lonjours possible, Fort heursusement, fa découverte
de ces limites n'a pas é6é ressentie par les scientitiques comms wie déceprion. mais elle a agl au
conmaire comme un simulant. 1 univers apparait une fois encore comme plus complexe ct plas

riche que oul ¢& qUE POUS avions imaging @

“There are mene things I heaven and earth, Horatio,

Than are dreamt in your philosophy.”"

Les activités destinées aux éleves'd sont dans leur conception interdisciplinaires, alliant tou-
jours travail mathématique et réflexion philosophique, gue leur entyée soit :

— philosophique comme dans le dossier sur fa mathémarisation du hasard, qui commence
par une recherche sur la notion de hasard pour déboucher sur une élude d'exemples mathéma-
tigues conduisant  distinguer les phénoménes déterministes e les phénomenes aléatoires, et 3
s’interroger sur les limites de validité d'un modele probabiliste:

— mathématique comme dans le dossier Chaos ei fracrales @ approfondissensent en Termi-
nales 8, il commence par 1'étude de la suite définic par w,q = 40u, — ety = % qui permet
d'apprehender la notion de chaos et d’aborder les €léments cssentiels de sa définition = iy a
dérerminisme (il y a des lois}h et il y a une extréme sensibilité aux conditions initinles. Des
exemples de phénoménes chaotiques tels que Ie bilkard, les trois aimants, 1a boussele... illus-
trent cette définition. Ce qui permet de familiariser les éléves avec I'idée que des phénoménes
détcrministes peuvent générer de I'imprédictibilité, ¢’est-a-dire 1'impossibilit€ de prévoir leur
comportement & plus ou moins long terme, et permet de tevenir sur la notion de hasard 3 1'aide
de textes philosophiques : ARISTOTE, BERGSON, LEIBNIZ, POINCARE, COURNOT...,'” et sur
su mathématisation : les probabilités sont-elles toujours le meilleur outil pour mathématiser le
hasard ?

Le travail en classe peut se faire en co-intervention des professcurs des disciplines con-
cernées ou simplement en coordination des enseignements hors classe.

FHENON M. La diffusion chastigue. 1.a Recherche n® 209, Avril 1989, p. 498, <Référence de la citalion de
SHAKESPEARE : Flamdet L 5, 166-167, "Il ¥ a plus de choses sor terre el dans le ciel, Horado, que Loute voure
philosephie n'en réve.” Teaduction ). RTRSCH in Guvres Compietes, tome 7, Le Club frangais du Livre. 1968, p.
3zl

5CF, LES CHANTIERS DU CHA0S 0. p. [, ETUDES ET ACTIVITES FOUR LES ELEVES,

Cf, ci-dessons - QUELQUES TEXTES DE REFERENCE SUR La NOTION DE HASARD.
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Quelques textes de référence sur Ia notion de hasard

Question fondamentale ; ¢ hasard est-il objectif ou subjectif ? = Existant dans Tes choses ou
simple conséquence de notre ignorance ?

» Un parcours 4 I’aide de textes :

1. ARISTOTE (-iv" 8). PHYSIQUE, livie I1, chapitre 5.
Hasard et contingence : 1"absence de cause nécessaire.
C’est ce qui échappe 4 la connajssance = pas de lois du
hasard

- Cependant . ..
Jjoignant la rigneur des démenstrations de la science i Iincertiude du hasad, e conciliant ces choses
en apparence coniraires. elle peut. tirant son nom des deux, s'arroger i bon droil ce Hire sapéfiant :

La Géométrie du Tlasard,

PASCAL, A LA TRES ILLUSTRE ACADEMIE PARISIENNE DE SCIENCE, 1654,

2. LAPLACE. ESSAI PHILOSOPHIQUE SUR LES PROBA-
BILITES {1814-1825),

Hasard et détermifnisme : e hasard ? ... Vexpression de
I'ignorance oi noas sommes des véritables canses” Déter-
minisme =- prédictibilité
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3. COURNOT. EXPOSITION DE Ls THEORIE DES CHANCES
CT DES PROBABILITES (1843),
I.e hasard : la rencontre de deux séries causales indépen-

dantes

4, POINCARE. SCIENCE ET METHODE, CH. IV . LE
HasARD, 1908,

“Petites causes, grands effets .. "

Ob I'on peut reparler suns contradiction des “lois du
hasard™ :

Vers la séparation déterminisme—prédictibilité, et le chaos

conune paradigme.

5. BERGSON, L'EVOLUTION CREATRICE. 1907,

Désordre & hasard ; un ordre auguel nous ne nous atten-
dions pas ?

La tuile et le passant : “... je trouve un mécamsme & ol
j aurais cherché, 1a o j'aurais dil rencontrer, semble-t-il. une
intention: ¢'est ce que j'exprime en parlant de hasard.”
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The Mathematical School in Catania at the beginning of the
20th Century and its Influence on Didactics

MAMMANA Carmelo, TAZZIOLI Rossana
Universitd di Catania ([taly)

Abstract

At the beginning of this cennry, S. CaTANIA, M. DE FRANCHIS. M. CIPOLLA, G.
MARLETTA and other mathematicians taught at the University of Cataniz and published
textbooks of mathenatics at the same tinle. S. CaTaN1A wrote texthooks for secondary
school, which followed PEaNG's formalism in mathematics. His main work “Aritinetica
raxionale’ (1905) simplified a lot PEANO's treatise “Aritmetica gencrale ed algcbra cle-
mentare” (1902}, which was very difficult to understand. PEANO, PICRI, and BURALI-
Fort appreciated a lot CATANIA's book, but other mathematicians -for example SCoRrzA
and CASTELNUOVO- did not agree on Peanian approach to didactics of mathematics; there
was a hard polemic on the subject. CIPOLLA published textbooks on algebra written in a
traditional, but rigorous way. Textbooks on geometry were published by DE FRANCHIS and
MARLETTA. In his “Geometria elementare” (1901) DE FRANCHIS considered the concepts
of point and segment as fundamental, as PEANO had done in his “Principii di geometsia
logicamente esposti”. Dt FRANCINS applied to them the idea of metion and deduced the
most inportant propertics of figures, His results were proved by using methods of the the-
ory of transformation groups, developed by Klein and Lie. As DE FTRANCHIS did, in his
“Trattate di geomeiria elementare” (1912) MARLETTA posed points and segments at the
basis of his theory and then followed VERONESE's approach to geometry.

The content of these textbooks is connected with the researches on foundations of
mathematics and on geometry, which were developed in Italy at that time.
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1. At the beginning of the twentieth century, the following mathematicians tanght at the Uni-
versity of Catanin: Giuseppe Zurria, Giuseppe Chizzoni, Vincenzo Mollame, Giovanni Pen-
nacchiett, Giuseppe Lauricella, Mario PLERI and Sebastiano Catania. The last-mentioned
wrote many textbooks of mathemalics for secondary school inspired by the ideas of the Peanian
school, which Pikr1 also belonged to what was the Peanian school. and, what was its impact
on didactics?

Giuseppe PEANG (1858-1932), the founder of the so-called Peanian school, studied and taught
al the University of Twin; he made fuindamental contributions to mathematical logic and in 1891
founded the journal Rivista di Matematica, devoted to logic and the foundations of mathematics.
In his Arfthmetices principia {18892) he stated three primitive concepts (zero, number. and
successive of a number) and a group of nine axioms ; four axioms describing the symbols &
(natural numbers), = (cquality) and & ¢ L {the successor of a number), and five further axioms,
collectively known as the Peanian axioms.

From around 1892, PEANG embarked on a new and extremely anibitious project, namely the
Formdario Mathematico. In his words :

It would be of the greatest usernlness to collect and publish afl the theorems now known that refer to
given branches of mathematical seiences 1. .. ] Sucha coilection. which would be long and difficult
in ordinary lainguage, is made significantly easier by using the notation of mathematical logic.

This great project involved his whole group : as many as 45 mathematiciuns who belonged to the
Peanian school collaborated on such a program in order to stimulate reseurch in and promote the
use of the axiomatic method; among them, we may mention Giovanni Vailati, Giulio Vivanti,
Cesare BURALI-FORTI, Alessandro PADOA, Giovanni Vacca and Mario PIERI. According 1o
PEANO :

Each professor witl be able to adopt this Formmderie as a textbook. for it pught to contain all the-
orems and alt melhods. His teaching will be reduced to showing how to read the formulas, and to
indicate to the stedents the theorems that he wishes W explain in his cowse.

In the foundations of geometry, he published Principii di geometriu logicamente esposti
(1889b). He did not define “point”, “plane”, and so on in the usual way, Instead he wrote : “The
sign 1 must be read as pein”, and so on. PEANG did not prove the independence of his axioms,
and coherence was an unimportant question tor him. He followed Pasch's ideas in geometry
and considered 1wo primitive concepts : “point” and “segment”. He proposed to deduce all the
principal statements of geometry of position from such primitive concepts and some axioms
inspired by Pasch's axioms. In his paper “Sui fondamenti della geometria” (1894), PEANG
developed his previous ideas on geometry by introducing the notion of “congmence”. which
is connected with the concepl of motion (two figures are congruent if a motion exists which
changes one into the other). Such a concept is considered as a special affinity, characterized
by suitable axioms. A relevant role is played by the concept of “flag” (a point being the origin
of a half-straight line, which bounds a half-plane); a “motion™ is defined by a transformation
carrying flags into flags.

The Peanian school was active in didactics, and textbooks of mathematics were published by
BURALI-FORTI and PEAN® himself. In the pamphlet Sulla questione Il proposta dalla Mathe-
sis €1898) BURALI-FORTI rematked that Italian texthooks often express themselves wrongly,
criticizing some recent books of practical arithmetic and elementary algebra for mathematically
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unrigorons definitions such as :

“Cheansity 13 evervthing which cun be increased or decreased ™

“Unity is each object, conerele or abstract, considered as isolated™;

“Number, in general, is both the unity (number one) and the aggrepate of unities™;

“Numbers can be distinguished in concrate {fhree horses. . yand in abstract (hwe, three,. . Y.

Polemics also arose between the Peanian school and other anthors. For example, Pacchiani
strongly criticized the textbooks published by BURaLI-FURT! and Ramorine (see references).
In these books. indeed, nurobers are symbals, while the concept of number is introduced by
means of the Peanian axioms and is not deduced from the definition of geometrical quantity.
Pacchtani, in his review in Perfodica df matematica (anno X1, 1898, p. 201} argued for the
following procedure in didactics: “to proceed from concrete to abstract™; therefore he could not
agree with the point of view of BURALI-FORTI. BURALI-FORTI's answer was [mmediale: by
a well-known logical principle “number = abstract munber” and the science of logic has, as a
consequence, that “concrete numbers do not exist, that is to say: “concrete mumber = nothing™
(sce Periodico di matematice, anno XTI1, 1898, p. 230},

In 1903 PEANO himself published a textbook for secondary school. Arffmetica generale ed al-
gebra elementare, whete he used mathematicad logic as an instrument for elenientary arithimetic
and algebra. According to him, symbols summarize language and are clearer than language;
in fact. his textbook is written in a style that is quite incomprehensible for pupils. In PDANO's
opinion, Formularic should serve as a treatise lor University and his Arimmerica generale is the
analogous handbook for secondary schools.

During the peried 1890-1910, the impact of the Peanian movement on school edncation was
weik; the books by PEANG and BORALI-FORTI were really difficuit to follow for pupils and
teachers, and their diffugion was low.

Sebastiano CATANIA, a3 we shall see, tried to make PEANG's ideas simpler and more under-
standable: indeed. his textbooks had many editions were relatively successful. 1t is remarkable
that the atttude of the Peanian school Lo didactics changed a lot, and in the 19205 some authors
belonging to PEANO’s group published textbooks where intuition and experiments play a role,
even if rigour is not abandoned. For example, in his Matemarica intuitiva (1924-26) PADOA
developpes a concrete, experimental method, far from logic. PEANO shows the same attitude
in his textbook for primary school Giocki di aritnetica ¢ problemi interessanti (1925), where
exercises are interesting, stimulating, intuitive and inspired by every-day life.

Mario PIERT (1800-1913), who tavght in Catania from 1900 to 1908, made remarkable con-
tributions to axiomatics, in line with PEANO’s ideas. In 1898 PIER: constructed an axiomatic
systemn for Euclidean and Lobacevskij-Bolyai geometry based on two terms: point and mo-
tion. Tx 1904 he presented the first axiomatic system for complex projective geometry based
¢n three primitive concepts: complex projective point, complex line (union of two distinct
complex points) and chain {concatenation of three collinear and distinct complex points). In
his 1907 paper “Sopra ghi assiomi atitnelici”, published in Bolfettino dell ' Accademia Givenia,
PIERI simplified PEANG's theory by reducing the number of prinitive concepts to two and the
nurmber of postulates to tour. Such works deeply influenced CaATANIA's textbooks on algebra.

2. Sebastiano CATANIA {1853-1940) qualified for university teaching of descriptive geometry
in 1883 at the University of Catania and in 1588 became professor of mathematics at the Istinito
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Nautico. He started publishing textbooks in 1904, and was possibly influenced by PIERI's ideas
on formalism and axiomatics.

In that period there were two main lines in didactics of mathematics: the synthetic or axiomatic
method, followed by the Peanian school and by 5. CATANIA, according to which rgouwr is the
most important thing and formalism is its expression; and the analytic or intuitive method, ac-
cording to which mathematics should be taught as intuitively as possible, and geometry should
help in understanding arithmetic.

In 1904 Catania published his textbook for secondary school Aritmetica razionale which,
in CATANIA'S words, is o wanslalion in simple language of PEANG's Aritmetica generale ed
Algebra elementare. The reaction was nol unanimous: from one side, PEANO and his group
supported CATANIA's idcas; from the other, there were mathematicians such as SCORZA and
VERONESE who crticized his axiomatic approach to didactics. BURALI-FORTI (Bolletting di
bibliografia ... 7, 1904) wrote that CATANIA"s textbook is rigorous, neither trivial nor arid.
but “very satisfactory™;, Natucci (7 Boflenine di Matematica 4. 1903) remarked that CATANIA.
simplified PEANO's work and published “a book conesponding (o the modern didactical re-
quirements better than many other books™: MARLETTA wrote: “Congratulations to CATANIAT
in his review (Periodico di Matematica (315, 1907) and PLERT noticed that CATANIA's textbook
shows the didactical advantages of Peanian symbolism.

However, a hatd polemic arose between CATANIA and SCORZA. Gactano SCORZA (1876-
1939} graduated at the University of Pisa in 1899 and from 1902 to 1912 taught in sccondary
schools. From 1916 o 1921, he was professor of geometry at the University of Catania.
SCORZa was one of the founders of the theory of algebras and wrote on the subject a very
good and tamous treatise (Corpi nionerici e algebre, 1921). In Nuovi Doveri (fasc. 15 giugno
1908}, SCORZA reviewed CATANIA's textbook (1906b) in a very unfavourable way, arguing
that CATANIA's book was inapt for any didactical aim and, moreover, full of conceptual and
gramimatical mistakes and inaccuracies. “Tr would be necessary to raise objections about not
only single proofs, but entire theoties™, SCORZA wrote. In his answer (1908), CATANIA man-
tained his argument by quoting some good reviews of his books, and some letiers which he
received from Michele ClroLLA, PEANO, Francesco Gerbaldi and others.

Gerbaldi, whe was professor at the University of Genoa, wrote in his letter to Catania @ ©1
am very glad to see that vou took advantage of PEANO's ideas, by populatizing them”. And he
conciuded that teachers could find in CATANIA’S book a good source for a rigorous teaching of
Artthimetic in secondary schools.

And CIrglLA wrote ¢

T will use your Arithmetics during the scholastic year 1903- 1906, since T think that it is till now the
only one which meets the School’s requirements and needs.

[n his letter, PEANG remarked about CATANIA'S attempt to draft a textbook based on his 1exl-
book Aritmerica generale. ..

My Arithmetc [PEANO 1903] purpused to show that it is possible to do symbeolic Arithmetc al
school. Therefore, I support your propesal. that is w say to publish 2 book more suitable for
schaol. ..

And in other letters to CATANIA, PEANG wrole © “Your book is a work of art; therefore I can
say little about its usefulness. .. . and:
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I am very pleased to read the new edition of your Arithmetic and Algebra and T am really amazed
o see your skill o reduce many theordes [ . ] o a form which is simple and understandahle to the
public.

In his answer to SCORZA, CATANIA added: T knew very well that with my work I could
strike against secular prejudices” and Prolessor PIGRI, “whe is an authority on this subject”,
remarked that many difficulties could arise for the circulation of his books despite their being
Judged in a very positive way, Such books are “[iuit of many years’ of conscientious work
on PEANO's wiitings, beginning with Arithnetices prineipia, rova methodo exposira, Torine,
18897, Anyway, the old editions of CaTAaNIA's books were sold out, and around 1910 his
textbooks were a success.

3. Another polemic hroke ont between Namcei and CATANIA, arising from a very particular
arithmetical question; but the discussion very soon involved the different points of view on
didactics of matheratics. Was it better to teach rational arithmetic or intuitive arithmetic?

During the meeting of Marhesis (April 13th, 1913: see Bollertine della Meathesis 5. 1013, p.
49-51}, Ricaldone said., among other things, that CaTaNi4's texthook has many good qualities,
“but they are too elevated for the average intelligence of the young people for whom they are
intended”. He recommended Palatini's book for secondary schools, which is also rigorous but
clearer lhan CATANIA's handbook. CATANIA (1913a) reports the remark by Ricaldene and
points out : “mathematical logic sometimes has a good effect {... ] but R. is opposed to adopt
textbooks for secondary school which are written in conformity with it”: he adds in a footnote :
“It is impossible to discuss a statement of this kind: Tcan just notice thai Mathesis has no reason
10 exist if it reports such remarks™.

The president of Mathesis, Guido CASTELNUOVO answered to CATANIA (1913a, b) that his
journal published what authors sent in. And anyway, as a person and not as the president of
Muathesis, CASTELNUDVO wrote that he was against CATANIAs didactical method. CATANIA'S
treatises are very rigorous, of course -CASTELNUOV( goes on- but they do not leave any place
for experience and intuition. Mathematical logic has an important role in the development of
science, but, he concluded, “I would be blind if I did not see that science would not be bom by
means of logic alone”.

In his answer (1913b). CATANIA remarked that in his expericnee as a teacher pupils’ minds
start from primitive objects and then build the arithmetic or geometric conceptions by means of a
logical process. Some proofs in his treatises can also be neglected; but how is it possible to build
a mathematical theory just by using infuition? Giuseppe VERONESE made some considerations
about the polemic of CaAraNIA-CASTELNUOVO {1914}, his point of view was a compromise :
“rational teaching of geometry must be based on a practical and experimental teaching™. An
equilibrium between rigour and intuition should be looked for.

It is evident that sometimes the real object of the polemic was not CATANIA. but PEANG. The
discussion concerned the formalistic approach of the Peanian school to didactics in comparison
with the intvitive method, and also involved a different way of making research in mathematics :
the intuitive school of CasTriNUOVO, Federigo ENRIQUES, Francesco Severi in opposition to
the axiomatic method supported by PEANO and his group.
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d. Between 1903 and 1923 many impottant mathcmaticians happened (o become professors
at the University of Catania. After teaching some years in Catanda. they often moved o other
Universities. In that period we find at the University of Catania, Giuseppe Lauricella {mathe-
matical physics), Carlo Severini and Guido Pubini (analysis), PIERT. SCORZA, CIPOLLA, and
DE FRANCHIS (algebra and geometry). Some years later @ Giuseppe MARLETTA (geometry)
and Vincenzo Amato {analysis), both graduated at the University of Catanin, Mauro Picone
(from 1919 to 1924) and Pia Naili (from 1926 on), two great analysts.

Among them, DE FRANCHIS, CIPOLLA, MARLETTA and Amato published extbooks for se-
condary school.

Michele CIPOLLA (1880-1947) graduated at the Universiry of Palermo, after studying for onc
vear at the Scuola Normale Superiore in Pisa. He taught several years in a sccondary school
belore being appointed a professor. He was professor of analysis at the University of Catania
from 1911 to 1923, and then moved to the University of Palermo. CIPOLLA made [undamental
contributions to number theory and to the theory of finite groups as well as to the foundations of
mathematics. On the latter subject, ClroLLA published an interesting treatise (1927) collecting
his lectures, which is in line with the well-known Questioni riguardanti le marematiche efe-
mentart (1912-14) written by ENRIQUES. CIPOLLA wiote some of his textbooks tor secondary
school with Vincenzo Amalo (1878-1963). who graduated at the University of Catania in 1901
and became assistant of algebra and then of analylic geometry from 1901 to 1904, Afier teac-
hing about thirty years at secondary schoal, he became professor of analysis only in 1936, At
the very beginning of his career, Amato was interested in mechanics and then in the theory of
groups, influcnced by CIPOLLA'S ideas.

We shall analyse the following textbooks by CIPOLLA and Amato, both published about 1920-
25 ¢ Algebra elementare per il ginnasio supeviore, per {'Istindo mogistrale inferiore ¢ per
Fistitmro tecnico inferiore and Aritmetica razionale ad uso del corso superiore degl'instituf
magistrali, Here, natral numbers ave introduced in a very intuitive way: How many books?
How many objects?

“If the set is single {or unitary, that is to say it is constitutes by a single object). we answer :
one. [... ] [We answer] nre if we exclude mne object, then one object will remain” and so on.
“Each of such words expresses 2 natural number, according to a meaning which is denomi-
nated cardinal”. Then CIFOLLA and Amato define “equality” of two sets by means of classes
of equivalence (two seis are “equivalent” if a bijective map between them exists; such a relation
is symmetric, reflexive and transitive) and give an infuitive idea of “successor of a numbes”, of
“geries of numbers”, of “ordinal numbers”, addition and the other operalions. Fractions are in-
woduced by employing “geometrical quantities™ and by considering “homogeneous” quantities
which can be added; for example ntimes 4. 4+ A+ 4 + .., is nA. Operations with rational
numbers, monomials, polynomials and so on are given in the usual way.

The geometrical approach fo rational numbers and the employment of classes of equivalence
were adopted also by Michele nDE FraNCHIS (1875-1946), He graduited at the University of
Palermo, where he became assistant of F. Gerhaldi, and was professor of analytic and projective
geometry at the University of Cagliari during the academic year 1903/6. Then he moved to
the Universities of Parma {1908-9), Catania (1909-14) and finally Palermo (from 1914). DE
FrANCHIS made research in algebraic geometry; his most important work, written together
with Bagnera, concerning classification of hyperelliptic suifaces, eamed the Bordin prize of
1909 from the Academy of Sciences of Paris.

DE FRANCHIS wrote an interesting textbook of geametry for secondary school published in
1909, but drafied in 1901, in which he developed a logical-deductive approach. Tn it, teachers
have a large [reedum: indeed, they can choose between fusionism and separatism and can also
free pupils from the weight of certain proofs. One reads in the preface to this book:

It must tie pointed out (hat, in this book, plane geometry and solid geometry are united together.
bt it is easy to divide them: the book is indeed drafled in such a way that it is possible to trcar (he
planimety apart.

The book starts from (wo primitive elements : point and segment, in Tine with PEANG's ideas.
From point and scgment DE FRANCHIS defines all the fundamental concepts of geometry, and
the definition of a plane is given by using the notion of shadow, as PHANO did ;

Let i and 7 be two figures. We call the shadow of IV with respect 1o B the figare made by the
prolongations of Ibe semnenls connecting & s points with R's poinis; such prolongations of the
segmees must be considered (tom the side of 175 points.

Then :
A half-plane is the shadow of a straight line with respect © a point owside it

The problem of “equality between figures” was one of the most important in didactics of mat-
hematics of thut period. Euclid considered equality as both congruence (or superposition) and
equivalence (or equiextension). [n order to define the congruence between figures. Euclid used
the concept ol rigid motion: such an approach was much criticized, even if it is postulated in the
textbooks of Sannia and d°Ovidio, Faifofer, and others. Regarding the equality of figures, there
were two main approaches : the congruence according to Hilbertian axiomatics, based on the
primitive concept of the congruence benveen segments and angles, and the notion of equaliry,
based on the theory of groups of transformations developed by Klein in his Frlangen progmni.

DE FRANCHIS chose the latter approach. He considered what we call today the gronp of direct
isometries of space and developed peometry starting from such a group. DE FRANCHIS intro-
duced “motion” as an element of the group of “rigid” transformations; thus a motion cannot
transform an element into a proper part of it (for example a segment into a part of that segment,
an angle into a part of that angle, and so on), and a motion exists which maps a segment AR
onto a half straight line a, in such a way that A (or B) coincides with the origin of a and B (or
A) lies on a, It a triangle has a side which lies on the origin of a half-plane, then a motion exists
which leaves such a side unchanged and maps the triangle onto the half-plane. If three points
of a figure -not belonging to the same straight line- are unchanged under a2 motion, then such a
motion is the identity.

DE FrANMCHIS s approach is very modern, in particular in defining equality between figures by
using the theory of transformation groups.

In his Complementi di geomenria ad use degli istiruri teciici, written doring his professorship
at the University of Calania. there is an original treatment of figures in space; all figures, accor-
ding to DE FRANCHIS, belong to space. He introduces the group of equality. which is nowadays
called the group of dircet isometries, and proves the following relevant theoren: : Tnverse isome-
tries can be reduced to the composition of a symmetry with direct isometries. Since similasities
-direct and inverse- are bijections of space on itself, DI FRANCHIS characterizes them as fol-
lows : Inverse similarilies are the composition of a symmetry with respect to a point by direct
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similarities; inverse plane similarities are the composition of 2 syimmetry with respect to an axis
and direct similarities.

Interesting textbooks were also published by Giuseppe MARLETTA {1878-1944), who gradu-
ated at the University of Catania in 190! and became professor of projective and descriptive
geometry in 1926, after teaching ahout twenty vears in secondary schools. He devoted himself
to projective geometry in spaces of n dimensions; some of his results on algebraic geometry
are nowadays revalued and very well considered. MARLETTA was much influenced by Pigg,
whorn he considered as his teacher.

In his textbooks, MARLETTA tried to write rigorously, bul “in a really simple way for young
pupils”. His most relevant textbook is Trarzato di geontetyia for sccondary schools, whose ficst
cdition was published in 1911, Many cditions of it were published. some of them after MaRr-
LETTA’s death. In his treatise, MARLETTA considers fundamental concepts (such as points,
straight lines and planes), which are already well-known by pupils in an intunitive way, that is to
say as a result of very simple observations. He organizes such concepts in ovder to constitute
the so-called “rational geomelry™, and posits many postlates which are not independent one of
the nther, since some of them are theorerns. MARLET 4 indesd mms to make his treatment as
simple as possible, and assumes some theorems as postulates if their proofs are too difficult for
pupils.

1n his axiomatics, MARTETTA was influenced by Eoclid on one hand and Hilbert om the other.
For example, the axiom “Distinct points exist™ is followed by the remark “a very little object,
such as a grain of sand or the point of a needle, gives us a rough idea of what a point is”.

Very original is the definition of parallel lines -

Two straight lines are paralicd if a half-planc exists which hos one of them as origin and containg alk
points of e odher one.

Such a definition atllows him to develop the theory of parallels in a very simple way. As regards
to equality, MARLETTA uses bijections (rwo figures are equal if a snitable bijection between
their points exists), but he also gives the tnmirive idea of equaliry as the overlapping of fisures.

5. Around {900-1914 several important mathematicians worked at the University of Cataria
and contributed to create great interest in mathentatics; as a resubt, in 1921 a group of mathe-
maticians founded the Circolo Matematico of Catania. Picone, SCOrZa, and C1rQLLA had the
most important roles in the foundation of the Circolo, and many young mathematicians, such ag
Niccold Spampinato, Giorgio Aprile and Giuseppe Fichera, belped much in the organization.
Unfortunately, some years after the foundation of Circolo, SCORZA moved to Naples, Picone
to Pise, CIPOLLA to Palermo and the Circole broke up.

The Circolo Matemalico of Catania was devoted more to didactics than to pure mathematics;
in addition, CirOLLA and Di: FrRaNCifSs, and later MARLETTA and Amato, had taught for
many years af secondary school, before being appointed professors at the University, Theretore,
didactics of mathcmatics was considercd an interesting ficld at the University of Catania, where
many professors of mathematics published textbooks for secondary school.

But what about the relevance of their textbooks in Italy? Sebastiano CATANIAs texthooks were
adopted in schools till about 1920; then the formalistic approach was abandoned. The textbooks
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published by CIPOLLA, AMATO and MARLETTA had many cditions: MARLETTA s Tratfato df
geometria was published again in 1946, edited by Aprile. DE FRANCHIS's books -written just
before Gentile's reform of 1923- had litlle circulation after the reform; pE Franeais did not
devole himsell o making new editions of his textbooks, which became vbsolete very soon with
respect to scholastic programmes.
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La Géométrie d’Oronce A attague

METIN, Frédéric
IREM I¥ijon {France}

Abstract

Imaginez que vous soyez privé de tableau, craies et salle de classe; ce serait peut-8ire
une catastrophe ! Les professeurs de Mathématiques ont peu le sonci de Ia pratique (nos
exercices d application n’en sont pas) e, bien gue “le grand livre de la nature etc”, ils
seraient démunis en dehors de leur salle de cours. Ce n'est pas le cas i lo Renoissance
: de nombreux livres de géomeétrie sont divisés en “théorie” el “pratique”, comme celui
d'Oronce Tine {waduit en [570). Les problemes abordés sont ceux de la mesure d'objets
distants ou inaccessibles; il est presque exclusivement fait usage du théoréme “de Thalés”,
i 1"aide d'instruments de mesure des angles.

L'usage du “basten pour mesurer” m'a permntis, pour une fois, d'emmener les élaves i
Pextérieur de I'école, pour mettre en pratique des connaissances jusque 12 assez abstraites.
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Aussi-téie gy aura guel, (Mficiors suff; u fonmey en

Géamdrrie, e Mairee de Marbdmariquies 5e partera de remps en remps ) . N :
il t rares & comme ensevelies. Thevet affitme méme que les Mathematiques eussent un fort long

terpy croupy e un pietre & pitoyable estat si du pays du Daupliiné ne fut sorti un Fine qui ley
eut affiné.

TVEC euX sur e terrain pour les faire apérer © ainsi cenx gui ont défd

quelgie conpnencentent, se conyfirmeront dans ce qu'ils seavens, &

apprandront par a suite ce gi'ils ne sgavent pas.

Au sicle suivant, Nicéron n'est pas moins flatteur, mais & partir de Montucla®, il en est
{outl autrement. Le ton devient presque méprisant {Montucla ne s'occupe certainement que
des vrais mathématiciens. alors que les auteurs anciens font I'éloge d’un scientifique célébre
powr son action en favewr des mathématiques) : il fut, ainsi que Charles de Bovelles forr au
dessus de sa vépuwation. Montucla reconmait que Fine ne fid pas inutile au vétablissement
des mathématiguees, mais écrit denx fois plus de lignes an sujet de ses démractenrs Butéon et
Nuiies, de vrais et solides géométres, evx. L' époque n'est pas i une histoire “sociologique” des
sciences.  1"émde de ce qui s7est vraiment fait dans I"enseignement des mathématiques, mais 3
la glerification des inventeurs; Oronce n'est pas de ceux-li, et lorsqu'il le croit. ce n'est pas &
sOn avanlage. . .

Comment une Géométrie, ft-elle d"Oronce, peut-elle passer 3 "awaque 7 Et a Iattaque
de quoi ¥ On ne se laissera pas impressionner par I'extrait de 1'Instruction de 1720 donné ci-
dessus: il ne s'agira pas de mathématiques militaires; Ia géométrie dont il est question ici a
ceci de commun avec I'instruction des Officiers qu'il s’aght de rouver un rapport enire 1a table
(support de la théorie} et le terrain (support de la pratique. )

Seconde question : conument une géométrie, [it-elle & Hattaque, peut-clic étre d'Oronce ?
Car Oronce Fine n’est pas un grand inventeur, et il est toujours délicat d’attribuer la paternicd
des notions mathématiques tant les querelles ont ét€ vives sur ces sujets 2 1outes les époques;
on reconnait souvent des prémisses, les auteurs eux-mémes avouent leurs dettes. Enfin, pour
ce dont il est question ict, pas de grande invention, plutdt des pratiques anciennes couchées
sur le papier. Conce ne fut fier que d'un résultat © sa quadsatore du cercle. Mais Je mathé-
maticien portugais Pedro Nufies montra lrés vite gu'il '¢était trompé, et devant |'aveugiement
du prolesseur royal vieillissant, il publia en 1546 I"humiliant De Erraris Oronddi Finaed, qui
devail ridiculiser note auteur pour towjowrs. Si le texte d'Oronce Fine peut étre vu comme sa
géomélrie, ¢ est avant toul pau son style.

Nofre but n’est pas tant de réhabiliter Oronce que de montrer que tout exic ancicn peut
donner tien & des activités en classe, surtout lorsqu'il se vewt prarique. Puis, quand méme, que
la postérité est injuste en ne voyant qu'un médiocre calculateur en Fine. Citons la Biograplhic
de Michaud : Tel, @ fa favewr des connaissances actuelles, s'est acquis Iy réputation d'habile
géomérre, qui n'ent pele-étre pas ourrepassé les travarx d " Oronce sous Frangois ler?

Que sait-on de I’auteur 7

Selon Emmanucl Poulle, Fine était considéré comme un des pius grands savants di Roy-
awme, apinion d'aillewrs conforme & I'idée qu'il se fuisair de li-méne, et renforcée par sa
nomination @ la premiére chaire scientifique du Collége Roval, celle de Mathématiques.® On
v appréciera le petit coup de pied donné au passage. ..

[ PRI SCTL RN

o P’une maniére geénérale, le ton des biographes suil 1'époque @ au temps d’Oronce Fine, il
' est plutdt flaiteur, comme sous Ta plume d' Andié Thevet* qui cite cel Archimede Deauphinois,
qui par incliration naturelle s'adonna exire awres auwe Marthematiques qui pour lors estayent

nstruction powr fes Ecolex dex cing Batafifons du Kegintent Royal Avrilierie, {Osdonnance du § février 1520,
Instruction du 23 juin 1720), citde dans Mdmoires d'Artillerie, Recueillis par M. SURTREY DE SAINT REMY,
Licutenans dut Grand-Moftre de UArtillerie de France. Trolsieme édition. Faris, M. DCC. XIV. (1 1 p. 37).

*Blographie wiiverseile ancienne er moderne, . ... nowvelle éditian, publide sows la direction de M. Michand,
Panis, C. Desplaces, 1854,

J0ronce Tine et I'Horloge planstaire de 1z Bibliothéque Sainte Genevieve, Hibfiothéque o’ Humamnisme et de
Rencissance, Travaus et documents, . XXXIIT, Gengve, Droz, 1971,

ALes wals powrtralts er vies des hommes illustres, greez, lating ef payens recueilliz de lewrs table au livre,
muedailles antiques er modernes. Par André Thevet, angoumoysin, Premier Cosmographe du Roy. A Pads. par la
venve T Kervert el Guillaumne Chaudiers Eue 3t Jucques |584.

FJean-Etienne Montucla, Histoire des Mamhénariques. Faris, Agasse, An VI-An X. Pact, OI. Liv. IIT., p. 574.
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Le sommet est ateint avec D.E. Smith®, qui semble faire de 1'Histoire comme on donne
des bens points 4 1'école, ou dans les tribunaux ! En effet, Oronce est rangé dans la caté-
gorie des “Ecrivains mineurs”, ce qui n'est pas trés grave, mais qualifi€¢ de “'un des mathé-
maticiens les plus prétentienx de son temps et ['un des moins habiles”, veila qui confine a la
calomnie. Néanmoins, dans un chapitre consacré aux instruments de géométrie’, Smith utilise a
plusicurs reprise des illustrations des ouvrages incriminés (la Protomarhesis de 1532 et le Traitd
de géometrie pratique de 1556}, ce qui prouve qu’ Oronce était au moins digne d’illustrer le livee
de Smith, ou qu’il est pent-éue plus facile (et plus rapide} de lire les images que de s'attacher
au contenu du texte. . .

Sortons de la polémique pour denner quelgues indications biographiques : Oronce Fine
est né en (494 a Briangon, mais ayant perdu son pére assez tét, il part étudier & Paris. Les
mathématiques sont fort peu prisées mais 1'intéressent an point qu'il les enscigne au College
de Navarre 4 partir de 1516, Une sombre histoire (une de ses prédictions astrologiques aurait
déplu, ou il aurait ét¢ arrété au moment de I’ opposition au Concordat, ou encore fait prisonnier
alors qu'il fravailiait pour I'ennemi en pleine guermre d’Halie) le méne en prison de 15184 1324
(on ne rigolait pas 4 1'épogue), puis sa réputation de scientifique s accroft 1ant que Frangois 19¢
le nomme Professeur Royal® en 1530, 11 publie de nombreux ouveages. dont if donne plusieurs
versions {les textes changent peu mais les illustrations sont totalement revues}, ce qui ne suffira
pas i en faire un homme riche, puisqu'il meurt totalement désargenté en 1555, On est peu de
chose. ..

Le texte que nous avons étudi€ fait partie de sa géométrie pratique, 4’ abord publide en 1532
dans la Protonmarhiests, sorame de ses connaissances de I'époque (la prison lui a t-elle permis
de réfléchir A ces questions ? 1l n'en dira jamais rien) ol il voisine la fameuse “quadrature du
cercle” qu'il aurait mienx valu qu'il n'écrivit jamais. Une deuxiéme édition est donnée en 1555
sous le titre De Re &: praxis geometrica fibyi tres, (et en partie dans L composition et usage du
gquarre géométrigue en 1566) traduit ensuite intégralement en frangais par Pierre Foreadel, son
successeur au Collége Royal®,

"David Eugen Smith, History of madentatics, Dover publications inc.. NUY., 1958, Vol. L p. 308, Cest nous
i iradulsons,

Vol, I, Special Topics of elementary marhenarics, p. 3dd.

$Qu " aurail dit 11.F., Smith ? Que Frangois Ler éiait un imbécile #

ILa Practique de la géomérrie d Oronce Professeur du Roy &s mathématiques, en laqieelle est compring I nzage
du Quareé Géométrigue, efc. Reveile & traduicte par Pierre Forcadel, Lecteur du Roy és Mathéatiques. A Paris
chez Gilles Gowrbin, 1370,
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[ texte

Apparue dans la Proromathesis de 1532,

LA
p R_ A C T IQY E la Gépinétrie pratigue connut beaucoup

DE LA G EO M E de rééditions. ou de refontes, en par-

ticulier en ce qui conceme I'usage du
TRIE DORONCE, PROFES- 9 g

feur du Rey #5 Mathematiques, en Jaquells “gquard géométrique” et des instruments.
et comprinsFvfage do Quacré (ijwm“quuer; Nous avons consulté la premiére traduction
:nd :ﬂE:Etﬁegr!ls&a;gf: ]1: “r,{:ﬁ’:ri’afﬁ?f.f :.:Fu: frangaise, due a Pierre Forcadel et patue en
r=r toutesforresde plans B2 quandiiez corpore- 1570 (BM Dijon. cote n® 51119). Ce livie

les: Auee les figures & demenlirations,
Kmmaa-md’uie‘h par Pierre Foreadd | -
Desr duBpy & Mathematiqver.

A M. leDuc deGoyle.

se situe dans la tradition des géométries
pratiques et des wraités d'arpentage et de
tois€ en ce qu'il est avant tout un recueil
de moyens de mesurer {longuewrs, superfi-
cies puis volumes). En revanche, il n'est
pas question de problémes de constiuc-
fion, inscription, circonscription ou autres.
qui constituent aussi une branche (euclidi-
enne) de ku pdoméuie pratique. [ est re-
marquable de constater gqu'un professeur

A PARIS, royal a pu s'intéresser 4 ce genre de choses,
Chez Gilles Gaurbin i lenfeigne deTEfperan- d’antant gue presque tous les suivants

cc, deuan: le mﬁ]cg:dc feront de méme.
Canbrsy.
15? o.

Le début du premier chapitre donne la justification de cet intérét ; i y a deux choses, qui en
toute discipline, ont de coustume estie agreables, plaisantes & wriles & tous studieny. L'une ext
Ia facile inrvoduetion & la discipline : laguelle la vaye de dacrrine & le sens universel expligue.
L'autre est veite [vae] estie le fieit colligé [recueilli] d'icelle discipline, compensateur agreable
des fravaiix enrepris. Pas  de  théorie sans pralique, car les froits du travail doivent étre
recueillis ! Cela ne manguera pas de nous rappeler gue les éléves demandent fréquemment :
pour quoi faire 7 Et que la compensation agréable des travanx entrepris est le cadet de nos
SOUCIS. 2 i

£ BT ST e

Ces choses étant difes, Oronce Fine ne
s'embéte pas avec des définitions (car il
I'a déja fait dans la géométric théorique)
mais explique tout de go la fabrica-
tion du premier instument, le quarté
géométrique, qui sert A effectner des
visées en voe d'utiliser des proportions,
La Protomathesis donnait une illustra-
tion sans le quart de cercle intérieur (qui
s"appelle guadrant et non quarré),
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Il est & supposer que 1'éditeur, Gilles Gourbin, qui est aussi celul de Forcadel et d’autres pro-
fesseurs Toyaux, aura fait une économie de gravure, puisque 1'on retrouve cette méme illustra-
tion telle quelle dans Lusage du quarré géométrigue de Jean de Merliers {1573). Linstrument
est rudimentaire et bien connu a 1'épogue, il n'est pas de l'invention d'Oronce. Sa différence
avec le quadrant est simple : le quaré est fixe (I'un de ses montants est 4 la verticale) et la
régle mobile permet les visées, alors que le quadrant pivote. un viseur étant solidaire d'un de
ses montants et ¢’est un fil & plomb qui donne 'angle par rapport & la verticale. Une utilisation
de 1a 47 proposition du Yivie V1 des Eléments d’Euclide (un équivalent de notre “héoréme de
Thalés” ou de la propri€ié des mangles semblables) donne le caleul de la distance A mesurer.

Par exemple, au chapitre 3 © Comme sont inesurées les lignes droictes, estendues en wune
superficie plane terrestre.

Laligne /B étant 1a ligne & mesurer, il suffit de poser le quarré sur le sol et d’effectuer la
visée. Puis, telle vafson que a le costé du quarré ad, é la partie couppée df, iceile parde aussi
i lighe donnée be, & icelluy costé ab, autrement dit et movennant une tralison de style, 4.0
est & DF comme FE B est 4 AR, ou encore % = % ce qui permet (nais Oronce ne 1'écrit
pas) de calenler 773, connaissant la taille du montant AF et lisant la graduation sur 2¢7. La
démonsteation est donnée dans le texte, elle consisle A prouver, par les Eléments d'Buclide, que
les deux triangles ADF el 5B A sont éguiangles, done proportionnels; on voit ici la supériorité
de la proposition VI-4 d’Euclide sur la proposition V1-2 (notre bon vieux “Thalés™) en termes
d'efficacité : allez donc faire reconnaitre & vos éléves une “situation de Thales” dans les triangles
ADF et ABE: i faut au moins deux applications du théoréme, sous la forme que nous lui
connaissons, pour établir [a proportion. Reconnaissons que la pensée des triangles semblables
est plus intéressante ici et que nos “figures-clés” ne sonl pas ussex (ou sont trop) nombreuses.

e chapitre 6 propose lu description d'un aurre instrument, avec leguel est obtenué la

longueur des lignes droictes & inaccessibles, & constitudes ou eslevées orthogoneliement au
plan terrvesrre. 11 s”agit du famenx “biton de Jacob” :

Lebafton pour mefurer.

238

Le grand biton cst divisé cn six parties égales (ou plus) et coulisse & L'intérieur du petit
biton transversal doni la longueur est ¢gale i celle de 'une des parties du grand. La visée est
des plus simples il suffit d’aligner les extrémités ¢ et 17 du petit biton avec cclles de la ligne
4 mesurer. Mais ¢a se corse 1 une seule visée ne suffit pas, il y aura donc un systéme de double
visce.

Le principe est le suivant : "homme est en H et effectue la visée, le peui bilon ajusté
sur une graduation preécise du grand. Il décale le petit biton d'une division et se déplace en
pour pouvoir effectuer une nouvelle visée. Miracle de la géomérrie : la longueur de la ligne a
mesurer F < est égale a la distance [ ! 1e plus beau dans ce texte est qu'Oronce ne fournit
pas d'cxplication. Fvidemment, on ne peut s empécher d’en chercher une tencore du Thalés) et
d'ennuver les éleves avec cette recherche.

Travail avec les éleves

Comme d’habitude, la premi&re difficulté est pour eux de s habituer 4 la typographie. Mais il
en vient une seconde : les mots et les expressions sont vraiment plus compligqués que d habimde
{c’est un imprimé plutdt ancien. un des tout premiers traités de géométrie en frangais.) Ce
qui démobilise de prime abord, car on ne peut éuder ce probléme ponr passer toul de suite
au contenu mathématique. Cela peut nous rappeler les dillicultés que représente notre propre
langage pour nos éléves: iz différence entre Oronce et le professewr, ¢’est que le texte d"Oronce
est élrange pour la classe el pour le professeur. 1l est donc nécessaire de travailler d’abord
sur unc partie facile. pour laguelle toute la dilficulté résidera dans le sens 4 donner aux mols :
{"introduction ou les instructions pour la construction du quarté peuvent jouer ce rile de mise
en train.

Les deux extraits présentés ici ont ¢i€ proposds a des éléves de Premiére (Sciences et Tech-
notogic de Laboratoire) cf de Scconde (Arts plastiques) du Lyvece “Le Castel”™ a Dijon. 1ls ont
donné lien 4 un iravail en classe puis i des séances de mesure. $i la partie théorique a été plutst
poliment recue mais pen apprécige, les séances de mesure ont ét€ joyeuses | Ce n'est pas si
étonnant, nous sortons assee peu de Ia classe et nog exercices n'ont gu'un rapport lointain avec
vne quelcongue mise en pratique: en cutre, les voyages de clagse ou les sorties au cinéma sont
rarement le [ait du prolesseur de mathématiques, alors qu'ils sont i marquer de piertes blanches
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dans la mémoire et I'imaginaire des classes. 11 n’empéche que la sortie ne (me) suffisait pas et
qu'il était nécessaire de comprendre a prior comment les visées allaient permettre Iestimation
des longueurs. Tout ceci allait, du moins le pensais-je, convaincre les éleves de 1z puissance des
mathématiques, de leur aptitude & mesurer le monde. done & le déerire.

Picmidre époque, en salle @ lecture du chapitre 3 (voir plus haut). Tout se passe comme
prévu, les éléves 'y comprennent rien et certains refusent méme d’aller plus loin ("4 quoi ¢a
sert ? Vous éfes siir que ¢a fait hien partie du programme ?”') La démonstiation est paiticuligre-
ment difficile & comprendre, et nous devons ¥ passer du temps. J'aurais pu mdicher le tavail en
donnant un glossaire et le canevas de la démonstration, mais ol aurait été le plaisir 7 N'gst-il
pas normed que la découverte ne soit pas immédiate ot qu'elle dérange 7 Sans aller jusqu'a
luisser kes €léves en échec. ne les laissons pas dans {'illusion que tout cst facile et que lc savoir
s’ acquiert sans aucun effont. L'éleve n'esl pas la mesure de toute chose. Allez, n'ayez pas peur:
les €léves ont disposé d'un petit schéma el de quelques indications au fur et & mesure de leur
avancée (un prol doit savoir rester humain de lemnps en lemps. . . )

Les Premiéres ont étndié le chapitre 10, dont il 2'est pas question ici (mesure de la hauteur
d’un édifice 4 I'nide d’un seul biton planté verticalement dans le sol, la démonstration leur
semblant maintenant abordable (le plus gros avait été fair au chap. 3). Les Secondes ont eu plug
de chance encore avec la fin du mé&me chapitre. oll Oronce montre conunent 1'atilisation d’un
simple mireir permet d’estimer 1a hauteur d'un édifice dont le pied est accessible. Les deux
classes ont terminé par 1a double visée, lecture commune, esquisse de démonstration en classe,
puis rédaction compléte de cette démonsiration 4 la maison.

Deuxieme époque, dehors'?, Les €léves de Premitre disposaient du bron (trés mal fabrigué,
mais tout le monde n'est pas chéniste!!) pour mesurer de loin 1'espace entre deux pylénes du
Lycée (j'avoue : novice, j"avais oubli€ de demander toutes les autorisations et nous avons €1
obligés de rester dans l'enceinte de 1'établissement). Puis ils sont partis dans les frimas de
janvier mesurer la hauteur d'un célebre obélisque dijonnais i 1'aide de ia toise verticale, ’autre
biton ne servant a rien ici. Les éléves de Seconde devaient mesarer routes les coles possibles
du Bastion de Guise (demier grand cuvrage conservé des fortifications de Dijon) en vue d'une
éventuelle reconstitution en maquette (qui ne fut pas construite}, 4 I'aide du biton, du miroir
et du quarré géométrique. Lintérdt d'un bastion est qu'il permet une remise en perspective
historique de ces anciennes méthodes : il ne me fut pas difficile de convaincre les €léves que
les mousquets des détenscurs los auratent vite décimes s'is avaient essayé de s’ approcher du
rempart [ Joyenx souvenir. ..

OQw’en penser ?

Par honnéteté, je dirai ce qui $’est passé en rentrant en classe : nous rendant compie de
I"écart shurissant entre les diverses mesures (plus de 20% ), nous avons di discuter de Uattitude &
adopter pour décider des valeurs des longueurs. Les rigolos écartés (les deux mesures extrémes),
il a suffi d'un sitmple caleul de moyenne pour mettre tout le monde d'accord, la méthode des
moindres carrés étant encore hors de portée | Les mathématiques sont toutes puissantes pour

1%7e reconnais ma dette envers Peter Ransom, dont 1" atelicr & U Université d”été de Montpellier en 1993 o inspiré
une bonne partie de ceule activité o 1extérieur.
! Petite [ourberie i destination de 1.-M. D, de Bruxelles, qui souhaile certainement garder I anonymiat,
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mesurer le monde, certes, mais il faut éviter de les appliquer. . .

Quoi qu'il en soit, ce qui me semble évidem aprés ces péripéties, cest que le théoreme “de
Thalés” est un grand théoréme, & emporter sur 1'fle déserte 5'il 0’y en a qu’un. Les éléves con-
servent trés peu de choses de leur passage en cours de maths (sans parler des choses qui seront
utilisables), mais "idée des formes proportionnelles les marquera sans doute pour toujours : ils
devaient certainement la connaitre avant.
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Langunage engineering - The outcome of the intersection of
Linguistics, Mathematics, Computer Sciences

MOLEA Amelia
Bucharest (Romania)

Abstract

The computer-based infermiation and communication technotogies are providing direct
access to each and every ongoing field all over the wotld through a combination of written
text, graphic images and sound. Language will, in some form, be at the core of the screen-
hased multimedia communications that are likely to become an intrinsic part of Life both at
the work place and al hone.

As information technology keeps growing in difforent areas, equal opportunities for
evervone to access information become a key issuc. Clearly languages play an important
role in this respect.

For Europe a dual challenge exists: to maintain its linguistic and coltural diversity and
ta ensure equal opportunities for business and citizens alike to participate fully in and share
the benefits of the new information era.

Language engimeenng is the core of information technology and this will be the key
industry of the 21st century, The information super-highways conceived today will soon
carry infinite amounts of digital data, images, sounds, tables, figures. caleulations and pro-
cess protocels. T these data are to be intelligible, and make sense, they must be bonnd
together by languags. Without natural language processing, information remains incom-
prebensible.

Lunguage, once a cultural asset only, has now becomme an econgmic commodity, too.
The natronal language institutes have acquired now responsibilities. Now their task is o
provide information from abroad available in the national language and for locally pro-
duced information o be distributed world-wide in major international languages. To train
and employ more translatoers is not sullicient. We must also take care that the necessary
language technology is heing developed.
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1 Current Issues in Language Engineering

Spell chieckers were among the earliest successtul language technology applications. They have
been accepted as uselul devices and wre will being sold today in ever-improved versions. The
majority of early machine translaton systems, particularly the more sophisticated ones have not
survived. SYSTRAN is still kept alive by the European Commission’s translation services, but
many others have disappeared without leaving a trace.

Spell-checkers don’t need semantics. Even in the seventies they were based on little more than a
list of the most frequent word forms, i.e. linguistic knowledge widely available or easy enough
to generate from corpora.

Machine translation however needs semantics, Our understanding of word meanings ov lexical
semaniics in the seventies was contained in dictionaries, and it was aranged in such a way that a
user with some experience could understand using a great deal of implicil knowledge about the
wotld and inductive reasoning. All assets computers do not possess, such as having the ability
1o draw analogies. Therefore, there is no swprise that early applications involving semantics
were not very successful.

Language technology can wark with two kinds of semantic information. One is rule based and
presupposes a formal logical semmantic analysis of the phenomenon under discussion. The other
kind uses statistics and is nol really semantic at all: it computes the five or ten words or word
lomis preceding or following the word in guestion and relates this information to the different
translation equivalents found in parallel corpora. The German word Sefmecke for example is
translated into English either by snail or sing. where snaif refers to the creature with a ‘house’
and slug to the one without, The rule based approach states just that and searches the German
text for clues from which we can infer the correct translation equivalent. The statistic-based
approach does not look at the meaning at all. It looks for words and other traces that frequently
oceur when Schitecke is translated as snail and for other patterns co-oceurting with Schaecke
being translated as slug. In the context of siig. we would probably find wouds like vegerabie
(garden), lane. wet, and various forms of get rid of. while in the case of snail. I would expect
words like table, course, wine but also vineyard and sunny,

Today’s successful applications involving semantics work with an amalgamn of the rule and
the statistic-based approach. The statistic approach has some attractive advantages: the data
required can be generated from corpora with no or only little human intervention. As it is just
an cmulation of semantics, one does not have to be able to state explicitly what a lexical item
means. Indeed it leaves ont the entire question of meaning. Its inhetent shortcoming is the
rate of accuracy. Even a rate of 95 translation equivalents implies that every twentieth word
in a text is mistranslated, practically, every sentence and ceriainly more than what miost people
would like to live with. On the other hand, the rule based approach can be a very expensive
alternative. It presupposes something like a bilingual dictionary that would enable translation
of a text correctly into an unknown foreign language. The reason why such dictionarics do not
exist for human users or machines is that the explicit linguistic knowledge they would have to
contain is not yet available and that this knowledge is extremcly expensive to prodace.

The new generation of language technology applications (monolingual and bilingval or rul-
tilingual ones) deals with semantic problems. They recognise the fact that computers canmot
understand spoken or written texts in the way humans can. Therefore, these text processing
systems cant only emulate the human faculty of ‘understanding’ by a mixture of rules and proba-
bilities. To find the right mix is less a question of theory and principles than of calibration and
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learning by doing. The crucial point is the performance of an application under reat life con-
ditions. The application has to prove its cost efficiency, ie. it must demonstrate that it can
complete a task cheaper than a trained human, After two decades of experimental and pilot
systems, the cmphasis today is on robust applications for whick there is a real market, i.e. one
where users are willing to pay a fair price.

The linguistic formulaled knowledge in existing grammars and dictionaries - is unsnitable for
language iechnology tools for two reasons. First most of it is not corpus based: rather it reflects
the individual linguist's (lexicographer's) corpetence based on a collection of data (citations};
and however large their collection may be, it is permeuted by a bias that cannot be avoided.
Secondly. traditional grammars and dictionaries have been devised for human users, who differ
substiantally from machines. Human beings use inductive reasoning and can draw analogies
casily; faculties like these are taken for granted and are reflected in the traditional arrangement
and presentation of processed linguistic data. Language technology tools cannot 1ake recourse
to common sense; as in this, all knowledge has to be spelled out in the form of Tules, lists, and
probabilities. But anyone who has gone to the sources has expericnced the problem thal when
we start analysing language ag if occurs in a corpus, we gain evidence that renders existing
grammars and diction:uies as very unreliable repositories of linguistic knowledge. We discover
that traditional linguistic knowledge gives us a very biased view of language, a view that has
its roots in the contingency of over two thousand years of lingnistic theorizing. We are so
accustomed to this view that we take it as truth. as reality and not just for an interpretation of
raw data. [t is true that traditional grammars and dictionaries have helped us. fairly satistactorily
1o overcome the linguistic problems we human beings have to deal with. But they will not be
good enough for language technology applicalions.

That's why. however cumbersome and expensive it roay be, language has to be described in a
way that it is appropriate for language engineering. It has been demonstrated that monolingual
and bilingual dictionarics are of no (or only little) use when it comes 10 automalically transla-
ting a word from one language into another in cases where there is more than onc alternative.
To reduce the cost of a corpus based language analysis from scratch, which is indispensable,
corpus exploitation tools have to be developed. They will arrange the rough facts (including
statistic driven devices [or contexinal analysis) and process them (with a great deal of human
intervention for the semantic interpretation of data) into algorithraic linguistic knowledge and
rules derived [rom objective data rather than individual competence, Perhaps this will result
in the (inding that traditional categories Jike noun, verbs and adjective do not, after all reftect
categories useful for language processing.

2 Technological Processing of Romanian Language Data

Technologization of Romanian language is only at the beginning in spite of the fact that research
has been carried out in this ficld for a long time. Most of the research was focussed on written
language as well as speech. The first attempis (0 process written langnage started in the sixties.
At that time a group ol young mathematicians and engineers under the guidance of Evica Nistor
Domokos started at the University of Timisoara a project on machine translation. Supporled by
the famous mathematician Grigore Moisil the group implemented in 1963 a prototype system
of ranslation from French and English into Romanian. In spite of the owtstanding results for
the technology of that time presented in public demenstrations the lack of interest on behalf of
authorities led (o the abandoning of the official research in the field of machine translation.
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After 1990, there was a tremendous increase of the possibilities of information and free circula-
tiens. The easier access to hardware and sottwarc advanced technologies has a positive impact
on the technological field of language in general and technologization of Romanian in special.
The intemational programmes of academic exchanges. the research stages, participations to im-
portant canterences allowed for adequate information of Romanian researchers on the advances
and use of modern technelogies for international and national priorities.

Linguistic engineering research focused on formalisms based on unification, on reversible met-
hods of natural language processing. Modern linguistic theories, with compuiational relevance
are used as instruments by more and more reseatch groups consisiing of computer sciences
specialists and linguists.

We are glad to acknowledge introduction of computational linguistics and modern linguistic
theory courses in the cunricola of several higher education institutions in Romania (The Com-
puter Sciences Facully of Al L Cuza University of Tassy, Computer Sciences Faculty of Babes
Bolyai University of Clu-Napoca, Computer Sciences Faculty of the Department of Mathe-
matics of the University of Buchatest, Foreign Language Faculiy - Depariment of English of
the University of Bucharest, Computer Faculty and Electronics Faculty of the Polytechnical
University of Bucharest, Computer Faculty of the Technical University of Timisoara)

We have several national priorities sct up in this filed regarding:
- development of computational linguistics.
- compuier aided acquisition of concepts of national and European culture.
- language technologization (the setiing up of computational lingnistic resources.
- computer aided translation, foreign languages teaching, actistic languages presentation.
- development of multilingual computer aided services.

- development of authorial systems (systems capable to intelligently assist the untilizers to
create and manage complex documenis).

In an atempt 1o assess the most developed areas of language technology in Romania which
could constitute a standing point for the later developmient of Romanian Tangnage technologiza-
tiom, the following areas have to be pin pointed:

- morpho-lexical and syntactic processing instruments (analysers and generators).
- vocal signal processing instruments (recognition, synthesis. prosody).
- spell-checkers.

- question/answer systems (friendly interfaces) on applications,

almost complete descriptions of the Romanian morphology, both paradigmatic and deriva-
fiona.

- patial syntactic descriplions of Romanian.

vocabularies.

- dictionaries for compuier-aided processing of willlen language.
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- termainology thesauruses for various linguistic registers.

- specialiscs corpora.
3 Language Engineering Applications

In support of the ideas presented above [ am going to provide some detailed examples of how
language technology actually works in applications. T will start by introducing several facts
concerning machine translation as this application is presented by Rajmund PIOTROWSKY.

The model desizned to develop and implement a computer simulation of a psycho-linguistically
realistic model of language behaviour is named ‘linguistic automation” and consists of a hard-
ware, an operating system computer program for natural language processing. a vastinguistic
database.

According to PIOTROWSKY, ‘linguistic automation’ may be conceived as a level based system.
The first level is the ‘linguistic information database” including linguistic and encyclopedic data
with their probabilistic weights marked. This level comprises an astomatic dictionary (struc-
tured as a lexicon providing information about word-torms, stems, phrases), lists of grammatical
affixes, toponims, anthroponyros, abbreviations, etc. It also comprises organisation and upda-
ting programs. The second level comprises a set of functional modules (A1) consisting of twe
subsets Af, (incorporating the analysing modules) and A4, (unifying generating modules).

My ={de b o Lo Dosose, 3y)

where
d = maodule of graphemic text decoding
c = speller
{. = module of lexical analysis of the key lexical items

module of lexical analysis of the lexical items in the text

m = module of antonomous morphelogical analysis of text words
I = module of lexical-morphological analysis of key lexical items

L = module of lexical-morphological analysis of text words

s = module of surface structure analysis
sy = module of deep topic-comment analysis of the sentence
53 = wmoadules effecting semantice-pragmatic analysis of the text
M, ={k.cl' L' 8,5, 3)

k. — module of encoding

¢ = speller

i .. module of lexical items generation in the text
L' = module of lexical-morphological generation of lexical items
5, = module of surface structure generation of the output sentence
s, = module of syntactic-semantic generation of the cutput sentence
gy = module of semantic-pragmatic generation of the target text
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The third level comprises some concrete systems and subsystems of natural language proces-
sing such as: the systems and subsysterns assigning 1) the analysed text to a certiin language
2y word-by-word and phrase-by-phrase machine translation 3) rough lexical and morphologi-
cal machine translation 4) semantic-syntactic machine translation 5} topic-comment machine
translation of headlines and book ritles 6) text fragmentation, compression and abstraction.

The forth Jevel is carried out through incessant human being - computer interaction.

Taking into account that any natural language processing system has to deal with indeterminacy
conditions under the form of a set of alternatives present in the database and in the algorithm
blocks, language automation is endowed with an artificial brain module which has to select the
appropriate decision. Similar to other control and management systems the deciston making
body of the linguistic automation can be described as o hierarchic structure with three levels: 1)
self organisation 2) adaptation of linguistic automation (o (he given texts 3) selecting a suitable
decision for a concrete task. The third level is very important for the development of linguistic
antomation and methods to work out the favlts due to engincering and linguistic limilations
appearing in the linguistic automation have already been put into algorithms. The methods may
be interesting for specialists.

The existing polyfunctional nawral language processing systems are not perfect linguistic an-
tomata, Man still plays an important part in maintaining feedback in man-machine dialogue
and the interaction of linguistic automation modulcs. The role of man is greater in the higher
linguistic automation levels, providing functional decision and syoergistic organisation, than
in lower, more primitive blocks. In the future. the main efforts of researchers are expecied 10
concentrate on extending linguistic aulomation decision possibilities.

In order 1o implement various applications of natural language a lexicon is needed containing
phonetic, morphologic, syntactic ete, information. The example discusses hereafier concen-
trales on morphological aspects of vocabulary as seen by 5. COJOCARU who solves this prob-
lem appealing 10 two methods: static and dynamic. The standing point of the first methed is the
classification of Romanian language words ioto inflection groups. The anthor makes use of a
30,000 words dictionary, each word being attributed to the respective group number. To obtain a
formal description of the inflection process in accordance to the above mentioned classification
there have been fornmwlated grammars with dispersed context containing mies of the form:

[/ # [#] M]an Y Brae. oy ¥ Baor@tn — 07 3 brtgenan,_ ) b1, Ny

whete ;. «} are arbirary words (taking into account the algebraic sense of the notion word).
b; is a non-empty word or a reserved symbol #, ; indicates an inflection subparadigm. The
rules are to be nlerpreted as follows: be ' a lema word. Each sign “/” indicates a jetter, which
must be cut from the end of the word «. The word v. obtained from v after the letters at
the end have been cut, is a stem (if &, exists), and V| is an index denoling the infiectional
subparadigm containing the affixes which will be attached to the stern » to obiain the respective
derivates. The substitution rule can be applied if v = foaq f1as fo.. 001 fa_1a. fo, where f; is
an arbitrary word (including an ernpty one) which does not contain the words “forbidden™ ;. If
there is more than one represcntation of this kind of the word, v is selected the first (scanning
from left to right, if sign # is not present, and in the opposite direction in the opposite case.
b; = * does not impose restrictions on f;. In the indicated context parallel substitution takes
PICE: @y, @y ..oyt = 41 fige ooy €, 2L DEW Stem ¢ being obtained. to which the affixes in the
subparadigm ; are attached.

Thus in order to generate the inflection of a word knowing its group number it is encugh to
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interpret the respective rules. One or more grammatical rules can conespond to a group number.
To describe the inflection system of Romanian verbs, nouns, adjectives, articles, numcrals and
pronouns 866 rules have been found necessary making references to 320 subparadigms. Using
in some cases scanning of the lema-word from right to left we can use simple rules, context lree
or having only substimtion contexts (not the “forbidden”™ ones}.

For the derivation of the words that are not in the inflection groups the dynaric method is used.
The inflection programs initiate a diadogue (o determine the past of speech. gender (for nouns)
and other additional information for more difficult cases. To cany out morphological derivation
it is necessary to find out: a) the vocalic and consonantic altemances, b) the application context
of alternance rules, ¢) affix series, The tables containing affix series, altemances and their ad-
missible co-ocowrence are the basis for the fuactioning of inflection programs, As the iregular
words are seldom, they are described a prioni and processed in a special way. Obtaining the
inflections of a word we can determine the number of the inflection group thus reducing the
presentation of all the words in the lexicon to the static method,

The procedures described above have been used to set up a lexicon of approximately 65,000
words which served as basis for the realisation of a spell-checker for Romanian (ROMSP).
ROMSP is implemented in Borland Pascal with Objects 7.01 for M3 DOS having the following
componenls: a) the spell-checker program with a friendly dialogue, very simple even for the un-
cxperienced utilizer: b) the morphologic derivation program of the Romanian words. necessary
for updating the database; ¢} database management program which carries oul compactization
of vocabulary, its integrity upgradation and control provides similar words to the given one,

In the implementation of the vocabulary two goals have been followed: a) diminution of the
database volume; b} efficient access to (he items in the base.

The vocabulary is divided into pages. the table of access to pages being a hash-tunction stored
in RAM thus diminishing considerably the number of addresses to the hard disk. Each word
is presented by three components: 1} the first two letlers, stored separately (elements of a page
are words which begin with the same two letters); 2) the rest of the stem (theme); 3} reference
1 the valid affix set for this stem.

The vocabulary occupies 1,2 Mb, the checking speed being of approximately 130 words per
second on a very simple computer (IBM PC 286, |2 MHz).

T.ast but not least I would like to bring about some issues of cwrrent interest in the develop-
ment of speech technology which can be considered as one of the most important fields using
interdisciplinary skills.

Speech processing is a field encompassing a great variety of technologies and applications.
Many of these applications such as antomatic recognition and synthesis have become traditional
as outcomes of several decades of intense research. Some others although are less known or
more recent, but they are important and useful. In spite of the advances in this field the oulcomes
are still far from what they should be. The tasks initiatly set up proved to be extremely difficalt
in tinle. The causes are complexity of the vocal signal as well as the difficulties encountered
in its processing linked either to the recognition of its informational content (the vocal signal
strongly depending on the speaker and the context of a message) s production. the transmission
of this signal at distance.

In the field of speech technology, automatic speech synthesis and especially text-io-speech syp-
thesis has a special place since it can play an impoxtant part in the man-machine interface. A
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fext-to-speech synthesis system can provide an important range of applications in many fields
from electronic mail access to various databases through standard conventional communication
networks to reading systems for the blind. I would likc to present just a part of a larger re-
search carried out by an interdisciplinary research team in the Military Technical Academy in
Bucharest. This team worked on a text-to-speech synthesis based on the following general text-
to-speech synthesis system which has two main parts: one dealing with linguistic processing
which tumns input text into a phonetic and prosodic represeniation. The other is one of acoustic
processing which generates the speech signal using specific techniques for the type of synthesis
and the acoustic units chosen,

A general schemata of a text-ta-speech synthesis system comprises several levels aiming at
providing speech similar to natural speech. The input of the system is the text and the outpat is
the speech.

The inpul message can come from various sources, utilizing varicus writing protocols. Linguis-
lic processing must convert the input letters into a form that can be appropriately processed.
This stage of the synthesis must detect free spaces, sentence boundaries or sometimes the end
of a lexl smnple. Next the capital letters must be detected (both the ones at the beginning of
a senience and the ones that may come up later in the text) and rhe mwost usual abbreviations
nust be conveyed into normal writing. The protocol at this stage must also process numbers,
integers, decimal numbers, hours and dates. At the same Lime punctuation must be interpreted
which is to be used to establish prosodic features. A morphological analysis is caried out here
to each word being assigned a grammatical category; this is a result of the fact that one word
may be proncunced differently in accordance 1o the part of speech it represents. Accents may
also be analysed at this stage. The output of this module will be a sequence of letters making
up words with a grammatical description accompunied by aceents and other prosodic items.

The next stage converts the text into phonemic symbols which describe the way the letter se-
quences are to be pronounced. The schemata uses phonemic units bul obviously there can be
used other units making up words - syllables for example.

A note should be made of the fact that most synthesis systems, irrespective of the basic unit
chosen always makes use of a hybrid system to obtain such units; a number of rules are used
which take into account pronunciation and also a dictionary comprising “exceptions”, i.c, words
for which rules cannot be established in the regular way.

The phonetic transcript will produce as output a row of characters representing all the allo-
phones (the proaunciation variants of the phonemes) -in case we have used phonemes as basic
units- accompanied by guantitative values (durarfon of the acoustic units, basic [requency and
its variation} which are calculated by the prosody generation module providing the intonation
and accent of the words spelled out.

The last two modules accomplish synthesis of speech through the following operations: - infor-
mation output from the previous module is decoded: - the dictionary provides the parameters
corresponding to the acoustic units; - signal samples are generated using for instance [.PC syn-
thesis; - the segments thus obtained are concatenated: - the final wave form is synthesized by
the acoustic synthesizer (D/A conversion, filtering, amplification),

This general system has been implemented on 1BM PC using a linear prediction algorithm and
heve are its most important performances: compression rate 2.4kbs, real time synthesis (approxi-
mately 0% of the speech time of a statement for a 486 PC at 66MHz), good intelligibility and
naturalism. The characteristics of the voice on which andlysis has been carried out, previous to
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undergoing synthesis, can be easily recognised.

We established syllables as the basic elements for synthesis, these segments in our opinion,
offer a good compromise between the number of bagic units and the number and complexity of
concatenation nules for them. We still have to study prosody more thoroughly since problems
are raised by the [act that. at least in Romanian, the accent is free and there are far 100 many
exceptions to the mle. This is a problem that needs further research.

General schemeta of a text-ro-speech synthesis system
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The conclusion of the ahove presented applications is that sciences such s linguistics. mathe-
matics, computer sciences work together in achieving technological support for the future de-
velopment of the global society.

The applications and facts about langvage enginecring are pointing lowards the “holistic-integra-
tive” characteristic of modem science.

4 Some Epistemological Considerations

T would like to conclude this presentation wilh some considerations concerning the “epistemo-
logical” status of contemporary scicnce. starting fiom some ideas offered by the work of Tle
PARVU.

The recent sciencific development fundamentally modified one of the parameters determining
the setting up of epistemological methods. Generally speaking the classical epistelno]ggical
systems proceeded by taking into account a single scientific subject whose presuppositions
they tried to make explicit through universalization, and based on such grounds. they deﬁ_ned
an absiract concept of “science”. The simultaneous maturation of a great number of scien-
fific subjects nowadays generated new centres of “methodological diffusion™ and philosophical
problematization within science. If the “philosophical part” played by a scientific subject essen-
tiafly depends on its insertion in the theoretical configuration of a certain period. then nowadays
we are witnessing a multiplication of the philosophical centres of problem delining of science.
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In the past, mathematics and physics (and sometimes biology), represented the “paradigins” of
knowledge, providing methods and reasoning models for all subjects, at the same time providing
“the extraction field” of norms and principles defining the very essence of “scientificity”. In our
century various other branches of science have entered the “heoretical stage™, (he spirilual con-
figuration of contemporary science looking more and more similar (0 a “complex constellation”
of suhjects with methods, techniques, tools and non-homogeneous conceptual sysiems.

Out of the recent developments in psychology two research directions are of special interest
for epistemology. They offer direct data for the interpretation of several basic aspects of the
process of knowledge. They are the psychology of cognition and the studies on perception and
representation. The theorctical models using the tools provided by the theory of information and
computer simulation (“artificial inwclligence”), the setting up of “universal grammars™ which

Consequently, the generation of a generl epistemological interpretation from the sdy of should define “linguistic universals”, “the cognitive faculty of Lnguage” which is specific to
present qﬂy science must be preceded by the setting up of several “regional”” epistemologies humans, the modelling of the leaming processes, they all have provided new elements for a
by defining the status of theoretical knowledge and the methodological specificity of various reconceptualisation of psychology and for a deeper understanding of knowledge structure and
groups of subjects. mechanisms and for the construction of an integrated systernic model of the human being,

I'am going 16 review several of the most significant theoretical achieverents and methodological Important progress has been achieved lately by linguistics, a field undergoing modification of
changes which occurred in several branches of sclence. methods and concepls and setting up new cognitive objectives. As different from classical lin-
Starting from a taxonomy of science by C.F. von Weizsacker T would start this review with the guistics, a taxonomic empirical science, whose task was to set up the language corpus. The new
structiral sciences, a field of knowledge creating the abstract tools needed in all branches of trends initiated by CHOMSKY aim at going into the internal structure and the functioning mecha-
science. Within the structural sciences there are included not only pure and applied mathema- nism of natural languages, formulating fundamentat explicalive models. R. MONTAGUE's the-
tics, but also systemic analysis, theory of information, cybernetics, theory of games considered ory in Universal Grammar catries out for the first time an integral semantic-syntactic analysis
to represent the mathematics of temporal processes or “structural theories of temporal changes” of naturat langvages with the methods of contemporary logic: this theory has had influences on
whose “assisting instrument is the computer, whose theory js itself a structural science™ several conlemporary themes of epistemology such as: the logic - language relation, a priori

The medifications at the level of stractural sciences have been influenced by the development knowledge. logical truth and analycity, ete.

of logic. It has essentially influenced “rhe spiritual configuration” of contemporary science con- However, I didn't attempt a global analysis of current science, that's why I think I can conclude
tibuting alongside with mathematics both to the setting up and expansion of a way of reasoning at this point that the epistemological characteristics of global science is given by i1s “constel-
(structural-axiomatic) and, since it provides a methodological tool necessary to the philosophi- lation of ways of reasoning” {structural-axiomatic, synthetic- integrative, evolutionist, historic.
cal analysis of scicnce, to the foundation of a conception on science comparable as rigour to the statistic, organisational, architcctural, etc} which comespond to the diversification and maxa-
highest (heoretical achievements of scicnce iiself. In addition to that, through its own internal mum methodological-instumental and (hematic-conceptual expansion of knowledge. Contem-
elements logic has become one of the most active centres of curent knowledge, generating new porary science scems to have detached itself from the “methodological monism” and conceptual
philosophical problems, participating in (he new reconceptualisations of epistemology. reductionism of other epochs admitting plurality of “methodelogical centres” of knowledge and

the diversity of types of laws and thcorctical explanations. The only unification seems to be
related 1o the tendency of cognitive submission of “complex totalities” (highly complex pheno-
mena and systems) present in the majority of fields of current research, The “holistic” tenden-
cies of current research attach a great importance to the synthetic-integrative way of reasoning
which became manifest in current science.

Sunuarising the contribulions made by contemporary mathematics to the setting up of a mo-
dem epistemological conscience the following facts should be mentioned: 1) the setting up
and for operationalisation of several “ways of reasoning” with great applicability, necessary to
achieve theoretical domination of complex processes and systems (structural-axiomatic, statis-
tic, strategic, interdisciplinary reasoning); 2) through its sell-reflexivity mathematics offers tools
for the self-knowledge of science, for the setting up of a theory of knowledge; 3) new deve-
lopments in mathematics allowed a substantial progress in the understanding of the strucmre
and objectives of scientific theoretization; 4) by its internal evolntion mathematics led to out-
standing outcomes. They require re-thinking of relationships between tormalism and intuitive
constuctions, empirical knowledge and a priori knowledge, or analytic and synthetic, making
important suggestions concerning a general epistemological view on knowledge. I would like to end this paper by saying that the world today is facing various probiems making

In the field of physics, the cenual subject of natural scicnees, recent research has been deve- up a dichotomy whose terms can be formulated, as CHOMSKY puts it. as “Plato’s problem”
(pure knowledge) and “Orwell’s problem™ {social existence). The first tries to explain why we

loped. against the conceplual background set up by the theories. This influenced the “reaso- :
know so much in spite of the fact that we have such limited data. The second fries to explain

ning style” of contemporary physics, the theory of relativity and quantic mechanics. They have e . . ‘o
brought about i deep revolution of physic knowledge producing new sub- or supra-mathematical why we know so little in spite of the multitude of available data. This is the modem paradox of ?

structures (the theory of restricted and generalised relativity), new logical onthological for- knowledge as CHOMSKY suggests: ;

This integrative holistic tendency broughl about the expansion of mathematics over all branches
of research as a “reaction to a too sharp differentiation of subjects”. This refers not only to the
use of mathematical linguage or modelling techuiques bur also to the expansion to all fields of
knowledge of the “mathematical way of reasoning” in its present aspects of functional, inalogic.
axiomatic, recursive, sirategic. organisational, architectural, etc, ways of reasoning.

malisms (quantic mechanics), or even a new “methodologic order” in theoretic construction Plato’s problemn, as compared to Orwell's, looks 1o me more profound and inciling {rom an intet-
(cosmolf)gy). proposing a new forin for the scientific law, new types of theories meeting new lectual point of view. But il we won't be able to understand Orwell’s problem and recognise iy
completion standards and new criteria of “physic reakity™. signilicance in our awn cnltural and sacial life. 1o overcome it the human species will have few

chances o survive long enough to discover the answer to Plato’s problem or to other problems

252 inciting intellect and imagination. {Noam CHOMSKY, Knowledge of Language, 1985) ‘
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Exploring Fregean perspectives in mathematics education
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1 shall persevere until T find something that is certain - or, at

least. until I find for certain that nothing is certain.
{Descartes)

Abstract

Over the past two decades there has been a major upsarge of interest in the ideas of
Gotlob FruGE (1848-1925). Two important and related themes in FREGH's writings are
the logical foundations of mathematics and the impertance of an appropriate conceptual
notation tn deriving mathematics from logic. While his thesis that mathematics is a beanch
of logic and his conceptual notation were deemed to fail, FREGE's perspectives concerning
logic were to have a profound impact in both logical and mathematical developments in the
20th century. The goal of this lecture is to review a few of FREGE's ideas, not so much
in terms of their contribution to either logic or mathematics, but rather, as the title of this
lecture suggests, o try and explore Fregean perspectives for mathematics educatien. In
particular, we explore three aspects of the link berween FREGE s work and the way mathe-
matics is mught in schools and universities @ 1) the medium throogh which mathematics
is communicated, 2) the nature of mathcmarical cntities; and 3) the distinctivenass of the
methodelogy of mathematics - based as it is, not on everyday ideas, but on abstract ohjacts,
exact calculaticn and proof.
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1 Introduction

Three important and related themes in FREGE's (1948-1925} writings are: (i) the logical foun-
dations of arithmetic; (i} the importance of an appropriate symbolic language adequate bath
for any mathematical theory and simultaneously o embody all proofs within such a theory; and
(iii} the need for an analysis of the meaning of words and sentences in ordinary language,

Largely ignored during his lifetime, FREGE’s work has in the past three decades received con-
siderable attention and recognition. FREGE is recognised as the father of ‘linguistic philosophy”,
as the first philosapher to make a sharp distinction between analysis of the meaning of expres-
sions and establishing what is true and the grounds for accepting it (DUMMETT 1981). FREGE
is also celebrated as the founder of modern logic: the analysis of a proposition into function
and argument(s}, the truth-functional calculus, and the theory of quantification are among his
fundamental contributions to the field.

FrEGE's investigations into the foundations of arithmetic have both practical and theoretical
significance. For example, PARSONS (1965), in assessing FREGEs theory of numbers. writes;

It is impossibie to cumpare Frege's Foundations of arithmetic with lhe writings on the philosophy
of mathematics of Frege's predecessors - even with such great phitosophers as Kant - withoot con-
cluding that Frege's work represents as enormous advance it clarity and rigouc. It i5 also hard to
avoid the conclosion that Frege's analysis increases our understanding ol the elementary ideas of
withmedic and that there are fandamental points that his predecessors grasped very dimly, if at ull.
which Frege is clear about. {p. 182}

In a similar spirit, DUMMETT (1991} claims:

That [Frege's] philosophy of arithmelic was. indeed, fatally flawed; but it had an incontestable clari-
Ly, so that, even where it was mistaken. it pointed very precisely o where the prublems lay. But it
did much moze than ihat. Frepe's polemic aguinst formalism contained a defnitve refutation of (hat
deadening philosophical interpretation of mathematics, To important questions in the philosophy of
maihemiatics. above all those concerning the applicalion of mathematics, the (vuitfulness of deduc-
tive reasoning and the nanwre of mathematical necessity, his work provided, iF not full-dress answers,
at least sketches of what must be correct answers; later philosophers have come nowhers near his
partial success in answering those questions, and have lrequently fuiled 1o address them. Above
all, Frege provided the most plausible general answer yet proposed Lo the fundamental question,
“What is mathematics’, even if his answer cannot be unarguably vindicated. For all his mistakes and
omissions, he was te greatest philosopher of mathematics yet to be writeen. (p, 321).

The goal of this paper is to review a few of FREGE's ideas. nol so much in terms of their
contribution to logic, or philosophy of mathematics, or philosophy of langhage, but rather, as
its title suggests, to try and explore Fregean perspectives for mathematics education.

2 An outline of Frege's logicist program

By tracing the evolution of FREGE's lugicist program (to show that arithmetic is part of logic)
one might expect to gain some understanding of the processes by which mathematical iheories
develop. Indeed, FREGE provides un eloguent illustration of the creative mathematician.

DUMMETT (1981} considers FREGE's career divided into six periods, of which the Grst three
correspond to setling out his project. Inspired by HADAMARD's (1943) views presented in his
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Psvchology af invention in the Mathematical Field, we propose to add an initial period to‘ the
first three suggested by DUMMETT. drawing attention to the [undamental stage of unconscious
work of incubation of new ideas. We have termed these fowr periods as [) Incubation; 2)
Preparation; 3) Mumination: and 4) Formalisation.

2.1 Incubation

FREGE started his career as a mathematician with the presentation of his doctoral dissertation,
‘On a Geometrical Representation of maginary Formns in the Plane’. in 1873, In the following
vear he wrote his Habifirationschyift, "Methods of Calculation based on an E_x.fem‘.ion (:;f the
Coneept of Magnifude', which would allow him the post of Privatdozent at the University of
Jena. It is clear that this latter work contains the germs of FREGE's logicist insights, On the one
hund, we see FREGE's underlying idea that whereas geometry can be intuited, "quantity’ cannot
be an intuitive notion: “Ronnded straight lines and planes enclosed by curves can certainly be
intuited, but what is quantitative about them, what is common Lo lengths and surfaces escape
our intuition”. On the other hand, there is in this work an expanded notion of function related
to the one he would later use extensively in his project.

In 1874, FREGE published a review of a book on arithmetic. He was largely unsympathetici o
this work: he could not undersiand how it was that the propositions which formed the foundation
of arithmetic were “lumped together without proof”, while “thecrems of a much more limni-
ted importance are distingnished with particular names and proved in detail”. BynuM {1972)
suggests that it was probabty his disappointment with this book which gave birth to FREGE's
decision of setting out to explore the foundations of arithmetic.

2.2  Preparalion

FREGE’s investigation of the foundations of arithmetic made it necessary for him to cngage in
two different tasks. First, as one might expect, he focused his attention on views of other scho-
lars on the lopic: from Euclid to Newton, from Thomae to Cantor, from Leibniz to Spinesi, from
Kant to Mill. In so doing. FREGE became convinced that previous approaches were untenable,
and that there was a real need to find o new way out.

Second, FREGE set out to make logic more tigorous. Though attempts in this direction were al-
reacty beginning to be made, namely by De Morgan and Beole in England. FREGE feli that they
wete ettirely inadequate for his own purpose. This led him jn a natural way 1o the development
of his logical system which culminated with the publication of the Begriffsschrift in 1879.

The significance of this book can hardly be overlooked nowadays. [t marks the beginning of
modem logic, standing out as a major contribution to the field of logic and no 'long_er as a
preparatory work. But at the time. the ideas and notation that FREGE presented in thls_ boo‘k
were so revolutionary that very few people were able to appreciate them. To answer his cri-
tics. FREGH went on to defend his conceptual notation and ideas, comparing them with those
of Boole, but without much success. He cven saw a couple of the papers he submitted for
publication rejected.
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2.3  illumination

Although disappointed and frustrated, FREGE continued to be motivated to find a solution for
his original problem of the foundations of arithmetic. In the process of reviewing other authors,
and finding sufficient grounds to criticise them, FREGE began to formulate his own ideas - an
entirely new perspective, inspived in part by Leibniz (as it was indeed the case of his logical
system}.

His incisive critigue of alternative views about number and his own approach were made public,
in 1884, in his Grundlagen der Arithmeric, one of FREGE™s best-known works. In this book.
FREGE succeeded in lending plausibility to both his definition of number and showing that the
series of natural numbers was endless. At this stage, however, FREGE presented his own project
in a totally informal manner. His next step would be to provide a formal version of it.

Once more, the reaction to FREGE's work was disappointingly poor, but once more FREGE was
molivated to continue to work on his project. It was during this time that FREGE presented
some of his most brilliant insights concerning language. Having recognised that some of the
notions he had used needed clarification, he published three influential papers, Function and
Concept, On Sense and Reference, and On Concepr and Object, in which he elaborated upon:
{1) the notion of function, and the possibility of admitting Functions of various levels, (ii} the
distinction between sense and reference, and (iii} the distinction between concept and object.

2.4 Formalisation

Finally, in 1893, FREGE published the first volume of Grundgesetze der Arithmerik. In it,
FREGE presented a reformwulated version of his logical system, and carried out within such
a system the consiruction of arithmetic sketched in the Grundiagen. He was now absolutely
convinced that he bad achieved his goal, but this work had no more success than his previous
writings in terms of its reception and acceptance.

Despite this further disappointment, FREGE went on to write a large number of papers. Tt was
a period of consolidation. His efforts to make his idcas known and accepted drove him to
correspond with other scholars, such as Ballue, Couturat, Pasch, Peano, Hilbert, and Hussetl.

Finaily, in 1902, the second volume of the Grundgesetze was published. Here, he continued the
work of formally deriving arithmetic from logic. There is also an attempt (0 derive the whole
theory of real numbers from the same source, but this work is left uncompleted.

it is obvious that FREGE still intended to publish a third volume of the Grundgesetze. However,
Just hefore his second volume was published, Russell presented him with a paradox which
showed that his program was inconsistent. For some years, FREGE kept up a correspondence
with Russell who was visibly interested in his ideas. FREGE had finally found somebody who
could appreciaie his work. Until 1903, the year in which his wife died, FREGE still atternpted
to salvage his program, but it was in vain. Two devastating atiacks on his work in the following
year left him convinced that he had lost his battle. It was the beginning of the end.

3 What are these things called numbers?
One has only to read the Introduction to Grundlagen: to realise how important it was for FREGE

to define in a precise way what numbers are:
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i it not a4 scandal that our science should be so unclear about the frst and foremast among its
ahiects, and one which is apparently so simple? Small hope. then, (hat we shall be able to say what
mnber is. Tt a concept fundamental 1o mighty science gives dse to difficulties, then it is surely an
imperative lask. (o investigale it more closely until those difficulties are overcome, {(p. 1Je)

It is well to remember that FREGE was not alone in this kind of preoccupation. At roughly the
same time. famouns mathematiciang (e.g. Dedekind, Cantor) expressed similar concems. Their
concerns are embedded in a broader movement which included the rigorisation of mathema-
tics. In FREGE's words “that mighty academic positivistic scepticism which now prevails in
Germany. . . bas finally reached arithmetic™.

Like Cantor, but unlike Dedekind, FRTGE mude philosophy an important partner to his discus-
sion. According to him; “any thorough investigation of (he concept of number is bound always
to turn rather philosophical. [t is a task which is common to mathematics and philosophy™, But
as BENACERRAF (1981) concedes, Grundlagen is first and foremost a mathematical enterprise.
Philosophy comes in only as a convenient way to emphasise FREGE's point that arithmetical
propositions must be proved “with the uimost rigow”,

FREGE's starting peint for selving the problem of what numbers are was to review the positions
aboul the maiter most commonly encountered among both philosophers and mathematicians.
His analysis and refutation of other authors® views about number and numerical propositions is
in three parts and amounts to over 60 pages. Here. we can do little more than restate his words
in summarising his review:

Number is oot ahstracted from things in the way that colowr. weight and hardness are nor is it a
property of things in the sense that they are. [...] Number iz not anything physical, but nor s it
anything subjective (an idea). Number does not result from the annexing of thing to thing. [. .. } The
lerms ‘'multitude’, *set’ and “plucality’ are unsnitable, owing to their vagueness, for use in defining
nuimber. (1933, p. 58e)

What then is a number? FREGE turned the problem around by answering a non-linguistic
question with a linguistic answer: “the content of a statement of oumber is an assertion abont
a concept”. This was precisely what he meant when be stated one of the three principles -
the one known as the Context Principle - on which he centred his investigation: never ask for
the memiing of a word in isolation, but only in the context of a proposition. (The other tvo
principles are: (i) always separate sharply the psychological from the logical, the subjective
from the objective; and (ii) never lose sight of the distincrion between concept and abject),

FREGE's answer to the question is given in Part IV of the Grundlagen. This is divided into foor
subscctions. each serving as a frame within which his thinking develops: (a) every individual
numher is a self-subsistent object, (b) to obtuin the concept of Nunber, we snust fix the sense of
a numerical identity: (¢) our definition complered and its worth proved, and {d) infinite Num-
bers. Here, we proceed by summarising his discussion in two parts. one comesponding to finite
numbers and the other (o infinite numbers.

3.1 Finite nombers

I is clear that in constructing his theory of nalural mimbers FREGE ran into considerable dif-
ficulties, and that he wanted to tell the reader about them. Hence, in his presentation, FREGE
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chose to incorporate how ideas and goals were formulated and refined in the course of action.
For example, he began the first subscction (§33) by suggesting delinitions of the expressions
the number 0 belongs to a concept, the number 1 belongs to a concept, and the number (n 4+ 1)
belongs to a concept, but in §56, FREGE rcjected them on the grounds (in part unconvincing)
that in this way numbers would not be recognised as self-subsistent objects.

Next, at the beginning of the second subsection (§62). after restating his Context Principle,
FREGE turned to the question of defining the sense in which two numbers are the same. In
this he atiempted to follow the road opened by Hume according to whom “when two numbers
are so combined as that the one has always an unit answering to every unit ol the other, we
pronounce them equal”. But once more he found this way not completely satisfactory: identity
ought to be a general notion, and not just one which is applied to numbers. His second idea was
to draw on Leibniz’ definition of identity: “things are the same as each other, of which one can
be substimted for the other without loss of truth”, At his stage. FREGE resorted to a comparison
with the tdea of parallel lines and of divection of a line: “the direction of @ is identical with the
direction of  is to mean the same as line « is parallel to line &”. But again, he noted a difficulty
with such an approach: “that says nothing as to whether the proposition “the direction of a is
identical with " should be affirmed or denied, except for the one case where q is given in the
form of “the divection of . He then chose a different but related path that led him 10 present,
in §68, an explicit definition of direction, namely by defining directions as cquivalence classes
of lines, or as he put it as the extension of the concept parallel to a particular line.

Finally, in §68. oo, he presented an analogous definition of number: “the Number which be-
lomgs to the concept F is the exlension of the concept *equinumerous to the concept F.

Two observations are worth making at this stage. First, FRuGE used the tevm “exiension’ with-
out having introduced it previously. In a footnote he observed that it was assumed to be known
what the term meant. Whether or not he felt that there was something preblematic with the
notion of ‘extension’ is another story. The matter of fact is that, in Grundlagen, after showing
{in £73) that “the extension of the concept ‘equinumerous to the concept F~ is identical with the
extension of the concept ‘equinumerous to the concept G is true if and only if the proposition
‘the same number belongs to the concept F as to the concept G is also true”, FREGE never used
the notion again.

The second observation cancerns the notion of *equinumerous’. FREGE justly considercd that
such a notion may be defined io terms of one-one correlation. Moreover, he examined at some
length the problem of whether or not this latter notion has anything to do with intuition, resol-
ving the issue in favour of the doctrine of 'relation-congepts’, which are part of pure logic. On
the basis of the above definition, FREGE then proceeded to define the expression ‘n is a Number’
by stating that it is to mean the same as “the1c exists a concept such thai n is the number which
belongs to it”". Then FREGE introduced the notion of the Number 0, by stating that *0 is the
Number which belongs to the concept ‘not identical with itself’”, In desciibing his train of
thought, FREGE mentioned that he could have used for the definition of 0 any other concept
under which no objects falls, and showed further that every concept under which no object falls
is equinumerous to every other concept under which no objects falls.

One would expect that FREGE would next define the Number |. But he chose first to consider
the general case of two adjacent nuinbers of the series of natural numbers, by iniroducing the
definition of the expression ‘iz folows in the series of natural numbers directly after m' to mean
the same as

there exists a concept F and an object falling under it i, such that the Nomber which belongs o the
concept F is ri and the nuntber which belongs to the concept “alling nnder F but not idemtical with
X" is .

He also observed that he was not vsing the expression 'n is rire Number following nexi afler
m' since he had shown neither thal such an object existed nor that (here was only one such an
abject.

Using this latter definition, FREGE went on to show that there exists a Number that follows
directly after 0, namely the Number which belongs to the concept ‘identical with 0°, which
by definition he took as being the Mumber 1. With this definition it is not clear that 1 is the
successor of 0, bul FREGE added a series of four propositions concemning the Number | which
show that this is effectively the case.

The following, no less important, step consisted in showing that every natural number has a
successol. This FREGE did by outlining the proof that “the Nomber which belongs te the
concepl ‘member of the series of nutural numbers ending with »' follows directly after #, given
that n is a member of the series of natural numbers beginning with {¢". The concept of “member
of series of natural numbers ending with o' was given in lerns of “the following of an object y
after an object x in a general series”. essentially the same notion that he had already defined in
purely logical terms in the Begriffsschrift. FREGE used the expression ‘n is a finite Number' to
mean the same as “» is a member of the series of natural pumbers beginning with 0°.

To show that there is no last member in the scries of natural numbers beginning with 0, FREGE
stated that it was necessary to show that no finite number follows itself, and indicated how to
prove this fact.

3.2 Infinite numbers

In contrast with his discossion of finite numbers, his presentation of infinite numbers is very
short and direct. In line with the terminclogy he had used (o define Gnite Numbers. he stated
“the Number which belongs 10 the concept “finite Numnber” is an infinite Number”, and he used
the svmbol o, to denote it. Specifically, he observed that such a Number was not a finite one
since it could be shown that its was a successor of itseif. And he remarked:

Aboul the infinite Number ooy here is nothing mysterious or wonderful. “The Number which
belongs to the concept F is o2 means no more and no less than this: that there exists a relation
which correlates one 1o one the objects falling under the concept F with the finitc Nombers, In
terms of our definitions this bas 2 perfectly clear and unambiguous sense; and that is encugh o
justify the symbol 2¢ and to assure it of 2 meaning, [...] Any name oc symbol that been introduced
in a logically unexceptionable manner can be used i our enguires without hesilaton, 2nd here owr
Mumber ooy 19 88 sound as 2 or 3. (1953, p. Phe 97e)

The title of the subsection. fnfinite mnbers, and the fact that he nsed the symbol ooy justify the
suspicion that FREGE wag prepared to define further infinite nombers. And yet he did not do
that. On this same subject. one further point is worthy of note. As BOOLOS (1987) wiites, it
is somehow strange that FREGE did not define the mamber belonging to the concept ‘identical
with itseif”. Hence he did not deal with the question of whether such a number would be the
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same as 0o;. BOOLOS™ point is that FREGE could not possibly have [ailed to consider such a
number, and suggests that he would have regarded them as different.

Note, however, that FREGE devoted a considerable part of his subsection on infinite numbers
in the Grundlagen to comment on the work that Cantor had published in the previous year.
He praised Cantor’s aims and spoke unmistakably in favour of transfinite numbeys. although he
openly criticised Cantor’s indefinite and vnclear use of the notions “lollowing in the succession’
and ‘Number’ based on ‘inner intuilion’. He went on to say that he could anticipate how these
two concepts could be made precise, but he did not offer any additional explanations.

In his Yirer work, the Grundgesetze, FREGE did nol take the apalysis of infinite numbers much
further. Ile even wrote in the Introduction that the propositions concerning the infinite number
could have been omitted since they were not necessary tor the foundation of arithmetic. Clemly,
infinite numbers were not at the centre of FREGE's mathematical interests.

4 Remarks on later developments

FREGE's comments at the end of the Grundlagen show that he was convinced that the truths
of arithrnetic can be derived from logic and from logic alone. Yet he was still determined
to raise this conviction to the level of absclute certainty. He regarded it as fundamental o
his enierprise o provide [ormal proofs of all the arithmetical results he had presented in the
Grundlagen - something he already had in mind when he developed his conceptual notation in
the Begiiffsschrift. Tt is worth noting that his idea was that the aim of proof is “not merely to
place the truth of a proposition beyond all doubt, but aiso to afford us insight into the dependence
of truths upon one another”,

In the Grundgesetze, FREGE cartied out his project in the way he had foreseen: “every “axion’,
every ‘assumption’, ‘hypothesis’, or whatever you wish to call it, upon which a proof is based is
brought to light”, so that there are no gaps in the chains of inference. In order to be able to meet
such standards, FrEE felt it necessary to lay down previously all the primitive terms (it may
be worth noting that one of the central primitive notions in FREGE's system is that of function)
and symbols he would use, as well as all the ‘axioms’ to which these tenms conform.

Likewise, FREGE presented the nles of inference that he would utilise to derive new results and
the rules to introduce new names. Moreover, every single notion needed w define numbers was
introduced previously in svmbolic terms. Indeed, it is striking how meticulous FREGE was in
confiming that his definitions were in agreement with the rules that he had laid out, in order
to secure that the new symhols do have a referent. The crucial point for FREGE was that no
symbolism hrings into life a new being. Definitions are just abbreviations and one could well
manage without them.

But on the whole, the path he followed to define numbers is similar to that he pursued in the
Grundfagen. His comments in the Intreduction to the Grundgesetze show thal, while be could
foresee some problems with regard to the acceptance of his Axiom V, he was convinced that
nobody could erect a more durable edifice thun the one he had built, nor show that his principles
would lead 1o false conclusions.

Russell’s letter informing FREGE that he had found a contradiction which could be derived from
FREGE's system, namely from Axiom V, was a tremendous blow. FREGE still tried to salvage
his system by presenting a different version of that axiom. But this and other possible solutions
he atterpted afterwards were unsuccessful. In the last years of his life FREGE judged his own
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project - namely to show that numbers can be defined in purely logical terms - a complete
failure. Throughout his life FREGE had dismissed Kant's view that arithmetic was synthetic a
priori, but had accepted such a view with regard to geometry. Interestingly, he Iater stated that
“arithmetic and geometry have developed on the same basis - a geometrical one in fact -so that
mathcmatics in its eatirety is really geometry™. However, no time was left to him to explore
such a radical view.

5 Implications for mathematics education

While FREGE's work is of considerable interest, its primary appeal is to philosophers, mathe-
maticians and historians of mathematics, Qur original interest in his work arose in the contexu
of the nature of proof from precisely such a perspective. And though this was parl of a larger
program concerned with the position of proof in schoo} mathematics {GARDINER & MOREIRA
1999a, 1999b; MOREIRA & GARDINER 1999) FREGE's work is so focused on subtle details
that we realised only slowly the Jessons for mathematics education which are implicit in his
work, and in the way it was received.

The quote from DUMMETT (1691} in the Introduction acknowledges that, though FREGES
program [ailed, “it pointed very precisely to where the problems lay [and] did much more than
that™ For our purposes here, the details are in some ways lcss important than

e FREGE's general goal of identifving and characterising those concepts which constiture
the basis of mathematics, and

o the reception which his efforts reccived.

Our remarks are presented under three headings, which represent important themes both for
FREGE and for mathematics education.

5.1 Mathematics and language

FREGE wanted to establish mathematics on a foundation which avoided the ambiguities of
ordinary language. The first (and perhaps simplest) part of his program was (o establish a
precise, formal language in terms of which everything else could be expressed.

FREGE struggled to make a clear distinction between Zeichen, Sinn, and Bedewrung - that i_s
between a sign OF symbol. ils sense (what one understands from i), and its reference {what 1t
denotes). Snch distinctions are relevant not only in philosophy, but at all stages of education,
Mathematics educators recognise the importance of deciding precisely which such distinctions
need to be made, and when and how they should be made (e.g. ARZARELLO et al. 1895,
Bazzint 1998, FERRANDO 1998).

FREGE realised that Boole's symbols were too limited for a symbolic logic which included
variable and quantifiers, so he had no choice but to develop his own notation. Given the pro-
found nature of his insights into the foundations of logic and of mathematics, one could argue
(hat the language he chose to use was largely imelevant to the success or otherwise of his pro-
gram. However, as with mathematics textbooks and courses, the language he used constituted
a superficial bartier, which restricted aceess and sapped the determination of those who nﬁght
otherwise have made sufficicnt progress ta get to the heart of the questions FRIGE was trying
10 address. In other words, while FREGE’s commitment to the need for a precise language and
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symbolism was entirely sound, the language and symbolism he used hindered the understanding
and acceptance by his contemporaries of his more significant logical ideas.

Today we recognise that many of the basic concepts and structures in modern logic have their
origins in FREGE"s work. However, the symbols we use to denote them derive from Peano - not
direclly from FriGE, Unlike Peano, the logical symbols which FREGE introduced ignored the
linear tradition of European printing and reading, and adopted instead a 2-dimensional format.
It is generally accepted that this made it more difficult for his logical ideas to be accepted:
the difficulties which FREGE's notation in the Grimdgesetze presents to the reader may explain
why few scholars appear to have looked closely at his theory of real numbers. However, these
difficullies arose not only becausc of the symbols FREGE used, but also hecanse he failed to win
over influential members of (the mathematical community, Established tradition is not without
its justification. New symbaols and styles to overcome a naturally conservative view of what is
appropriate: the vltimate fale of new ideas often depends on whether they are adopted by senior
members of the relevant community, who then mediate their use to others (GAUVAIN 1998).
For example, William Jones introduced the symbol = for the ratio circinnference : diameter of
a circle in 1706; but it was not until Euler adopted the symbol in the 1730s that its use became
widespread. The radical nature of FREGE's work, and his rejection of much established practice,
placed him firmly on the fringe, rather than in the centre, of contemporary mathematical culture.

The fact that FREGE wrote the Grudlagen in a relatively informal prose style indicates that he
was aware of the difficulty. Indeed, if he had not written the Grunelagen in this more accessible
manncer, his other works may well have received even less attention than they did. But FRuGLE
knew that, if he was to do justice to his overall goals, he had no choice but 10 vse a precise,
[onal language. Whereas be compared ordinary language 1o the human eye, he saw his con-
ceptual notation as like microscope. which may not help one to see “the big picture”, but which
is cssential if one wamts to uncover important, yet previously unsuspected, details.

In the context of mathematics teaching, the language we use determines how our subject is
perceived and leamed. We cannot (and should not try to) avoid symbols and precise language.
Yet we have to recognise that learners face a substantial challenge in sccking to master the
unfamiliar language of mathematics - a Tanguage that is scarcely used outside the classroom,
and whosc symbols require the user to observe special conventions (MORGAN 1999). Learners
should not be left to stagnate in a primitive world of baby-language and naive concepts; but
neither should they be prematurely swamped by meaningless terminology and rules. Hence,
when a new mathematical topic, method or convention is inroduced. we first seek (o explain
things in familiar language - initially using evervday language, then in terms of previously
lcarned mathematical language. Learners must eventually understand that (he advantages of
mathematical exaciness and precision are available only to those who are prepared (o make this
transition, who Jearn to respect and use its language and to breathe freely in its ravefied air. But
we a5 teachers have to remain sensitive to the difficulties they face, and to the fact that those
who fail to make this (ransition are likely to remain alienated from the mathematical ideas and
methods which the mathematical language and symbolism encapsulates,

Reflecting on the ditficulties faced by anyone whao tries to understand FREGE's conceptual no-
tution lends weight to the traditional idea that it can help to break down the process of accessing
highly unfamiliar material into four stages.

» First, it is important to understand that what mathematics has to offer depends on the
precise character of its terminology and language; that is, learners must accept that precise
ideas and cxact thinking are only possible if we testrict attention 10 a mathematical worid
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wiih its assoctated unfamiliar language. notation and rules,

¢ Sccond, although the terminology and language may be unfamiliar, i is always important
tor humsan beings to relate the unfamiliar to the familiar, to make sense of, or grasp (he
meaning of. what it is that is being encapsulated in unfamiliar language or notation. In
particular, examples should be given which indicate the extent to which the new and un-
familiar language sharpens important distinctions and allows one to describe and to work
more accurately with important ideas (that is, distinctions and ideas whose importance
can be appreciated by the learner).

o Third, one needs time and plenty of opportunity for routine, meaningful practice. so thal
the new methods and language can be incorporated into existing cognitive structures, and
can be used to consolidate previcus ideas and to extend one’s powers of analysis and
calculation.

Finally, it is important to provide opportunities for learners to use, and to talk about, new
methods and ideas in non-routine seftings, so that they and (heir teachers become aware
of outstanding conflicts, misconceptions and limitations.

5.2 The nature of mathematical objects

Atthe root of all FREGE s work is the fundamental question: What is the exact natre of mathe-
matical objects? Though the way he pursued this question may not be directly relevant to the
classroom. mathematics teachers face a closely related guestion every day. What is the status
of the entities we work with in mathematics textbooks, in pupils’ workbooks, and on ordinary
school blackboards and white boards?

These [and other related questioms} are not just reminations of philosophers hidden in ivory towers.
The answers we give o them have a profound impact on our educational policies and research pro-
grams. Piagets constuctivism and Bourbaki's austere rigour have left their marks on our schouls.
(DEHARNE 1997 p. 232)

What teachers think {perlaps unconscionsly} about the naturc of mathematics affects the way
they teach. and hence the way their pupils learn, By struggling with the kind of epistemological
questions addressed by FREGE, teachers can become mote aware of how questions reveal them-
selves in the classroom. and can begin the long process of developing a view of their subject
which is consistent wilh the nature of the discipline.

FREGL asseried that numbers exist as “ohjects”. By this he meant that they are objective - not
that they are “real”. FREGE rejected the empiricist view (associated with John Stuart Mill ) tpat
numbers are somehow “abstracted from experience”. He also rejected the formalist conception
{associated with Thomae und. later, with Hilbert) of “numbers as mere signs manipilated in
conformity with certain rules specified by mathematicians™ - that is, that numbers are mere
creations of the human mind.

FREGE's view that numbers are objective may secmn as implausible as the views he rejected.
When the torpedo of Russell's paradox revealed the flawed nature of the Grundgesetze, FREGE
accepted thai his efforts to establish the objective nature of numbers had failed. Yet to the end
of his life he tefused (o equate numbers with mere symbols. And he continued to reject the
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empiricist fallucy that numbers can somehow be extracted from expericnce, In particular. he
argued that if numbers were based on sense perception, then the series of natural numbers could
never be endless: this, FREGE remarked, “is not just false, it is absurd”,

A final answer to the underlying question “What exactly are numbers?” continues 1o elude
us. Yet FRitE's analysis, and subsequent work during the twentieth century, mean that we wre
much clearer about the natre of the question and of the extent to which we can give partial
answers, The logicist approach may be epistemologically and ontologically different from the
formalist and the intuitionist approaches; but each has something to teach s about the nature
of mathematics. Moreover, the strengths and limitations of each approach are now more clearly
understood. By studying such fundamental questions one comes to appreciate that mathemat-
ics 15 mot quite the monolithic construction it is often thought to be. The logical structure of
mathematics is indeed hierarchical, cumulative and linear: bue it is more like a tree - developing
downwards as well as upwards, with roots as well as branches taking part in the process of
development.

5.3 Methodology of mathematics

In recent years there have been mumerous ¢laims that school mathemarics should more closely
reflect the adult discipline of mathematics. For example, Hil TON, HOLTON & PEDERSON
{1997) assert that “mathematics must be taught so that students comprehend how and why
mathematics is done by those who do it successfally”. To assess whether this a realistic goal
-and to undersiand better the nature of the discipline they profess- future teachers need to con-
front the question: “What is it that mathematicians do when they do when they do mathena-
tics?".

This confronts s with a dilemima. In the context of modern mathematics education one can ne
longer simply declare that school mathematies constitutes an “apprenticeship”, and that mere
apprentices are quite different fiom mature mathematicians; thus, the proposition that we should
teach in & way that provides high school graduates with some insight into what mathematicizans
do bas a superficial appeal. On the other hand, the attempt in Tngland during the late 1980z
and 1990s to make “investigation™ a significant part of the official curriculum only scrved to
underline the dangers.

School curricula have lo survive the process of institutionatisation: that 15, curriculum content
has to refain i1s essential form and its value even when subjected to the limitations, distor-
tions and stereotyping of textbocks, examinations and the whole gamut of pupils, teachers and
schools. Though traditional curricula are often criticised, (he kind of standard topics they con-
tain have proved themselves over the ceniuries to be remarkably “stablc™ in the face of such
challeniges. In conlrast, the art of doing mathematics is not - and may ncver be - sufficiently
well understood to allow us to develop a universal approach at school level which is coraparably
stable.

Mathematical practices - as HADAMARD {1945) showed - cannot be described in a uniform way.
POLYA’s clagsic books further illustrate the difficulty of showing what it is (hat mathematicians
do. On the one hand, his major works (1954, 1962) are far too demzanding for most potential
feachers: on the other hand, his popular version (1957) has effectively encouraged many to
present the process of solving mathematical problems in embarassingly simplistic terms. At-
tempts (o capture the spirit of mathernatical problem solving in a manner which remains faithful
both to mathematics and 10 adolescent psychology (e.g. GARDINER 19874, 1987b) have been

266

largely ignored in favour of styles of exploration at school level which are antithetical to mathe-
matics.

FREGE could scarcely be described as a typical working mathematictan. But he was a very
creative and productive scholar. The fact that much of his work concems something as basic
as natural numbers makes him a valuable case study for anyone who wants to undersiand the
difficulties faced by those who struggle to construct and to convmunicate a novel mathematical
theory. The details of FREGE's work may be appropriate and accessible only to those interested
teachers (for whom we recommend the English translation of the Grunedlagen (1959) as a star-
ting point). But one feature of his program highlights an essential ingredient in any school
mathematics curriculum which wishes to convey to high school graduates what it is that makes
mathematics special.

FREGE's logicist program led to a distinctive approach to proof. FREGE insisted that arithmetic
had not yet been properly mathematised, and he wanted to show that arithmetical facts can be
devived unequivocally from basic legical laws, nsing only logical rules of inference. In one
sense, his plan was 10 extend Puclid’s vision from geometry to arithmetic. His goal was to
demonstrate how arithmetical propositions may be derived from a few axioms and primitive
terms, and to make explicit the logical rule which are used at each stage.

Within such a program the central focus shifts from the apparent subject matter {arithmetic) to
the underlying methodology - namely proof itself. FREGE was concemed not se much to es-
tablish the “truth” of arithmetical propositions, as to identify the logical dependencies between
propositions, and between propositions and the axdoms. A simplified version of this shift of
focus ocours in traditional school geometry - even if it is best experienced directly and subcon-
sciously by the pupil rather than being made explicit at that stage.

¢ The initial goal is to set up a small number of geometric principles in order to analyse
geometrical problems from the world around us.

s To camvy this through one moves from the real world into a world of mathematical ob-
jects {ideal, mental triangles. rather than cardboard cot-outs), together with a hiermchy of
results, and accepred rales of inference.

e The problems one then solves need to be sufficiently meaningful for pupils to cngage
with the task. But the details of each problem are quickly forgotten. What remains is
the sense of having played the game of deducing the required resull from earlier known
results within the hierarchy, according the accepted rules.

If we seek to convey something of the flavour of real mathematics to those in scheols. then
all learners need to experience and internalise the difficulties and delights of this process -
through solving problems in elementary arithmetic in a structured way, through solving equa-
tions, through calculating estimates, through reducing the solution of hard problems to easier
known facts, and through angle-chasing and the derivation of important cesults in elementary
geomelry - such as the formula for the area of atriangle, or the fact that the angles in any triangle
sum to two right angles {see GARDINER & MOREIRA [999a, 1999b; MOREIRA & GARDINER
1999). There is then a chance that pupils will appreciate not only that mathematical reasoning
is very different from cveryday reasoning, but how it differs. and why it has to differ if it is to
provide us with reliable results.

267

e e e L

o




6 References

ARZARELLO, F,, BAZZINI, L. & Criaprping, G. (1993). The construction of algebraic thin-
king. In Proceedings of PME - XX, vol. 1, {pp. 119-134). Recife.

Bazzing, L. (1998). Analysis of a classroom episode by means of a theoretical model, In F.
Jaquet (Ed.), Relationships berween classioom practice and resecrch in mathemativs edu-
cation: Proceedings of the CIEAEM 50, (pp. 292-296}.

BENACERRAF, P. (1981}. Frege: The last logicist. In P. French et al. (Fds.}, Midwest studies in
philosophy, 17-35. Reprinted in W. Demapoulos (Ed.) (1993}, Frege's philosaplty of mai-
hematics, (pp. 41-67). Cambridge, MA: Harvard University Press,

BooLos, G. (1987). The consistency of Frege's Foundations of Arithmelic, in J. Thomson
(Ed.). On being and saying: essays in honour of Richard Cartwright, 3-20. Reprinted in W,
Demopoulos (Ed.) (1995), Frege's philosophy of mathematics, (pp. 211-233). Cambsidge,
MA: Harvard University Press.

Byxum, T. (1972}, On life and work of Gottlob Frege. In G. Frege, Conceptieal Notation and
related arricies (iranslated and edited by T. Bynum), (pp. 1-54). Oxford: Oxford Universily
Press.

DEHAENE, 8. (19097), The number sense: How the mind cveares mathemerics. London: Allen
Lane, The Penguin Press.

DuMMUTT, M. (1981). Frege: Philosophy of language (second edition}. Cambridge, MA:
Harvard University Press.

Dusmerr, M. (1991) Frege: Philosophy of mathematics. Cambridge, MA; Harvard Univer-
sity Press.

FErRRANDO, E. (1998). A multidisciplinary approach to the interpretation of some of the diffi-
culties in leamning mathematical analysis. [n F. Jaquet (Ed.}, Relationships between
classroom practice and reseaich in mathematics education: Proceedings of the CIEAEM
58, (pp. 308-312).

FREGE, G. (1879). Begriffsschrift, cine der arithmetischen nachgebildet Formelsprache des
reineit Denkens (Halle: L. Nebert). Translated as Begriffsschritt, a formula language, mo-
delled upon that of arithmetic, for pure thought, by 5. Bauer-Mengelberg, in J. van Hei-
jencort (Ed.), Fromn Frege to Géidel: A source book in meathematical logic, 1879-1931,

{pp. 5-82). 1967. Cambridge, MA: Harvard University Press.

FREGE, Q. (1884). Die Grundlagen der Arithmetik, ein logisch marhematische Untersuchung
fiber den Begriff der Zahl {Breslau: W. Koebner). Translated as The Foundarions of Arith-
metic: A logic-mathemarical enquiry into the concept of number, by 1L, Austin, with
German text, second revised edition. 1939, Oxtord: Basil Blackweli.

FrEGE, G. (1893). Grundgeseize der Aritfunettk (Jena: H. Pohle), Translated and Edited as
The Basic Laws of Arithmetic: Exposition of the Systen, by M. Furth, 1964. Berkeley, CA:
University of Califomia Press.

FREGE. G. (L903). Grundgeserze der Avitlunerik, Band II (Jena: H. Pohle). Reprinted together
vol. I, Grundgesetze der Arithmerik. 1962, Hildesheim: Geurg Olms Verlagshuchhandlung.

GARDINER, A. & MOREIRA, C. {1999a). Proof matters, Mathematics feaching (in press).

GARDINER, A, & MOREIRA, C. (19990}). The conirast between graduates’ perceptions of
proof and their abilities to criticise and construcr simple proofs. (Preprint, University of
Birmingham).

GARDINER, A. (1987a). Mathematical Puzgling. Oxlord, UK; Oxford University Press. (Re-
published, 1996, Bimingham, UK Mathemutics Foundation, and 2000, New York, Dover
Publications).

268

GARDINER, A, (1987b). Discovering mathemarics: The art of investigation. Oxford, UK:
Clarendon Press.

GAUVAIN, M. (1998). Thinking in niches: sociocultural influences on cognitive development.
In D. Faulkner, K. Littleton and M. Woodhead (Eds.). Learning relationships in the class-
room. London: Routledge in association with the Open University.

Hapamary, 1. (1945}, The mathematician’s mind: The psychology of invention in the mathe-
matical field. (First paperback edition, 1996). Princeton, NI: Princeton University Press.

Hirron. P Hovron., D. & PEDERSON, L. (1997). Matheinatical reflections: In a room with
many rooms, New York, NY: Springer.

MOREIRA, C. & GARDINER, A. (1999}, Reflections on proof in mathematics and in mathe-
matics edocation. In Proceedings of the CIEAEM 51 (in press),

MorGAN, C. (1999). Communicating mathematically. In 8. Johnston-Wilder et. al. {Eds.),
Leaming to feach mathematics in the secondary school: A companion 1o school experience
(pp. 129-143). London: Routledge.

Parsons, C. (1965). Frege's theory of number. in M. Black (Ed.), Philosophy in America,
180-203. Reprinted in W. Demopoulos (Ed.} {1995), Frege's philasophy af mathematics,
(pp. 182-210}. Cambridge, MA: Harvard University Press.

Porya, G. (1934). Mathematics and plausible reasoning (two volmmes). Princeton. Ni:
Princeton University Press.

PoLYa, G. (1957). How to sofve it. New Yoik, NY: Doubleday.

PoLYa, G (1962). Mathematical discovery (lwo volumes). New York. NY: John Wiley &
Sons.

269

e atn

L e




270

History of mathematics in a preservice program |
and some results |

PHILIPPOU George, CHRISTOU Constantinos
University of Cypms (Cyprus)

Ahstract

We refer to a preservice mathematics program, based on the history of mathemancs,
which we have developed and implemented during the past nine years (see PIULIPFOU &
CurisToU [998). First, we set the stage for the theoretical perspectives, next we elaborate
om specific dimensions of the program by giving examples and describing the ways in which
they were meant o fuaction, and finally, we present the evaluation results concerning the
effectivengss of the program. The efficacy beliefs' of the first graduates of the program,
with respect to teaching of mathematics, were found o be sipnificantly better than the
respective efficacy beliefs of teachers who graduated from other programs.

OB E B 5 BT R
B B ke A M OTE T wEf
D ® H

'“Bificacy beliels™ as defined by BANDURA (1997) means “teachers beliefs in their ability te produce a desited
elfec(” isee section 2.1) below,
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1 Theoretical background

and pedagogical knowledge. offering teachers opportunities to experience altemative ways of
learning challenging mathematics, foslering teachers® sensitivity toward smdents’ feelings and
mathematical understanding, and promoting teachers’ ability to reflect on their learning and

L1 Primary preservice mathematics education

Primary school teachers often lack the connected conceptual understanding which might he

defined in terns of two constructs: the natre of mathematics and the teachers” mental o teaching experiences,

ganization of mathematical knowledge. The former depends upon the ever-growing content KRAINGR {1999) proposcd a model for teachers’ professional practice focusing on acrfo_n, reé-
of mathematics as a discipline and the latter refers to the organization of teachers” knowledge, fection, awtonomy, and networking. Action refers to attitudes towards and competence in ex-
how it is acquired, structwed, and retrieved. The modern mathemarics cumiculum has increased perimental, constructive and geal directed work. Rellection refers (o attitudes and competence
demands on the part of the teachers, whe are expected to select worthwhile mathematical tasks, : in self-critical work that reflects systematically on one’s own actions. Autonomy refers to at-
te erchestrate classroom discourse, to seek connections that facilitate students, to deepen their titudes and competence in self-initiated, self-organized and self-dstermined work. Networking
mathematical andesstandings, to help students wse technology, and to assess progress (SWAF- refers to attitudes and competence in communicative and co-operative work with increasingly
FORD 1995}, public relevance. Each of the two pairs “action-reflecrion” and “auronomy-networking” ex-

presses both contrast and unity, and can be seen as complementary dimensions, which have to
be kept in a certain balance. The interplay between these dimensions is of great importance, In
general. more refiection contributes to a higher quality of actions and a higher quality of action
and antonomy promotes the quality of reflection and networking. Reflecting on others and their
own teaching practices engages teachers in thinking about good teaching and the meaning that
teaching has for students. Experience shows that teachers” practice is usually characterized by
a lot of action and autenomy and less reflection and networking (KRAINER 1999).

The dehate on preservice teacher mathematical education continues, though some of the carlier
established cencepts and perspectives have been well grounded. BROWN & BORKO (1992), for
example, menticn Shulmans’ seven domains of cognitive schemata from which teachers draw
(subject matter, specific and general pedagogical content, other related matter, the curriculurn,
the learners, and educational aims), LaPpaN & THEULE-LUBIENSK] (1994) focus on a shorter
list of three domaing tha should be considered in the teacher program namely, knowledge of
content, knowledge of pedagogy, and knowledge of students. The same outhors consider the in-
tegration of knowledge in these three domains with beliels. as the main concern in the education Professional anionomy is equivalent to self-regulation and to one’s ability to make decisions
of professional teachers. without having to be (0id by others. 1t involves the ability to exercise judgement, to make de-
cisions by carelul consideration of relevant variables, to distinguish between appropriate and
inappropriatc actions on the basis of well-specified criteria and standards of behavior, Profes-
sional antonomy develops as teachers construct their ideas abont the content of a discipline and
how it can be tanght to others (CASTLE & AICHELE 1994). This means that the new experi-
cnces should develop the students” ability to challenge the old and foster new dispositions, to
apply mathematical methods and symbolism, to view mathernatics as a study of parterns and
relationships and (o enhance self-conlidence. During preservice courses, sludents begin to en-
vision their fulure role as the organizers of leaming activities and develop thelr first models for
teaching mathcmatics, At this stage, what the students learn is tidily connected to how they
learn it; the way mathematics is taught in a preservice program is more important than the con-

COONEY (1994) refers to content knowledge. pedagogy and psychology of leaming as the three
requirements tov a eacher to be an adapiive agent in the classroom. He suggests that a certain
orientation toward knowledge and change is also necessary, since the lenses through which we
sce onr world influence what we do. Knowledge of the content of a discipline, knowledge of the
teaching of the same subject and one's orientation toward these types of knowledge are different
entities. An implication for teacher education is that the development of meaning with respect
to teaching any subject is fundamentally connected to the meaning one assigns to learning and
teaching this subject. Prospective teachers nced to learn a content in a way that is consistent
with the way they are expected to teach that content.

Much of the existing practice in schools is based on the assumption that imowledge is many- ‘ tent per se. A historical and cultural approach is proposed as potentially capable of opening ;
faclured elsewhere, acquisition is tested by another statutory agency, and the teacher is seen i new perspectives and meanings on the nature of mathematics and its teaching.
as simply to act as a mediator; he or she is only tusted to “deliver” the package (BURTON ;
1992). The new conception of teachers’ education assumes that teachers need to develop a 1.2 Histury of mathematics in teacher education: Why and how? ;
conceptual base and the orientation 10 become pedagagically powerful, According to COONEY |
(1954) this means that teachers have: a} to develop aknowledge of mathematics that permits the : The “law of recapitulation” received strong support for abont a century. The assumption that y
teaching ol mathematics from a constructivist perspective, b) to develop expertise in identifying : ontogenesis recapitulates phylogenesis was behind Piaget and Garcia's interpretation of the re-

and analyzing the constraints they face in teaching and in dealing with those consteaints, ¢) lationship between historical and psychologic al developments in terms of the mechanisms me-

to gain experienice in assessing a student’s understanding of matheratics, and d) to offer tea- : diating the rransition through the three stages through which an idea develops (intracperational.

chers opportunities to translate their knowledge of mathematics into viable teaching strategies. interoperational, and transoperational}. In recent years, however, the recapitulation law is under 5;
There is a growing consensus that constructivist epistemology could be the basis for preparing serious criticism. The major argument derives form the emphasis on socio-culturai influences. 5
teachers to teach in reform-oricated ways. According to the perspective, learning is regarded Te retrace the mental development of the race is neither possible ner desirable, because “key |
as an ongoing process of individuals trying to make sense and construcl meaning, based on aspects of mental functioning can be understood within the social context in which they are |
their experiences and interactions with the environment, In a project, driven by constructivist embedded” (RADFORD 1997 p. 28},

views, ZASLAVSKY & LEIKIN (1999} refer to goals such as enhancing teachers’ mathematical JoxEs (1989) has seen an exaggeration in the recapitulation law: he areued though that history

of mathematics coupled with up-to-date knowledge of malthematics is a significant tool in the
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hands of the teacher who teaches whys. The critique of the recapitul ationistic parallelism has
resulted in a mote realistic claim, which might be condensed in the argument thal “when scru-
tinized, the phylogeny and the ontogeny of mathematics will reveal more than marginal simi-
larities™ (SFARD 1995, p. 15). In conclusion, we accept that similar recurrent phenomena can be
retraced throughout the historical development and the individual reconstruction of knowledge.
Epistemological obstacles may not be strictly intrinsic to knowledge, but we have enough evi-
dence that students and adults frequently face learning difficulties similay to these encountered
during the genesis and development of a mathematical idea. The similarity principle provides
the ground for non-naive use of history to facilitate learning, A commendable approach is o
use history as an epistemological workshop that conld change the leamers’ conceptions and
transforn the pracice of teuching mathematics (BARBIN 1996; RADFORD 1597).

Several possible ways have been proposed to answer the question of how (o incorporate history
in leaching. AVITAL (1993), in order to break the image of mathematics as boring and difficult,
draws attention to the human side of mathematics by exposing students 10 anecdotes and exci-
ting stories from the lives of great mathematicians. BARBIN (1996) focuses on the potential role
of problems as a means to bring to the fore the process of the construction and rectification of
knowledge. Following the process of genesis of mathematics. we can foresee possible learning
difficultics and create a climate of search and investigation through problems from history.

2  Teacher education and teachers’ beliefs

Beliefs are conceived as Lhe personal judgments and views thal conslitule one’s subjeclive
knowledge about sclf and the environment. Belicfs and attitudes are organized around an object
or situations, predisposing one to respond in a favorable or unfavorable way; they are contextual,
experientially formed, and emerge during action. RICHARDSON (1995} identifies beliefs as the
teacher’s own theoties, which are sets of interrelated conceptual frameworks connected with ac-
tion, a kind of knowledge-in-action, A teacher’s knowledge is translated into practice through
the filter of his/her own belicfs about mathcmatics and its teaching and learning (SWAFFORD
1895). In general. beliefs drive aclion while experience and zeflection on action can modify
beliefs. i.e.. actions and beliefs imeract with each olher.

A preservice program needs to consider the structure of beliefs the students bring to teacher edu-
cation and provide experiences that will help students overcome common niyths and miscon-
ceptions about mathematics, its teaching and learning. Students should transform unexamined
beliefs in relation to classroom actions into objective and reasonable beliefs. Beliel systeins
are change resistant; change can occur only when students engage in personal explorations and
are involved in powerful experiences in mathematical thinking and conceptual understanding
that motivate a new perspective on students’ views towards learming. This subsequently, leads
to modified classroom practices, though a change in beliefs does not necessarily iranslate into
changes in practice.

2.1 Efficacy Beliefs about Mathematics teaching

The construct of eacher efficacy grew mostly out of the work of Bandura who identified tea-
chers efficacy as a ype of self-eflicacy, a cognitive process in which people construct beliefs
aboul their capacity to perform at a given level of attainment {TSCHANNEN-MORAN, Hov &
Hovy 1998). Seclf-efficacy is a future oriented construct, which might be perceived as “beliefs
in one’s capabilities to organize and execute the courses of action required to produce given
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attainments” (BANDURA 1997, p. 3). Feelings of competence depend on one’s experience
in connection to related action: teachers’ efficacy beliefs about the teaching of mathematics
are mostly shaped on the basis of their own content and pedagogical content knowledge.
BAKDURA {1997) postulated four sources of self-efficacy information: mastery experiences,
physiological and emotional arousal. vicarious experience and social persuasion. These four
sources contribule 1o both the analysis of the teaching task and the sell-perception of teaching
competence.

Early rescarch in the field identificd two dimensions of teacher cfficacy, the personal teacher
efficacy (PTE) that refers to one’s feelings of his’her own capability, and the general teaching
efficacy (GTE) that refers to the possibility of teachers, in general, to affect students’ learning.
Another dimension refers 1o internal versus external control of reinforcement {TSCHANNEN-
MoORAN et al, 1998). The former refers to the possibility of teachers controlling students”
Jearning (Internal Control), while the latter accepts the predominance of environmental factors
in Jearning (Extemnal Control). A teacher’s sense of efficacy is a motivational factor influencing
the amount of effort one will expend and the persistence he or she will show in the face of
chstacies.

WNumerous research studies (PAJARES 1996; TSCHANNEN-MORAN ¢t al., 1998) have confirmed
the relationship between efficacy belicfs and significant educational factors. such as profes-
sional commitment, enlhusiasm, instructional experimentation. implementation of progressive
and innovative methods, the level of organization. and certainly, students’ affective growth and
achievement. There is also some evidence relating efficacy to mathematics learning (PATARES
1995). but the efficacy beliefs with respect to mathematics teaching is a very lillle researched
area.

3 The preservice mathematics program

In designing the program we assumed that the mathematical background of primary school
teachers could rely on an overall grasp of the nature and significance of mathematics, In the
light of the Toregoing discussion. we hypothesized that history of mathematics would {unction
on one hand as a challenge and motivation. On the other hand, we hypothesized that history
of mathematics would facilitate students construction mathematical meanings, develop compe-
tence and change their mathematical views. Since the major part of primary school matheratics
was originated in the early historic period, the leazners' Greek origin was another positive factor.
On the grounds of the similerity principle, the evolutionary process in mathematical thinking,
the solution of big problems that intrigued and inspired top mathematical minds, the study of
some of the successes and understanding some failures of famous mathematicians conld func-
tion as an epistemological workshop. [t was cxpected that such tasks would motivate and attract
prospective teachers, improve their conceptions about mathematics and its pedagogy, free siu-
dents of misconceptions and negative attitudes. and cstablish a balanced relationship with the
subject.

3.1 The content of the program
The program consisted of two “content courses’ and one “methods course™. The content courses
began with prebellenic mathernatics, continued with Greek mathematics, moved to Islamic and

Hindu contribution and to some mediasval and enlighlenment niathematics. The course con-
cluded with six vnits of contemporary mathematics (Culculus, Liberation of Geometry, Libe-
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ration of Algebra, Set Theory, Logic, and Boolean Algebra). In this section we briefly describe
the content of the program, and present two cxamples in scme details.

The work on prebellenic mathematics (numeration systems, arithmetic operations, simple prob-
lems, and geometry} aimed a) at drawing atiention to the genesis of cmpirical mathematics.
which served the needs of ancient socictics, and b) at letting students realize the varicty of ap-
pruaches in meeting everyday social needs. Greek mathematics occupics the major part of the
first course. Students’ activitics are organized arcund sclected works and problems from Thales,
Pythagoras. Hippocrates, Euclid, Archimedes, Eratosthenes, Apollonious, Prolemy, Diophan-
tus, and Pappus. At the opening, we focus on the contrast between eropirical mathematics and
the deductive mathematics developed by the Greek tendency to ask general questions and raise
major philosophical issues. Thales provides the starting point to study similarity, Pythagoras
offers many challenging examples ranging from proportions and figurative numbers, to the dis-
covery of irrational nuimbers, and cextainly (o the greal Pythagorean theorem. We study a variety
of proofs and extensions of this theviem, as a means to overcome the myth that “to cach problem
there is always one best solution™. The three classical problems of antiquity help students get
the meaning of the (emm “solution”™, under certain constraints. Effosts to solve the “unsolvable”
problems, which occupied the geniuses for centuries, are life experiences about (he nature of
mathematics.

Though Euclid is visited on various instances. the emphasis is on understanding the first model
of axiomatic organization of scientific knowledge. Proposition 1,1 draws atlention to the level of
rigor and opens the way o a respectiul but intense critique of the masters. Primitive Pythagorean
triples is an interesting activity and the infinitude of the primes is discussed as a model “exis-
tence theorem”. We Start from Huclid's proposition (IX,21) “Let that A4, I, and £’ be prime
numbers, [ say that there are more prime numbers™ and continve to the modern formulation
“Let P = {py,ps, P4, ... Pn) be asel of # prime numbers, show that there cxists a prime num-
ber py thal does not belong to £ py, & P For the work on ihe fifth postulate, sec Example
1.

Archimedes’s helix is studied as a means to solve the “quadrature” problem and the “trisection™
problem, and his method to estimate the value of = is the departure point for a joumey along
the efforts to improve the accuracy of m. Eratosthenes’s estitmation of (he circumference of the
earth is mentioned as a fine application of mathematical ideas. In Ptolemy's cyclic quadrilateral,
the sum of the products of opposite sides being cqual to the product of the diagonals is used to
compute chords and generate the equivalent of trigonometric ideatities. Diophantus proposition
I1.8 “to divide a square number into two raticnal numbers” is studied and related o the recently
solved Fermat's last theorem.

The program includes instances of Moslem and Hindu mathematics, it continves with Leonardo
Pissano, the solotion of the cubic and quadric equation (Nicole Fontana and Scipione del
Ferro) and the discovery of probubility (Pascal and Fermat). Open problem activities are orga-
nized on Pascal's Triangle. The unit on Calculus is an introduction to tundamental concepts and
specific applications, Zeno's paradoxes provide the introduction 1o the concept of the “limit”,
Fermat’s computation of the area under a curve and Barrow’s method for finding the derivative
are discussed, and finally we come to Leibniz-Newton's discovery of the calculus.

The “Liberation of Geometry” (see Example 2) is followed by a unit on the “Liberation of Alge-
bra” te let students “free their minds” from the boundaries set by the Euciidean thinking, After
setting the axioms, we refer to Hamilton’s quaternions and tum to Cayley's matrices. as a useful
cxample in which the commutative property as well as 1ot of other rules, often taken for granted,
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fail 1o be satisfied. The unit on Set Theory includes a study of the properties of sct operations
{union, intersection. and complement). ordered pairs, triples and n-tables, cross-muitiplication.
the definition and application of binary relations, equivalence relations, and finally the defini-
tion of a function. A similar focus also continues in the unit on Mathematical Logic and on
Boolean Algebra. The objective in this closing part 1s threefold. First. to give future teachers a
taste of a formal mathematical system, second o let them realize 1hat set algebra and proposi-
fional algebra could he united under one abstiact system, and third o illustrate the connection
of mathematics to electrical circuits and computers.

Example 1. The Unit on Prehellenic Mathematics concludes with a fairly complete treatment ot
Number Systems. It includes elements of the Babylonian, the Egyptian, the Mayan, the Chinese,
the Greek, the Latin, the Decimnal and the general place-value system. The structure of each
system and its basic properties and operations are discussed and compared. The development
of the unit proceeds to connecting the contemporary needs with the properties of the decimal
system. Students gradually come to see the influence of culture in creating mathematics and the
multiplicity of possible solutions to the same need. The legend about Sessa, the chess inventor,
and the King's unkept promise provide a favored example with rich ideas and applications.
Questions that were found to motivate the students are included. Why the King couid not keep
his promise to give the monk one seed wheat for the first square, two for the second, the double
for the nest and so on until the last square of the chess-board? What is the nomber of seeds
requested (1 4 2 + 22 + - - - + 25917 Ilow can this sum be found, how the method is simplified
using binary numbers, how can be approximetely estimated, and how can the volume required
to slore this quantity be found? Exlensions of the problem include: What if the request of the
monk was to trible the number for each successive square? Which number system is then found?
Can we find the sum using an analogous method to the one used above? Change the following
numbers over to decimal notation as = 222 .- 25 (64 times), a; = 333 - 3 (64 times), and
generally of the number of the form nnn . - - 1,4, {64 times).

Example 2. The efforts to corect Euclid provide a most challenging opportunity for the stu-
dents. We begin with Euclid’s main propositions on parallel lines 1.27, 128, and 1,29, and
proceed with some work on equivalent propositions (e. g. Playfair). Next we go to Geminus.
the stoic phulosopher of the last centory B.C.. who was one of the first to make a setious attempt
to prove the fifth postulate. Examining the principles of the logical building of mathematics.
Geminus concluded that “it is as futile to prove the indemonstrable as it is incomrect to assume
what really requires proof” (HEATH, Vol. I, p. 227). Geminus was convinced that the fourth
and the filtk postalates could be proved. He defines parallelism in terms of equidistant lines, as-
serting that convergent lines are not necessarily parallel (could be asymptetes)y. The steps of his
ingenious work are {ollowed and the arguments for its breaking down are discussed, We next go
to Ptolemy’s “proof”, which was falsified by Proclus, and Proclus’s own “proof” for which he
felt so proud. We refer to Wallis and spend more time on Sacheri’s work, Finally, we proceed
with Bolyai and Lobachevsky to seltle the issue, A selection of basic theorems of hyperbolic
geometry completes the unit. Experience has shown that the students initiudly reject any idea
of non-Eucledian geometries. The tuth of the fifth postulate is taken for granted. Gradually,
however. students’ resistance to accept some facts of the Hyperbolic Geometry (e.g.. that trian-
gles are defective, there exist neither rectangles nor similar trinngles) becomes skepticism, and
eventually the students ave fascinated to follow assumptions and construct proofs to the end.
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4 The program evaluation

The program was evaluated with respect to students’ attitudes toward mathematics and the
mathematics teaching efficacy beliefs of the first graduate’s of the program.

4.1 Prospective teachers attitudes

A longitudingl approach was adopted; at the beginning, the subjects were the fist year pri-
mary students enrolled in the Department of Education in 1992, The students’ attitudes were
measured, vsing the same instrument, hefore they started the first mathematics course (Fhase
1 = P1, & = 162}, on the completion of the first course (Phase 2 — P2, % — 137). and at the
end of the whole program in 1995 (Phase 3 — P3. N = 128). The Department of Education
normally selects from among the top 25% quartile. Nonetheless, about one third of the students
come from streams with only corc mathematics, while about two thirds of successiul candidales
do not take mathemnatics al the entrance examinations (it is an optional subject).

Three related scales were used: The Dutton scale', which includled eighteen items reflecting
attiudes, the “justification scales” reflecting students’ reasons for liking and for disliking mathe-
matics, and a vne-lo-eleven point linear “self-rating” scale, reflecting the respondents feelings
about mathematics. Two statistical technigues were used Lo detect palterns in attitude and check
for significant change that raight have occurred during the implementation of the program. First.
the v*-test was applied. separately for each item of the Dutton scale, for the Justification scales,
and for grouped responses of the self-rating scale (the responses were grouped into live intervals
from gxtremely negative attitudes. to real love for mathematics). Second, the Median Polishing
Anafysis was applied for the three Phases.

4.2 Mathematics teaching efficacy beliefs

The primary teacher population of Cyprus comprises of four groups: graduates of the Pedagogi-
cal Academy (PA), graduates of the PA who have obtained a university degree (PALD, gradvates
of the University of Cyprus (UC}, and graduates of Greek Universities (GU). A questionnaire
was mailed to scleeted schools, and 157 were returned (aboul 65% of the 1otal). The subjects
were 91 (58.7%) PA graduates, 13 (9.7%) PAU, 28 (17.8%) UC graduates, and 21 (13.4%) GU
graduates. About three months later, we interviewed L8 teachers (ten were UC graduates, six
were PA graduates, and two were GU graduates) focusing on issues raised in specific items of
the scale, The interviews were tape-recorded and qualitatively analyzed.

The instrument was a five-point Likert-type scale comptised of 28 items. PTE was measured in
six different dimensions; Internal interpretation of control, external interpretation, mathematics

teaching anxiety, mathematics teaching enjoyment, managing the schaol climate, and effective-

ness of the preservice mathematics program. Four indicators, all of the external interpretation of
lhe student’s learning controd. measured the general teaching efficacy dimension (GTE) (see Ta-
ble 1}. The negative statements were reversed and the data were analyzed for the whole sample
and for cach group, on the whole scale, on the sub-scales and on each componenl, separalely,
The ANOVA was used to explore possible differences between sample groups and age groups.

IDUTTON {1985)
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5 Results and discussion
5.1 Attitudes and attitude change

An alarmingly high propogtion of students bring extremely negative attitudes to Teacher Edu-
cation. For inslance, 24% of the students endorsed Lhe stalement “I detest mathematics and
avoid using it at all times™ at the entry phase. Similarly, the statements “1 have never liked
mathematics”™. “Thave always been afraid of mathematics™ and “I do not feel sure for mysell in
mathematics” were endorsed by 28%, 15%. and 47% of the students, respectively.

The )(g~tcst showed significant difference (;_J < .08y on 14 out of 18 statements, 13 of which in-
dicate positive change during the program implementarion, The proportion of those who “detest
mathematics” dropped from 24% to 12%, of those who “never liked mathematics™ from 28%
to 18%. while of those who “enjoy working and thinking about mathematics outside school”
raised from 20% 10 40%. Finally. the proportion of students who “never get tired of working
with mathematics™ raised from 19% to 27%,

The same pattern of responses appeaved in the Self-rating scale. On entrance, 36.9% of the
students located themselves in the range 1-5 indicating negative attiludes about mathematics.
20% expressed nentral views, and only 43.1% of the students’ felt positively towards mathe-
matics. In the course of the program implementation the proportion of subjects who detest
mathematics dropped from 14.6%; to 5.9% (p < .01}. while the proportion of subjects on the
positive side of the scale raised from 39.8% (o 51.6%.

Ou entrance. students stated thar they liked mathematics because it develops mental abilities™
{(47%), “it is practical and nseful” (39%}), “it is interesting and challenging” (35%), and “it
is necessary for modern life” (35%). They disliked mathematics mainly because “they were
“afrmid of it” (29%%). due to “poor teaching”™ (277}, and “lack of teacher enthusiasm™ (25%)".
The y?-test showed significant change on ning out of the ten statements of the liking part of the
scale and two of the disliking paut, all in the positive direction, For instance, the proportion of
those who like mathematics because “it is necessary for modern life” raised from 33% to 76%
{p < .00} and because it develops mental abilities” from 47% to 72% (3 << .001), while
significantly more students disliked mathematics due to “teachers’ lack of enthusiasm”, at the
end of the program than at the beginning (p < .001), and fewer students continued o believe
that “mathematics is never related to everyday life” {r = .00

The Median Polishing Analysis was applied to responses of students’ on the Dutton scale, which
was partitioned into three sub-scales focusing respectively on anviery from mathematics (five
items), usefulness of mathematics (four items), and sarisfacrion from mathematics (eight itens).
This method partitions two-way tables into three interpretable parts, the Grand Effect {GE).
which indicates the typical response across all the items, the Row Effect {(RE) which tests for
differences between responses in different rows (phases), and the Column Effect {CE) thar re-
veals relative differences amnong the items. The resuits showed alow endorsement of the anxiety
part {GE=21%). a rather high acceptance of the utility part (GE=41%) and a moderate agree-
ment on the satisfaction part of the scale (GE=34%). Row effects showed consistent positive
change during the three phases in all sub-scates. Specifically, a reduction was observed on the
anxiety part 3.0 = 0.0 = - 3.0, meaning a positive development from one phase to the next.
an increase on the utility dimension —4.5 = 7.5 = 0.5, showing a steady improvement of atti-
tudes, and finally the change in the satisfaction sub-scale was from —14.5 = 3.5 = 3.5, Thus,
an improvement was observed between the first and the final phase, in all three sub-scales, that
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might be due to the mathematics program.

Extracis fgm the interviews tend Fo afﬁrm the conclusions f:oncernjng I?eliefs and vic.ws al.mm : Personal Teaching Efficacy {PTE}
malhemaltics and the role of the historical approach. The first three refer to students” feelings Internlal 11. When a child becomes better in mathematics. 1 believe that it was dus 1o
beflore and the fowth after exposure to the program. . . . e .
Contrl (P-I) the variety of different ways T found to help him/her (824, 76%, 67%)
- “My attitudes were extremely negative thanks 10 my teachers. Mathematics was for mc a External 12. T [eel that ivrespective of my effort, [ cannot teach mathematics as
piece of work based on getting the right answer and I just could not do that”. Contr (P-E)  successfully as [ can reach other subjects (93%, 81%, 86%)
- “The proper way to lear mathematics was by memorizing facts and procedures”,. .. “any Teach Anx 21, Sometimes 1 feel anxious that a sruden_t might ask me a qu?shon }hat [do
statement or answer in mathematics was either right or wrong™. not know how to answer ot I cannot explain (86%. 89%. 90%)
When I d the University T et relief: 1 h hinkine that T had Rnished Teaching 30. If T were to choose one subject in a colleague’s class, T would have
- “When I entered the University T felt reliet; 1 was happy, thinking that I had finishe . . o i
‘ . - . (e T 1155
wilh mathematics. The moment | lcarmed that the program required 3 more courses in _Enjoy . opted for mathematics (57%, 40%, 29%)
mathematics I felt frustration. I felt that mathematics will hunt me for ever”™. Schooal 15. When I have difficulties as to how (o teach mathematics, [ seek advice
. . . . . . . . climate form experienced colleagues in my school (50%, 66%. 52%)
- "History of mathematics provided me with a variety of interesting, new. experiences. [ P - 9. The preservic 1 " Hered o hasi
realized that mathematics has always been and continues to be a very useful subject. . . feservice - e p1e&en1c.‘c mathema C*f program, otlered me the necessary basics [_0
1 followed the efforts of people to use mathematics to solve daily problems. The course program  become an efficient mathematics teacher (507, 25%. 28%)
showed me that mathematics is normally a human activity. I felt more confident when I General Teaching Efficacy (GTE)
realized that even great mathematicians did mistakes as 1 frequently do™. External 3. As now things really stand. the weak students cannot get the required
: cont. (G-E}  help to get through in mathematics (50%, 43%, 19%)
5.2 Mathemalics teaching cfficacy ) * The percentages tepresent the positive endorsement by CY. PA. and GU graduates, respectively .
Table 1 shows indicative items from each dimension of the scale and the percentage of par- Four out of five participants endorsed the positive side in six items. which reflect that teachers
ticipants who endorsed one of the two positive allematives. for UC graduates, PA graduates felt competent “to help pupils make progress even in topics of mathematics considered as dif-
(together with PAG), and GU graduales, respectively. A variability of endorsement on items fienlt”, “to help pupils think mathematically”, “to consult experienced colleagues, when facing
and among groups ol participants is evident. difficulties”, “to answer the pupils’ questions”, “lo comrect pupils™ assignments™, and “unwil-

Fable 1 lingness to give away mathematics in case they had the chance to give away one course”. On
able

| . : the other side, the majority of participants (= 50%) endorsed the negative side of the scale in
' Endorsed Proportions to selected Efficacy Iiemns by CU, PA, and GU Subjects five items reflecting “anxiety to cover the subject matter”, “ellicacy of the preservice program”,

_ “capability to help weak students”, “possibility of weak pupils to get help”, and the ability to
! “discipline a student who is not used to from home”.

The ANOVA showed significant differences between the four sample groups (UC, PA, UPA,
and GU graduates) on the general teaching efficacy dimension (GTT), on the preservice mathe-
matics program. and on the total scale according to vears of teaching service (0-5, 5-10, and
Z 10, years). The first finding of this study was that the UC graduates, more than the other
groups, believe that students are teachable, i.e., that smdents progress is controlled by internal
to the school factors (£ = 3.150, d.f. = 3, p =.027). Specifically, UC graduates were found
to have better belicfs on each one of the four items comprising the GTE dimension of the
scale. The peak of the difference was found on the item reflecting beliefs that “as the situation
really stands, the weak students cannot get the required help o get throngh in mathematics™
(X =33, X, =2.9). UC graduates were also found to hold better beliefs that ( he other
three grounps conceming their preservice program of mathematics education (£ = 8.992, d.f.
=3, p = .0{0). PA graduates {both sub-groups) expressed the most negative evaluations of the
preservice program. while GU gradvates expressed moderate feelings (X~ = 3.29, Xpy =
% ; 2753, Npag=2.27, }s’(;(,.' = 2.90).

The significant difference in efficacy beliefs found according to the length of service on the

; total scale (£ = 3.257, d.f. = 3, p= .042) means that teachers beliefs tend to get worst during
280 ;
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the first years of service and improve later on (the mean value varie d in the form 3.59 4} 3.47
3.63). This affirms and extends earlier findings (Hoy & Woolfolk, 1993) that efficacy feelings
improve with experience. The UC graduates felt uncertain aboul the best procedure to adopt in
tcaching certain topics (£ =3.150, d.f. = 3, p = .021}, whereas they did not, as much as the other
teachers, cndorse the idea that “there are children facing so many difficulties thar T am unable
to help”. The former finding can be interpreted as an excessive responsibility of CU graduates
during the frst year of their employment.

Analysis of interviews

In interviews we encouraged the subjects to talk about their experiences and express their evalu-
ations with respect to mathematics teaching. The responses were classified into three categories:
as positive, neutral, or negative, on the basis of the text. We present excerpts on perceived effi-
cacy a}to influence the learning of non-mot ivated pupils (NM), b} about the preservice program
(PSP), and c) to manage the school climate (SCL).

Q1 — NN How confident do you feel to help the non-motivated pupils?

Positive view Eam sure that T can help all students to make progress. For the 2-3 n on-motivated
of slew leamers that are normally found in every class, special provisivns are needed, such as
to simplify activities, allow for more time, and be in close contact with parents.

Newtral view : I can help slow learners make progress, but “it is not possible for all students
to reach the same level”. In every class “there are Iwo or three special cases (¢.g., problematic
families) for whom it is very hard to do anything”. “They need special attention and 1 have no
tiroe”,

€22 — WA : Tn the case that a child makes progress, to whom should this success be credited?
Pysitive view ; There are many factors that influence students’ learning. The final outcome
is due to a combination of joint efforts. However, in my vicw the teacher is the factor to be
primarily credited.

Neurral view : I think that a student's progress is due (0 the (eacher, the parents and the student
himself. a} “Teacher’s influence on students’ learning is limited because (hey are at school only
for about 4-3 hours a day”. b) “In cases with serious problems, the teacher cannot do much”.
Negazive view ; a} “The crucial factor is the child. quite a lot depend on him/her”. b) [ think
that everything depends solely on the child™

1 — PS# : How do you judge the preservice mathematics program you passed through?
Positive view : Thelieve it offered me all the necessary background to teach mathematics. When
1 was a student. T was frequently wondering whether several of the issues and ideas discussed
were practically applicable, now [ am convinced they ate useful,

Neutral view 1 Most useful was the Methods course. History of mathematics helped in the
scnsc that one appreciates the developmental nature of mathemarical ideas, but T think that the
tutorials could have been more profitable.

Negative view : We only did one course on teaching methods, “which was just an introduction,
rather irrelevant to teaching”.

2 — PSR Afrequently raised point refers to the balance between theory and practice, what
do you think about that?

Positive view : | now think that the teacher needs a strong theoretical basis. We covered a wide
spectrum of topics and this provides the teacher with a basis necessary to choose and create
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didactical situations on his own.

Neutraf view : ] think it could have offered us mote. There were quite a few topics, which were
not useful for (he primary teacher in the content courses, that caused ng additional anxiety. 1
think we shouid stick to methods of teaching specific wopics.

Negarive view @ Tt paid too much attention to mathematics instead of methods of teaching
mathematics, it was very poor.. Instead of sets and probability, we could have done more
didactics of mathematics”™. “We did a lot of mathematics at the high school, we should do more
teaching methods instead™.

&1 - SCL. : How much concerned do you feel about the subject matter coverage?

FPositive view : a) T don’t worry about that, though I am quite behind schedule. Tdo not like to
rash and miss some pupils. [ will finally be able o get through the subject matter”. b} “In my
view it is nof necessary to cover all the topics. The issue is to let pupils learn what we do, so
I don’t worry”. "1 do not proceed beyond a certain point, unless I am certain that 98% of the
pupils have learnt it well”. The motto in our school is quality. nor quantity”. “We all protested.
The inspector stated that we were behind schedule, but I cannot push the children. they need to
understand”.

Newtral view 1 a) “Yes, because thege is 50 much in the books, and [ realized that the level of
my pupils iz not so high™. b) “One has to insist on the basics, not to rush, and that worries me a
lot”. ¢} “We hurvied to cover the prescribed matter wilthout going in depth”.

€2 — SCL 3 How do you feel when the principal or the inspector attends vour class?

Positive view : “Well. it’s natural not to feel as easy as when you are on your own:; it iny cause
me some tension but not really anxiety. Thave nothing lo hide, 1 want them to get the real picture
of the class, to bring possible problems on the surface™, “It is a matter of self-confidence”.
Neutral view : “There is a certain degree of anxiety. After all, yon are under assessment. they
are examining vour results”,

Negative view : [ feel anxious and uneasy... I think it i5 in my character”,

Table 2 summarizes the responses on. the three issnes of each of the fhree teacher groups. The
general picrure seems to affirm the results found from the questionnaires. UC graduates ex-
pressed better efficacy beliefs to influence (he non-motivated students and about the preservice
program, while they felt relatively less efficient to manage the school climate. The latter might
be a consequence of antagonism, which was developed in some of the older teachers due to the
abelition of the Pedagogical Academy. There are indications that this climate is getting better.
PA graduates do not feel as efficient to help the non-motivated students and they consider their
preservice program as ineflicient. The responses of UG graduates seem to be rather normally
distributed, indicating t(hat they hold moderate efficacy beliefs.

Table 2

A summary of classified responses in interviews
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Univ, Cyprus F. Academy Greels Univ.
Positive 85% 3% 2/6
Efficacy to
influence the Neutral 15% 50% /6
Non-Motivated
Negative %4 17% 2/6
Fosiuive B4% 78% 4/6
Efticacy to
manage the MNeulral 320 172 2/6
School Climate Negative 14% 534 276
Positive 5004 0% 2/6
Efficacy of
preservice MNeutral 500 500 4/8
program Negative 0% 50% 2/6

6 Conclusions

The results of this study provide support for three hypotheses. First, prospective teachers bring
to teacher education serious misconceptions and negative attitudes towards muthematics. Se-
cond, the designed mathematics preservice program was cffective to change preservice teachers’
attitudes and third, the UC graduates hold better efficacy beliefs in mathematics teaching than
the graduates [orm other inslitutions.

Negative feelings towards mathematics are mosily due 1o teachers’ shorlcomings, which lead to
students’ failures and negative altitudes. The situation calls for urgent measwes, otherwise, it is
highly probable that a considerable proportion of teachers will continue to view mathematics as
a fixed discipling, teach along the traditional lines, influence students in non desirable directions,
and perpetuate the same situation. One of the tasks of Education Departments is (o break down
the vicious circle so formed.

In the present study, we sought change in belief systems as a secondary goal of the teacher
preparativn program. History of mathematics was used throughout as the vehicle to develop
mathematical understanding, though two more special environmental factors were conducive
o thal effort. First, the establishmenl of a new Departmenl offered the chance to design a
mathematics progran from the beginning, and second, the historical heritage of the student
population. At the end of the program, changes in the attitudes of the students were observed
as evidenced by three complementary instruments and several statistical analyses. A significant
change in students’ responses was found in most items of the Dutton scale, on each of the
three sub-scales, on the Justification scale (inostly the liking part), and on the self-rating scale,
The fact that there has been non-desirable change of attitudes in twe items indicates that in
some cases the improvement has not reached the level (0 overcome deeply rooted mathematics
anxiety. Most of students” feelings were formed over their entire school life and, in many cases,
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were influenced by long prejudices of (he social environment. It seems that some emotions in
the minds of students are resistant Lo change; longer exposure and more challenging experiences
seem {0 be cssential in order to override them.

CU graduates more than other teachers felt that they are capable to help even the unmotivated
pupils. that pupils in general e teachable, and that they were relatively satisfied with their
preservice mathematics program. It should be noted, however, that the “success” of the im-
plemented program was found to be satisfaciory in comparison to the other two groups, who
showed a low esteem of their own preservice programs {in absolute ferms the acceptance of
the program is rather moderate). The overall evaluation of the preservice program is conside-
red, however, as positive because CU graduates were found to outperform their counterparts in
almost all scale dimensions as well. This indicates that the program based on the history of
mathematics was effective in improving students’ attitudes and developing positive mathema-
tics teaching efficacy beliefs,

ELis surprising and it deserves further investigation that the fact that no differences were found in
auilude change in terms of gender. type of high school, mathematics performance, and the fami-
Iy socio-cultural conditions. It would be very encouraging, if the program is really so powerful
as to alfect students’ beliefs and efficacy feelings, imespective of individual characteristics.

The present study did not disentangle several factors that might have heen operative. One of
these factors relates to the mental models that the program created in the students” minds about
madhetnatics. Another factor is the presence of the university instructors themselves and the way
they implemented these models in the classroom. A final reservation concerns the permanence
of this change and iis long lasting effect on actual teaching behavior. This final dimension is
one of the directions in which we plan follow up and further evaluation,
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Sur les modes du savoir®

RADFORD Luis
Université Laurentienne,
Ontario {Canada?

Abstract

Ce travail se penche sur le probleme de fa copstruction du savoir mathématique dans une
optique: culturelle, En prenant la rationalité mathématigue d"une certaine €pogue comme
partie de la rationalité culturelle dans Inquelle elle se frouve inscrite, il sagit d'investiguer
comment la rationalité mathématique se forme ct donne fieu & i type particulier de savoit 3
la lamiere des pratiques de signification culturellement reconnues, pratiques qui délimitent
le pensable et I'impensable, le possible et I'impossible. Le “fexte” mathématique est vu
ici comme un discours se déployant sujvant les posstbilitds sémiotiques offertes par les
relations issves des activités sociales des individus et Ig conceptualisation du monde et
des objets mathématiques Gue ces activitds permettent selon représentations sociales en
place. Le cas des mathématicques Babyloniennes set # illustrer cette approche culturelle
Epistémologique.

2Ce travail fait partie d'un programme de recherche subventionné par le Conseil de techerches en sciences
humaines du Canada, subvention NO. 410-93-1287.
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1 Introduction

Un des debats les plus riches et intéressants du 208M¢ gizcle conceme le role de Uindividu
et de sa culture dans la production du savoir. (Grosse modoe, on peut distinguer deux positions
fort différentes dés le début du siecle. D'une part, on a le péle offert par la psychologie expéri-
mentale, ot I'on soumet I'individu & des inlerrogations selon le méme patron suivi en science
posiliviste pour interroger la nalure et les animaux et qui privilégie le fonmat de laboratoire ct
son emphase sur les variables, les mesures et le taiterment de celles-ci. On situe le début formel
de la psychelogie expérimentale au moment de la création du laboratoive de Wilheln Wundt 4
I'Université de Leipzig en 1879 (voir VINEY & KING 1998). IV autre part, on a l'approche an-
thropelogique qui, au lieu de se pencher sur Vindividu isclé, prend celni-ci au sein de sa cultuwe,
L'interrogation ne porte pasg ici sur comment Findividu isold arrive i connaitre ce qu'il connait
et i se faire les représentations du monde qu'il détient. Tl s'agit de savoir comment se forment
les représentations de I'individu dans le contexte de sa culture, A vrai dire, il favudrait ajouter ici
les réflexions provenant de 'épistémologie traditionnelle. Celle-ci se dislingue des réllexions
psychologiques el anthropologigues en ce que la connaissance est supposcce nc pas pouvoir &ire
étudide par des techniques d’observations, que ¢e soit des obscrvations cxpérimentales de styvle
laboratoire psychologique ou in sife comme font les ethnologues.

Depuis la fin des années 70, la Didactique des Mathématigues ou Mathematics Education
s’est congolidée comme une discipline plutdt lige a la psychologie qu*a I'anthropologie ou & la
philosaphie et comme telle elle a hérité des méthodes expérimentales de la premigre. Toutefois,
récemment il ¥ a une tendance de plus en plus vive a examiner les processus d’apprentissage
en utilisant des outils et des points de vue liés 4 I'anthropologie. Sans vouloir entrer dans les
détails, contentons-nous de signaler gue cette tendance A I'anthropologisation de I'Education
Mathématique va de pair avec une mise en question, dans le domaine général des sciences
humaines, de la relation de I'individu et sa culture dans la construction du savolr telle que
la psychologie expérimentale I'avait implicilement ou expliciicment véhiculée. Cest sur ce
point que nous voulons nous arvéter ici. Plus précisément. le but de cet article est d’examiner
deux approches théoriques qui offrent des vues distinctes sur la relation sujet/culture dans la
production du savoir,

1.a premiére approche, basée sur un point de vue évolutionniste du savoir mathématique. est
celle de Raymond Wilder. La deuxieme approche est celle de |"épistémologie archéologique
offerte par Michel Foucault. Bien str, puisgue les deux approches s”insérent dans des iraditions
différentes, la fagon mé&me de poser le probleme epistémologique culture/individu dans chacune
d’elles est différemte. Néanmoins, bien que les degrds d'élaboration théorique soient différems,
le probléme y apparait suffisamment traité pour tirer des tenseignements permetiant un contrasie
assez clair, Notre examen des deux approches mentionnées est précdédé d'une cowrte discussion
de ceitains €léments qui ont servi de base & une théoric de la connaissance élaborée 3 partic
de la philosophie de DESCARTES ¢t qui a cu une grande influcnce non pas seulement dans le
domaine de la philosophie, mais aussi dans celui de la psychologie. Cela permettra de mieux
cerner, nous espérons, les origines historiques du courant “individualiste” de la psychologie
traditionnelle et la présentation des approches retenues powr discussion dans cct article,

2 Psychologie et anthropologie : individu, culture et savoir
Un des présupposés fondamentaux au sein de la recherche épistémologique est, tel que

mentionné dans Uiotroduction, celui de la relation individu/cuiture dans la construction du
savoir. Une longue tradition philosophique a donné la primauté a U'individu sur la culture en
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ce qui concerne la production du savoir et a done centi€ les effores sur le premier au détriment
de la derniére. L'approche épistémelogique qu’on peut appeler “individualiste” postule dong
I'individu comme source du savoir et a son origine dans le concept du “je” gui commence 4
émerger lors de la Renaissance et qui tronve une expresston tits netie dans la philosophie du
17°M sidcle (natamment dans le “je” cartésien). On sait bicn que le “je” de la Renaissance
g'érige en réaction contre la vue théocentrique du Moven Age selon laquelle I'individu est une
créature de Dieu el soumis & la volonté de Celui-ci. Tl apparait Tié & une nouvelle vision de
Iindividualit€ qui se met en place pen a peu 4 partir du 15°™ sigcle, lors du passage d°une pei-
sée autotitaire et dogmatique & une pensée plus autonome, englobée par les changements pro-
duils par une mercantilisation et une étatisation croissante et 'apparition de nouvelles couches
sociales riches tant en ville qu’en province. C'est dans ce contexte que |'invention d'une con-
science individuellc devient possible, un contexte ob 1'individu 5°appartient pour la premigre
fois dans I’histoire, comme le suggére Norbert Eras dans son livie Lo société des individus
{1991).

Ces changements au niveau de 1'individualité ont des répercussions au nivean du savoir
qui, pendant le Moyen Age. avait trouvé appui dans I'Beriture divine et les textes des Péres de
'Eglise. Que devient donc le savoir 7 Sur quoi va-t-il s'appuyer 7

La nouvelle conception du savoir s'identifie désormais au certain, Connaissance équivaut
i certitude, mais il s’agit maintenant d'une certitude séculaire.  Ainsi, quand DESCARTES
cherche, contre T'esprit sceptique de son temps. ce qui peut &tre incontestable, ce sur quoi on
peut étre certain & coup sfir, ce qu'il trouve est le sujet qui pense et qui en pensant peut affirmer
sans le moindre doute sa propre existence. Dans la quatridme partie do Discours de la Méthode,
il dit ;

Tavais dés lemglemps remarqué que., pour les macurs. il est hesoin quelquefois de snivee des opiniong
qu’on sail étre fort incertaines (. . . ) mais pour ce qu-alors je désirais vaquer seulement & In recherche
de la véritd, je pensai gu'il fallait que je fisse be contraire (... 3 je me ésolus de feindre que Loutes
les choses qui m'étaient jamais entrées en i esprit, n°éatent nan plus vrais que Tes illusions de mes
songes. Mais aussitdt apres, je pris garde que, pendant que je voulais ainsi penser gue tout tait
faux. il [allait nécessairement que mob, qui le pensais, fusse quelque chose. Et feEmarguant que
cette verilé © je pense, done jo suis, dtait si ferme et si asswde, que tondes les phos extravagantes
suppositions des sceptiqnes n"éraient pas capables de I'éhranler, je jugeai que je pouvais [a recevoir,
sans scrupule, pour e principe de la philosophic. que je cherchais. (DESCARTES 163741967, pp. 31~
32y

C’est ce principe qu'exprime DESCARTES dans la célébre phrase “cogito, ergo sum” qui est
i la base de la théorie de la connaissance du 17%™ gigcle. DESCARTES bien str est 1oot 3 fait
conscient de la nouveauté qu’il est en train d'introduire. Aijnsi, dans un paragraphe précédant
les propos cités ci-dessus, i1 dit :

Iz ne sais si je dois vous entretenir des premiéres médiations que ['v ai faites; car elles sont si
métaphysiques el si peu communes, qu'elles ne scront peut-étre pas au goit de tout le monde. Kt
lowteliis, afin qu'on puisse juger 51 les fonderments gue j'at pris sont dssez fermes, je me rouve en
uelgue fagon contraint d'en parler. (CGp. cir.p. 31}

Le nouvean principe philosophique donne lieu & une tradition fondée sur une séparation
nctte cntre la pensée (nécessairement immatérielle) et le mande matériel. L accés au savoir n'est
plus {ou en tout cas pas exclusivement) garanti par la tradition de Eglise. Avec DESCARTES,
I'individu trouve, dans sa capacité i penser sa propre existence, non pas senlement 1 assurance
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mais aussi 1a cl€ vers la vérité — verité que maintenant il ne doit qu’a lui-méme el 4 sa capacité
de réflexion.

Cela ne veut pas dire que dans la mesure ot I’on a réfléchi sur la connaissance, on n’a pas
pris cn compte, d'une fagon ou d'une auire, le réle de ce qui est extérienr & Ia pensée. Le
contact de I'Europe avec d’autres cultnes, que ce soit lors des campagnes de conquétes ou
lors des missions d'évangélisation, en Chine, en Afrique, en Amérique ou ailleurs, a ét€ ' objet
d'une prise de conscience que les gens d’ailleurs pensent antrement et croient 4 d’autres choses.

Comment est-il possible que la connaissance soit différente selon |'endroit géographique?
Les philosophes des Lumiéres ont résolu le probléme en partant de Iidée du progrés. La con-
naissance progresse et les différences s'expliquent par des écarts dans la ligne évolutive. Bien
giir, le réle de I'environnemant est ici trés modeste. Il sert & peine i effectuer des identifications
territoriales. Mais ¢ est ce contact avec 1"“Autre”, le “Différent”. ou le “Primitif” comme on
disait & I"époque. qui a pennis de poser le problame avtremeni. Alnsi, 2 ka fin du sigcle demier
on a pu voir Durkhieim et I'école francaise de sociclogie se pencher sur la fagon de penser des
gens d'autres culiures. DURKHEIM disait di fagon tris claire que les concepts avec lesguels
nous pensons sont des représentations collecrives et cormme tels ils ont une origine culturelle
{(DURKHEIM 1968, p. 621). Comime le fait une grande partie de 1'anthropologie contemporaine,
DURKHEIM basait sa position sur le rdle du langage dans la connaissance. En effet, selon lui,
les concepts avec lesquels nous pensons couraniument sont ceux consignés dans le vocabulaire
d'une culture qui exprinme les produits d"€laborations et d’expériences collectives qui excédent
celles de Uindividu (cf, op. cit., pp. 620-21).

LEVY-BRUHL §"est intéressé 4 lalogique sous-tendant ce gu'on appelait 1a “mentalité primi-
tive” et mettait en évidence des formes de pensée tes différentes de cclle qu'on trouvait en
Europe. En particulier. les formes de pensée se voyaient solidaires des activités communales,
ce que LEVY-BRUHL a exprimé dans sa “loi de participation”™ (ef. LEvy-BRUHIL 1949, 1960},

Bien que de facon trés soonmaire, Ja discussion précédente permet de situer les orgines
des deux courants de pensée différents du 20°™¢ sjacle, le psychologique individualiste el
I"antbropologique collectiviste. Nous allons nons toumer maintenant vers deux approches spé-
cifiques qui abordent de facon plus directe le probléme qui nous intéresse ici, 4 savoir, la relation
individu/culiure dans la production du savoir.

3  Wilder et I’évolution des concepts

Duns son livre The Evolution of Mathemarical Concepts (1968), WILDER conteste la vision
d'une mathématique sans attaches culturelles et le réductionnisme historique qui présente les
mathématiques comme ung suite d'événements plus ou moins exactemeni datés. It dit :

Conmaitre Fhistoire ce n'est pas asser; daies, matériel biographique. etc. sont impostans. mais ils
forment partie de Iy collection d antefacts ponr une dmede de co type, (op. it ix)

En fait, sa position est appuyée par une distinction qu'il propose entre histoire et évolu-
tion, Alors que dans la premiére I'importance st an matériel et 2 sa date, dans la deuxieme
I'importance est au changement.

Cetie idée de base est approfondie dans un Livee publié en 1981, Mathematics as a Culiural
Systern, ol il se donne la tdche de mienx expliquer son concept de culture. Culture apparait
ici, un peu comme chez Spengler, comme une super entité organique. Mais, chez WILDER, la
culture est congue conune vne entité qui €velue i partir d"un certain nombre de principes, qu'il
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convient alors de mettre au clair. Le concept d'évolution est pris dans un sens néo-darwinien
(d"ailleurs une photo de I'anthropologuce anglais E.B. Taylor est insérée dans le livre de 1968).
L’idée sur laguelle pivote son cuvre est celle de considérer les mathématiques comme une
sous-culture de la culture générale. Ceci lui offre la possibilité de voir la premigre comme une
entit€ en évolution et de s’inlerroger sur les lois de cette évolution.
La “lutte de survie™ qui décide le destin des idées cst vue a la maniére d'un positivisme qui
pose la swrvie en tertmes d'efficacii€ et de pouvoir d'explication. 11 dit :

Ce n'est pas senlement judicieux du point de wue pratique mais aussi théorigue de traiter la colture
comme une eatitd super-organique qui. comune le langage, évolue & aprés ses propres ‘lois”. Le
Jugement final concernant une theéorie de la culture ne doit pas étre si cela correspond avee nos
propies croyances {beliefs) par rapport 2 la réalité, mats si cela marche misux comme un principe
&'explication et/ou comme dispositif prédictif, (WILLER 1981, p. 13

Dans la derniére section du dernier chapitre. il donne dix lois gqui gouverneraient I évelution
des concepts mathématiques, dont la snivamte, qui porte le numéro 4 :

Le degre duns leque! un concept contiue a &ce impertant mathématiquement dépend do made
symbolique dans lequel il est exprimé el de sa relation avee d'anmes concepts. Siun mode syme-
holique tend vers I'obseite (.. ) alors -en supposant le concept utile- une forme plos Bcilement
counpréhensible dvoluera. (.3

Par mode symbolique, WILDER n'entend pas ici les réseanx symboliques dans lesquels les
signes et les concepts d'une coliure se tfrouvent nécessairement submergés, WILDER se référe
ici au systéme de signes mathématiques. et donne comine exemple I'évolution de 1a représen-
tation positionnelle des nombres. Selon lui, la représentation Babylonienne a été abandonnée
pour nne autre plus claire et mieux apte, qui a culminé finalement avee la représentation déci-
male infinie d'un nombre réel quelconque (1981, pp. 208 et 2 1), Toutefois, comme le souligne
Markus, un systeme de signes ou une langue “pent paraitre ‘illogique’ ou ‘trop compligué’
seulement & quelqu’un qui ne la maitrise pas. Pour le loculeur natif clle est transparente™.
(Markus 1982, p. 60). Vraisemblablement, pour le scribe Babylonien, 1'akkadien ou le
sumérien utilisés dans les textes mathématiques étaient aussi clairs que la terminologie “cos-
siste’ utilisée & la Renaissance par un maestro d'abaco.

Mais, selon nos objectifs. ce qui nous intéresse le plus chez WILDER est le rapport au savoir
du sujet et de la culture qu'il propose. 11 s"affiche contraire 3 Pidée d'une culture faite par
les “grands hommmes”. Ce n'est pas U'individa gui, par des inventions heureuses, fait avancer
la culture, car tout ce dont il avait besein pour accomplir la nouvelle création était déja 1a.
Linventeur. selon lui. dépend totalement non scvlement des iddes qutil a collecté des autres
mais aussi de cette poussée finale qui mene 4 'invention. Cela 1'améne 4 dive que : “En réalité,
les inventions sont colfectives, ¢’est-d-dire. elles sont des accomplissements cultureis”™. (1981,
p. 10 italiques dans |’ original)

Pour comprendre cette position, on doit avoir présent 4 1"esprit 1'idée de culture chez Wil.DER.
En fait, puisque la culture évolue d’aprés ses propres lois, "homume (au singulier) n'y peut rien.
Il devient en quelque sorte 'exéentewr d'un destin qui lui est offert de Uextérieur, Le “grand
inventeur™ vient piger dans ce tout super organique qui s'ouvre a lui comme ug prand réser-
voir ce qu'il lni fant pour accompliv I'acte d’invention. “C'est vrai, il ajoute, il [1'inventeur]
fait un pas décisif; mais ceci est un jugement subjectif, puisque toutes les élapes menant &
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I'invention étaient aussi critiques, au sens d’étre nécessaires pour I'invention finale, comme
celle-1a". (ap. cit. p. 10).

On peut dire que, dans I'approche de WILDER, la relation au savoir de I'individu et 4 1a cul-
ture reste sabotéc par une vision téléologico-évolutionniste du savoir. §711 est vrai qu'il détent
une position d'aprés laquelle les homimes (au plugiel) font la culture et que, réciproquement. en
mettant i disposition de chacun de ses membres les croyances, outils, m@Eurs, efc. que constitue
la culture, celle-ci prodnit chicun de ses individus, on voit mal comment peut s”orchestrer toute
une diversilé de pratiques culturelles de sorte que leurs produits puissent satisfaire des nécessités
varides qui sont évaluées culturellement sclon des criiéres spécifiques souvent contradictoires
d*une culfure 4 une autre. Rappelons i ce sujet ce qui disait SPENGLER !

I 'y @ pas une, il 1y a que des mathénarigues. Ce (e nous appelons histoire de *la” mathé-
matique, réalisation préiendue progressive {"un idéal unigue et invatiable, est en effet. dés qu'on
dearte $imaze trompeuse de la saperficie historigue, uns varidté @ évolulions qui sont achevées en
S0 (SPEMGLER 1917/1948, p. 70}

4 L’archéologie épistémologigque foucaldienne

FoucAULT définissait son travail des années 60 comme une quéle de ce qui est au-deli de
I’histeire des sciences, des connaissances et du savoir humain et qui portant la détermine. Dans
une entrevue iéalisée en 1968, il dit :

$ivous voulez, I hypothése de travail est Ia suivante : Phisteire de 1a science, I'histoire des connais-
sances, 1 obdit pas simplemant 1 a Joi générale du progres de Ia raison, ce n'est pas 1a conscience
huroaine. ce a'est pas la vaison humaine qui est en quelque sorte détentrice des lois de son histoire.
Il v 2 au-dessons de ce que la science connait d elle-méme quelgue chose quelie ne connalt pas;
et son histoire. son devenir. ses épisodes, s¢s accidents obéissent & un certiin nombre de 1ois el de
déterminations. Ces lois et ces détenminations. ¢ est celles-1a que j'ai essayé de mettre a jour. 1ol
essayé de dégager un domaine avtonome qui seeait cehod de inconselent du savolr gqui auril ses
propres régles, comme I'inconscient de 1'individu humain a lui qossi ses régles et ses délerminutions.
(FQUCANLT 1994, pp. 665-666)

Il distingue deux péles bien délimités dans 1'activité humaine. 1’un coté, celui de I'expeé-
rience quotidienne, régie par ses codes fondamentaux de perception, d"utilisation du langage,
des hiérarchies pratiques, etc. De 1'autre c6té, celui des (héorisations qui tentent d"expliguer
I'ordre du monde 3 ravers, par exemple, des lois, des explications & caractére “‘rationnel”.
Et ¢’est entre ces dewx-1a qu'il siue cette région qui “délivre 1'ordre dans son éire méme™
(FoucauLT 1966, p. 12), ¢’est-d-dire cette région qui explique 1"ordre de I'ordre ou encore la
rationalité de I' ordre.

C’est I'ordre de Iordre qui oriente et sous-tend les différentes activités d'mne culture. Dans
son éude sur 'épistémé a 1'dge classique, élaboré dans Les mots ef les choses, Foucaulr
cxamine 1’ ordre du langage. celui des classifications scientifiques. celni des richesses et monire
comment ces différentes activitds sont toufes sous-tendues par une fagcon compune de represen-
tation — une fagon de représentation qui sc distingue du mode de représentation médiévale,
Founcault s efforce de montrer qu’a époque classique, en effet, il s’agit de représenter I'identilé
et la différence et non plus, la similide, comme ¢’était le cas au Moyen Ape.

[ o]
b=y
[ ]

. Ce qui rend essenticllement différent I'épistémé a1'époque classique de 1'épistémé au Moyen
Age est, dans |"archéologie Foucaldienne, la configuration sémiotique qui la sous-tend, X mode
d’étre du symbole et les représentations que celui-ci permet de former, Cette archéologie s"érige
contre le courant d’objectivation basé sur la résoluwion de problemes. un coutant d’origine posi-
tiviste qui trouve dans la compétition des théories et dans leur facullé A résoudre une gamme
plus ample de problémes son critére d"efficacitd et de supériorité. Foucault dil. non sans irenic :

1 se peut hien —ct ¢ncore ¢e serail 3 examiner— qu'une science naisse d'une palre; mais famais
une science ne peut naitee de 1"absence d'une aute, ni de 'échee, ni méme de I obstacle renconted
par une aulie, {FOUCAULT 1966, p. 140).

L archéologie Foucaldienne se range dans un cowrant oppesé i cclui de la résolution de prob-
lemes: il se classe parmi les paradigmes sémiotigues du 20°™F sigcle oi ’on trouve Gadamer,
“le dernier” Witigensiein et d'autres. Bien qu'ayant des différences théoriques fondamentales
enure eux, ces paradigmes placent le langage dans un liew privilégié. Pour FOUCAUIT, comme
on la vu précédemment. un épistémé donné se révele dans la fagon dont les mots novs parlent
des choses, dans I'ordre du discours. [l suggérait, en outre, que le langage appartienne & une
couche archéologique différente, plus profonde, que les couches auxquelles appartiennent les
richcsses et les clagsement de la nature (1966, p. 245).

Qu’en est-il donc, chez FOUCAULT, de I'individu et de la culture dans leur rapport au savoir?
Notons que, dans Les mots et fes choses, aprés avolr posé la question de ce qui rend possible
de penser une pensée, il dit : “A Ia limite, Te probléme qui se posc c'est celui des rapports de la
pensée i la culture™. {gp. cir., p. 64).

Certains critiques ont mentionné que I'archéologie épistémologique de FOUCAULT laisse
toutetois de ¢6t€ I'individu lui-méme, c’est-a-dire I'individu concret. On lui reproche ce faisant
de réifier le savoir, Sartre, par exemple, souligne chez FOUCAULT I'absence de |'analvse des
conditions historiques de la pensée. TF dit : )

Foucaudl ne nous dit pas ce qui serait le plus intéressant . 3 savoir commenl chaque pensée est
construile § pantir de ces conditions. ni cormment les hommes passent d'une pensée i une auire. 11
lui foudrait pour cela faire intervenir la prais. donc 1'histoire, el ¢'est précisément ce qu'il refuse,
G-} [Un historien] sait qu'en ne peut pas derire dhistaire séricnse sans metre au prewier plan
les léments malgriels de la vie des hommes, les rapports de produc tion, Is praxis. (SARTRE 1966
p. 57-88}

Sartre voyait que I'approche structuraliste se dérobait d’une réflexion sérieuse sur la praxis
et les conditions historiques des individus dans la formation du savoir. Par i, les stmcturalistes
{parmi lesquels il incluait Foucault, Lacan, Althusser et d”antres) escamotaient. selon Sartre, le
probléme du sujet concret. Ainsi, en parlant du sujet chez Lacan, il dit ;

Sl n'y a plus de praxis, il ne peut plus ¥ avoir non plos de sujec Que nous disene 1.acan e les
psychanalystes qui se céclament de Jui? 1 hownme e pense pas, il est pensé, comme il est parlé
powr cerlaing linguistes, Le sujet. dans e pracessos, n'occupe phas une posiion centraie. 11 estun
€lément parni d"autres, I'sssentiel élant la “couche™, on si vous prélérez fa suuvcture dans laquelle
il esl pris et qui le constime, (SARTRE 1966, p. B1-92),

Le manque d’insertion, dans Les mots et les choses, d'une catégorie historique tenam compte
des individus et de lenr praxis, a été pergu comme quelque chose qui menait FOUCAULT a
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présenter 1'épistémologic comme une structine contraignante, productrice des individus, des
savoirs et, comme le souligne LeBon, "histoire méme. Dans vne critique virulente lancée con-
trec FoucauLT, elle dit : “De la structure se déduit histoire”™. (1967, p. 13138)

Bien sfir, d’autres critiques s attaquaient au relativisme culturel gqu’on discernait dans 1'ap-
proche ¢Epistémologique Foucaldienne {(cf. par exemple, AMTOT 967} Quoi gu'il en
s0it, FOUCAULT a tenté de mmeux préciser sa position, dans L'archéologie die savoir (1969).
Il 5’y efforce de prendre une distance par rapport au structuralisme avec qui la terminologie
utilisde dans Les mots ef les choses (par exemple “les quadrillages des codes ordinatens™)
le rapprochait. Mais il renonce 4 donner 4 son approximation €pistémologique 1'ocientation
théorique que la critique trovvait qui lui manquait. Pour lui, il s'agissail d"éviter tout réduc-
uonnisme. D'une part, il 5’agissait d’éviter de voir le savoir comme le résultat des pratiques
sociales d'une culture (ce qui rapprocherait, d’aprés Tui, le savoir 4 1'idéologie); d'autre part, il
ne fallait pas le placer dans I'immanence d’un terrain transcendantal.

FOUCAULT trouve une solution dans la genése réciprogue de 1 objet/sujet et 1a catégorie
d'expérience qu'ils définissent 4 pastiv de la culiure. 1l entend par expérience “la corrélation,
dans une culture, entre domaines de savoir, types de normativité et formes de subjectivité”!, 1.a
catégorie d expérience apparait comme une ctoffe tiss€e & ["aide de fils provenant des vérités
de la culiure, le réseau du pouvoir et la subjectivation des individus. 1.a subjectivation est telle
gu’elle conditionne le pouvoir —en €tant & son tour conditionnée par celui-ci— er les vérités
que ce pouvoir sanctionne. Ainsi, dans une entrevue avec Duccio Trombaded, i dit :

Everything ihat Thave ocenpied mysell with up (il now essentially regards the way in which people
in Western societies ave had experiences that were used in the process of knowing a determinace,
objective set of things while at the same time constiiuting themseives ay subjects under fixed deter-
minake concitions, (FOUCAULT 1991, p. 70y

Il importe de noter gue, chez FOUCAULT, les processus de constroction de individu lors
de sa rencontre avec le savoir ainsi que les processus de construction du savoir par cet individu
qui puise sa subjectivité dans 1'organisation de sa eulture et le réseau d’expériences que celle-ci
met a sa disposition, ne sont pas des processus distribués de fagon homogéne, Cest FOUCAULT
Tui-méme qui a insisté swr le fait que la culture se donne des instituGions qui répartissent ou
distribuent le savoir dans son inlérieur, en définissant ce qu'il a appeld ki volonté de vérité, cette
relation qui erige entre les individus un systéme d'exclusion. En analysant Aristote, il tronve
derriére le philosophe qui s'affiche désintéressé, un discours sophiste qui cache une lutte de
pouvoir Lors de sa legon inangurale an Collége de France, il dit :

Or cette volonté de vérits, comme les autres syseemes d'exclusion, s appuie sur un supporl inst-
wtionne! @ elle est i la fois renforcée et reconduite pas wute une épaissenr de pratiques comne
la pédagogie. bien sir, comme le systeme des livees, de I'édition. des bibliothéques, comme fes
sociéids savantes autrefois, les laboratoires awjoued 'lwi. Mais elle est reconduite aussi, plus pro-
fondément sans doute par la mandére donl le savoir est mis en oeuvre dans une société, dont il est
valovisE, distribwe, réparti el en quelque sorte attribué, (FOUCAULT 1971, pp. 19-20)

Dans I'épistémologie que FOUCAULT propose, la consiruction du savoir ne peut donc étre
comprise qu'a condition de s'interroger sur la facon dont le savoir est mis en ceuvre, distribué
et attribué dans une société, De plus, la relation du sujet au savoir, dans 1'épistémologie fou-
caldienne, n’est pas, comme on a pu le constater, une relation passive. Le processus au travers

TFOUCAULT, L 'usage des pfais.i'f.‘..y.“ﬁ_ 10.
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duquel Uindividu lui-méme se trouve modifié {et par 1a culturellement constiuit) par ce qu'il
arrive & connaitze, s'effectue au long de la “labeur accomplie afin de connatre” (cf. FOUCAULT
1991. p. 68).

FOUCAULT nous donne un exemple de cetie “labewr™ quand il examine 1"histoire de la sexn-
alité duns 1" Anliquité (FOUCAULT 1984). It ne s'agit pas pour lui de monirer comment le sexe
étail pratiqué & I'époque. Tl ne s’agissait pas non plus de savoir comment on a pensé le sexe.
1 s agissait d'examiner les mécanismes producteurs d'expériences d'élaboration du soi et les
chemins par lesquels passe 1'individu quand celui-ci s’engage dans 1a “lahewr™ de connaissance.

Cle qui apparait chez FOQUCALNT conune “‘labeur” de connaissance peut naturellement étre
thématisé de plusieurs fagons. Il peut ére va, par exemple. comme la labeur qui, en plus de
produire le sujet, produit également la connaissance ¢t la culture. Bien que I'Histoire de la
sextealité puisse étre vue comuue un retour que FOUCAULT fait, vers la fin de sa vie, sur le
concept de sujel qui lui a valu tant de critiques, il est testé fidele 4 ses principes des années
6. On a vu qu'il présentait une vision de construction réciproque entre 1'objet ot le sujet, mais
peut-&tre serait-il juste de dire qu’il s’est plutdt intéressé & la fagon dont ce sujel se trouvait
constitug par sa culfure.

C’est pourguoi souvent il est présenté comme quelqu’un pour qui la culfure avec scs pra-
tigues, ses systémes d'exclusion et ses formes de pouvoir étaient productrices du sujet. AMIGT,
par exemple dit :

Selon Foucault, sans aucun doute, le sujet 1°e51 b sauverain i duns 1 épistéms de 1a Renaissanee ni
sique. of §'il apparait & I'épogue moderne, o'est sous la forme &' un produit

danz celie de ige
comime le simple corrélit des nouvelles “pasitivités™. el sans ascendance ni descendance présnizible,
{AMIOT 1967. pp. 1206-97)°

5 Synthése et conclusion

Nous avons présenté deux approches qui s¢ penchent, par des raisons différentes ¢t avec
des intensités distinctes. sur le probléme épistémologique général du sujet et de sa cuimre dans
la production du savoir. L'approche que suit WILDER rcposc sur une conception classique
de culture qu’il emprunte 3 {"anthropologie et qui présente une cultute comme une collection
d'habitudes, rites, croyances, outils, meeurs, ete, groupés par des fucteurs d'associalions (par
exemple, des réseoux sociaux occupatiomnels dordre tiibal, professionnel, etc.). (WILDER
1968, p. 18: 1981, p. 7). En suivant une perspective évolutionniste, Wilder voit la culture
comme une super enlité organique qui évolue selon ses propres lois, Nous avons souligné le
caractére téléologique qui sous-lend la conception du savoir chez WILDER, et avons suggéré
que cela ne faisait que contowmner le probléme de la production culturelle du savoir.

Nous avons examiné 'archéalogie épistémologique proposée par FOUCAULT. L'épistémo-
logie de FOUCAULT jette un éclairage imporiant sur les théories de 'action ou de 1"activite,
comme celle de Leontiev, en ce qu'elle souligne le fait gu’action et aclivité sc trouvent entourées
par des espaces expérientiels servamt de terrain fondamental 4 la construction du sujet et du
SAVOIL.

La discussion de ces approches permet de mettre cn évidence le fail que loute approche
épistémologique repose sur une conceptualisation de ce gu’on entend par individe, par culture

*voir dgalement Fay 1996, p. 52.
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et par savoir. Notre allusion, dans la section 1 aux travaux de DESCARTES, d'une part, et 4 ceux
de I'école frangaise de sociologie des années 20, montrent clairement que ces concepts, comine
tous les concepts d'ailleurs, ne sont pas des dounées en s0i.

Il faudra, peut-étre, €largir noire concept de culture et aller s dela du probléme de qui
construit guei, la culture, le savoir ou I'individu, et, au lieu de voir 1a culiure comme une entité
menolithique, la voir. comme le suggére Fay (1996, p. 231), 4 la maniére de zones interactives
hétérogenes d’activitg, d'opposition et d’agrément oit les individus se constiuisenl enire eux et
en se construisant construisent le savoir et la culture elle-méme qui. 4 leur tour, construisent ces
individus, etc.

Références

AMIOT M. (1567). Le relativisme culturaliste de Michel Foucault, Les Tenips Modemnes (jan-
vier 1967), Vol. 22, N° 248, pp. 1271-1298.

DESCARTES R. (1637/1967). Discours de la Méthode, Texte ot commentaire par Ftienne
Gilson, de édition, Paris : Librairic Philosophique Vrin.

DURKHEIM E. (1968). Les formes élémentaires de la vie religicuse, Pads : Presses Universi-
taires de France.

EL14S N. (1991). La société des individus, Paris : Fayard,

FOUCAULT M. (1966). Les mots et fes choses, Paris ; Editions Gallimard.

FOUCAULT M. (1969). L'archéologie du savair, Paris : Editions Gallimard.

FoucaurT M. (1971}, L'ordre du discours, Paris : Gallimard.,

FoucauLT M. (1975). Surveifler et puviv, Paris : Fditions Gallimard.

Foucault, M. (1984). Hisroire de la sexualitd. Vol. 3 : Le souci de soi, Paris © Gallinard.

FOUCAULT M. (1991}, Remarks on Marx. Conversations with Pccia Trombadori, New York
Semiotext{e).

Foucaurt M. (1994, Dits ef derits, Paris : Gallimard, Vol. 1.

LEBON 8. (1967). Un positiviste désespéré : Michel Foucault, Les Temps Modernes, Vol. 22,
n” 248, pp. 1294-13149,

LEVY-BRUHL L. (1949). Les Carners, Paris : Presses Universitaires de France.

LEVY-BRUHL L. (1960}, Ly mentalité primitive, Presses Universitaires de France (152 édition;
lere édition : 1922),

MaRKUS G. (1982). Langage ¢t production, Paris : Editions Denoél /Gonthier.

SARTRE F-P. (1966). Jean-Paul Sartre répond, L'Are, numéro spécial “Sartre Aujourd hui™,
Entretien avec Bernard Pingaud, 87-96.

SPENGLER . {1917/1948). Le déclin de I'Occidemnt, Paris : Gallimard, tyaduit par M. Tazeroul
de I'édition de 1927.

Viney W. & KING B.D. (1998). A history of Psychology, Boston, London, Toronto, etc.
Allyn and Bacon.

Wn.nER R.L. {1968). Evelution of Mathematical Concepts. An Elemenrary Study, New York,
London, Sydney, Toronto : John Wiley & Son, Inc.

WILDER R.L, (1981). Mathemarics as a cultural system, Oxford, New York, Toronto, etc.
Pergamon Press.

296

Using = o Look for Obstacles of Epistemalogical Origin in
University Students

RALHA Elfrida, VAZ Qlga
Universidade do Minho (Portugal)

Abstract

We used two specific Archimedean tasks to investigate 4% year mathematics students’
approach w mathematical fallacies which, in one form or another, they are prone to be ne-
eting when teaching mathematics in Portuguese secundary schools. We were particularly
interested in tracing their understanding of some basic mathematical concepts comparing
their performances with other groups.

In selecting the “x = 3" and the " = lm 27" problems, we tried to find epistemo-
logical obstacles while:

{a) exploring episodes on the history of mathematics;

(b) encompassing a wide range of basic schoo! mathematics {(geometric constructions,
circurnference, length, trigonemetry, equation, rational, irrational and transcendent mun-
bersh

fc) reinforcing the links between ditferent areas of mathematics. naumely anthmetic.
geometry. algebra and caloulus;

(d} underlying a very acutc guestion (mnathematical proof} with very simpie problems;

{2) presenting problems which are nor ditectly treated within the typical material of the
University courses;

{f} bringing in geometric (visnal) statements into numericalinlgebraic arguments and
not the other way, mere conventivnal, around;

{g} promoting mathematical creativity,

{h) assessing mathematical reasoning and communication skills.
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1 The Motivation: How does one explain to a 14 years old the difference
between Pi and /2 ?

This research of ours started from a question that was posed to us by a 14 years old boy who
came home one day very intrigued with what he had just leaamt about “imational numbers”.

His mathematics teacher had told him that both Pi (that, until then. he had always treated as
being 3.14) and /Z were examples of irrational numbers (meaning numbers that could not be
represented in the form © where both m and # are integers and # is not zero) and from there
she had explained that, nevertheless. one might construct geometrcally a line segment whose
length is +2, or /3, or .... Having taught, afterwards, these constructions and having ignored
Pi, the pupil asked: “What aboia Fi7”

“PEwElL for the time being, still be seen as 3.14 and therefore you may represeni it (in an
ordered straight line) close to 3147, the teacher answered.

But, this teacher was a former student at our University and we started wondering about the
meaning of such an answer: we were very much interested in knowing weather her mathematics
degree had given her a full understanding of Pi, weather she really knew the differences between
Pi and other irrational numbers and weather she was fully aware of the importance of explaining
these concepts with different emphasis according to each pupil's level and interests.

This research of ows then began with a search on historical data about Pi.
2 Pi: a never-ending story

Through the ages Pi' -any circumference and its diameter are directly proportional- has kept
alive the interest of many, more or less famous, mathematicians,

About 4000 yeurs ago, while in Southwest England, an ancicnt people built the world's known
oldest circle (Stonehenge), Lhe ancient Bubylonians were using 7 = 3;& (the ervor is 1.6593 x
1072) and the Bgyptian stone masons were approximaling the area of a circle by an arca of a

square according to the following rule “shorien the diameter of the circle by (é}m to get the

side of the square”® from where one gets 7 = (%)" {the error is L8301 x 10-2),

"Mt is believed that the Welshraan William Jones first introduced the symbol in the early 15 century but it was
Euler who peneralised its use.
By the Egyptian scribe Abmose in The Rhind Papyrus, problem 48,
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Others. about 2300 vears ago, wete content enough with = = 3 (the error is 0.14159), such is
presented in the Bible (Kings 7:23).

However the first rigorous mathematical calculation of  is ascribed 10 Archimedes of Syracuse
(~25( BC). Archimedes nsed a very clever geometrical scheme, hased on inscribed and cir-
cumscribed polygons, to come to 32« x <« 31 (with 7 — 342 the error is only 7.4758 » 10~
while with # = 3% the emor is 1.2645 x 1077} following a reasoning based on the method
of exhaustion but also presenting two postulates in order 10 guarantee the “consistency™ of his
subscquent reasoning. namely:

Postuiate |: The shortest route between two points is thal of the segment which joints them.

length belongs to the curve that contains the other.

All over the world and through many cultures one may easily find examples of people interested
in w; Tsu Ch'ung-chih (China, V** century), Al-Kwarizmi (Islamic World, IX™ century) or
unknown Indian mathematicians (India, XV century) who found the series

tan 'I—r—f——{—i—r—-l-
36 77
with its important special case
T 1 1 1
L=1-S4 -~
4 35 7

Pedro Nunes {Portugal, XVI*" century), Newton (England, XVIT™ century) or Adam A. Kochan-
ski (Poland, X VII* century) and J. Anastdcio da Cunha (Portugal, X VIII'™ cenmiy) were among
the ones who were merely using {applying} or fundamentally searching for understanding of
such a “mysterions” number; looking for some decimal expansion with repetitions and thus
disclosing the possible rationality of « or solving the famous quadranoe of the circle.

Frenchmen Lambert and Legendre proved, in the late 1700s, that = is lrrational (the search
for repetition in x's decimad expansion was over) bul sorme others still wondered whether e
quadratire of the circle was possible or nol: in particular whether 7 might be (he root of some
algebraic equation with integer coefficicnts. This scarch was finally seitled in 1882 when the
German Lindemann proved that  is transcendental.

Yet, the motivation swrounding «'s characteristics did not end. With the development of com-
puter technology in the 19505, 7 has been compuled (o millions of digits®. Beyond immediate
practicality mathematicians keep, nowadays, interested in studying 7, for example, in relation
to ils normality and computer scientists are using s« to test the integrity of both hardware and
software.

compute the circurmierence of the Mitky Wiy Calaxy fo an ervor tess than the size of a proton.
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3 About a method for evaluating 7: Archimedes of Syracuse

Archimedes is often considered one of the greatest mathematicians of all times. Tn his time, he
Wi seen as a “wise man” and a “master”. Most of his original works are lost. bul his methods
angt achievemnents survived in texts, such as the ones by Pappus and Here of Alexandria.

Archimedes used inscribed and circumscribed polygons, which lengths he easily computed, 1o
be able to estimate 71 “squeezing” it between a greater and a smaller value rather than getting
only a one-way approximation.

Moast of the books on History of Mathematics refer to such calculations, but because they have
to rely on intecpretations of Archimedes’ works, one 1may (ind several approaches to the problem
from where one gets. al least, two methods attributed to him.

For our particnlar research we came to choose one of these methods, namely the one explored
by Wilhur KNORR (an algorithin to compute ratios ).

In his article”, Wilbur KNORR examined a writing from Hero about the works of Archimedes.
There, in particular, he attempted to demonstrate that the values of the ratios concerning the
circumference and diameter of a circle, as reported by [ero, must be wrong and possibly only
due 10 a miswriting, because:

Archimedes could nol possibty make such a greal mistake, such as the case of using 2

LLETE
G711
3141634 and 2UEH = 3174774 buth greater than =

Starting from hexagons? and measuring the perimeter of the circumscribed hexagon Archimedes
needed to compute /3 and came to choose :6; - +/3 and @ > /3, wilhout further expla-
pation®, These ralios have an error less than 10~ “( )6" = 1. le 20261, “” =z 17320518 and
V3 72 17320508 ) which he might have considered '.-.u[ﬁucnt enough to c:my on the subsequent

calculations.

Let us, therefore, have the hexagon circumseribed to the cirele of diameter 2r having side 25
such as in the figure

%e have also established some comparisons o other method presented by DORRIE,

*“Archimedes and the measurement of the cirele™ (1976).

SKNORR alsu relers o works of other Mathematics' historians. who most of them accepted the numbers given
by Heto, naenely Poul Tannery (~ 1830, Adriaen Metius (1625) and Ludolph van Ceulen (~ 1613), trying after-
wards to redo the calculations o justify 1hose valucs.

"The choice for starting with hexagons rather than. for example, with triangles or squares mayv be dug, we
suppose, 10 both the fact of a bexagon being clearly (visibly} nearer the circle and being much simpler to constct
wilh ruler and compass alone.

*This chotce of ratios was taken as if (hese numbers were well known. This lead (0 much controversy over i
vears. from W, W, Rouse Ball in 1508 to Sondheimer and Rogerson in 1981, and the question is not, s far as we
know, yer answered, One may, nevertheless, assume that the Babylonian method for evaluating square roots was
being vsed.
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2y = diameter circle
2/ = diameter circumscribed hexagon

One may consider the right triungle with legs s and » and hypotenuse It so that

=gt =l

s i W 1

— = = = —

7 [ \;/,’_3
and

s 1

E—-Slng—g

from where we get the nomerical values in KNORR's table, such as the one below. Init. such
as IOI]OWS. KN ORR presented the values he ateributed to Archimedes, namely A, B and C so
dnt = and are. respectively, the ratios between the side of the circumscribed hexagon and the
dlamelcr of the circle, and the side of the inseribed hexagon and the diameter.

301




Ll o e ek~ o art ot

Archimedes’ Computations of Upper and Lower Bounds for m

6 | 153 | 265 306 6 | 780 | 1351 1560

12| 153 ] 571 | 591 12| 780 | 2011 | 30132

24 | 780 | Bo243

240 | 1823 | 1828%

48 | 153 | 23345 [ 23301 || 48 | 240 | 3661 %

66 | 1007 | 1009%

9 | 153 | 46734 96| 66 | 2016} | 200

-1
P

Archimedes was therefore searching for a hexagon so that the ratio between the side and the
diameter was %é, the first value used for ﬁ We may then suppose that be started with a circle

of radivs 265, which led to a circumscribed hexagon of side 2 x 153, so that £ = %olg-‘ In

addition, we may verify that & = 222 = 1 ig the ratio between the side and the diameter of (he
inscribed hexagon, where % = 4% + B

Afterwards Archimedes demonstrated that, for a right triangle with legs A and B and hypotenuse

C, if we bisect the vertex angle. we obtain a new right triangle whose legs satisfy the ratio

(B4C)jA.

At this stage, Archimedces abandooed the initiad geometric problem, in favour of a construction
of an cffective algorithm, keeping A as the side of the circumscribed hexagon and adjusting the
diameter to ensure the relations’

“This “lechnique’™ of adjusting the size of the diameter loc procesding will the caleulations was also used by
Chingse and Jupansss mathematicians desling with the same problem.
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AP R =2
and

B?Ii = Bu + ('-"ra‘

Archimedes repeats this process wilh both initial values for ﬁ making five doublings, and

finally vsed the circumscribed 96-gon with 4 = 153 and B - 46734, and the inscribed 96-gon
with A = 66 and " = 20171, leading to

163 _ 29376 . 1335

T <96 X —oy = -3 2 3149826575
DT - T T v B20575
and
66 25344 1137
£ 3 06X ot = o e G o 2 314000065,
B 5017T T S009 T 3069 ”

The error is less than 2 x 107%. which is quite a good approximation, as we still use it nowadays.

In the end, Archimedes seurched for simpler values of 7, suited for practical calculations. Using

m < 34 338, we may notice that 2 2 7.00149 > 7 and subsequently one gets 1337 < :,

. $3I7
from where we eventually come with the well known « < 3 4 %
Similarly, for 7 > 3+ 555 we have 32 = 7.08674 < 7.1 und therefore 127 > 20 with suitable
0
errors .

This process of using polygons with an increasing number of sides, creating a sequence that ap-
proximates the circumference, supported by the well known method of exhaustion, lead to real
techniques of infegration (concept of infinitesimals) allowing Archimedes lo calculate areas,
volumes and surface arcas'!, which meant dealing with numerical results and thus developing
the geometrical approaches presented in Euclid’s Elements,

Basing his explanalion in guite a powerful axiomatic method -shich started from the two axi-
oms we saw earlier- Archimedes calculates the clrcumference {€7) by squeezing it between the
petimeter of an inscribed ri-gon (7). and the perimeter of a circumscribed #-gon (/%) knowing
that while Postulate | justified & > £, Postulate 2 served as a justification for (' < P, from
where we may summarize some of this data.

1"We may also abserve thal. using the initial hexagons, we would oblain 7 < 6 x 18 o 346415 and = >
G i‘-‘,if?ﬁ =3

'Lie concept of intinilesimal would only be teinvented in the 18 century by Leibnitz and Newton. 2000 yvears
later.
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s:=AB = 2rsino

s, =G0 = Yriana,
I =ns; — nrsing
I =ns. — 2nrtana.

The centre angle is o = %, we may therefore easily compute the following values:

Fipure | n § o =180%n | sino tam o F; T P,

Hexagon | 6 30° 05 | 05773 | 6 3 6.9276r

I2-gon | 12 15° 0.2558 | 0.2679 | 6.2000 | 3.10495 | 6.42067

24-gon |24 75 | 01305 [ 0.1316 | 6.2652r | 31326 ' 6.3168

48-pon [43 ]| 3.75° | 0.06540 | 0.0655 | 6.2784; | 3.1302 - 6.2880r

96-gon | 06 | 1875" [003272 [ 003274 6.2521r | 3.14105 | 6.2854 | 3.1427

Archimedes’ method, by its nature, allowed us 10 explore some hints about the mathematical
potential of m alone: one may easily be dealing with arithmetic and geometry but also with
calculus and algebra or numerical analysis and probability together with intuition and deduction.
Therefore we found it possible to be adapted to distinct purposes namely projects involving,
according to each gronp’s previous mathematical knowledge, pupils or students and teachers or
lectirers.

These facts together with the initial motivation for explaining to a 14 ycars old some data related
to  and also our own curiosity on foreseeing mathematics teachers’ reactions to 7 problems,
lcad us to posing some questionnaires to a group of fuhwe teachers of mathematics at a Unj-
versity in Portugal which we then compared. in some cases. with a similar group of students in
England and to a group of in-training Portuguese teachers of mathematics,

4 Some data about teaching Mathematics in Portugal

World-wide growth in higher education has risen from 13 millions in the 19605 to 90 millions
nowadays. In Porfugal the ratio is even higher, namely 24000 (in the 1960s) to 335000 in the
last acadernic year

On the one hand, Portuguess universities are, at present, basically facing (hree types of prob-
lems:

- the ones reported in most developed countries such is the case of a huge increase in
student numbers, abig diversity of instimtions and a large variety of curricula and courses;
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- the ones reporied in some countries such is the case of the implementation of numeri
clausi for entrance to the University system of education in general and others dealing
specifically with mathematics degrees; such is the case of the belief that researchers are,
by definition, good lecturers regardiess rheir didactical preparation or even their motiva-
tion for teaching and learning. An almost institutionalised routine of assesstnenl practice
based on individual written tests appealing to memorisation and algorithmatisation tech-
niques for evaluating the students’ performance on basic or more advanced courses such
as calculus, algebra. and geomelry or differcntial equations. Galois theory and topology
but never evaluating their performance in mathematics nor employing different assess-
ment instruments which. as a whole, most of the students are expected 1o e teaching and
to be vsing al secondary schools, in a quite near future, and that they do not seem to be
able to “unily” nor to identify;

the ones that. as far as we know. are not typically identified elsewhere; such is the case
of most of our mathematics’ students being (for many vears) women, a large number of
our mathematics lecturers being (quite recently) women and most of our mathematics de-
grees being {waditionally) teaching degrees (preparing. explicitly or not, future secondary
school teachers).

On the other hand, we have been listening, in Portugal and abroad. to researchers willing to
achicve success in mathematics courses through changing mathematics ciricula: “complai-
ning” or presenting the justification of undergraduate mathernalics curmicuhum being topics
fundamentally developed in the 18" and 19" centuries as opposed to the very new areas of
mathcmatical practice (neuroscience. finances of telecommunications. for example).

5 The methodology of our research

In dealing with mathematics and teaching one gets used to listen to students using words such vs
“panic”, "worry”, “anxiety” ov simply “error”, “boring” and “difficult” more than to “success”.
“interesting”, “easy” or “relevance”™. We, the authors of this study, were very much interested
in underlying some acute questions with quite simiple problems.

Besides. most of our students’ experience of mathematics seems quite different from the Greek's
motivation for studying it (because they wanted to); nowadays. getting a job is. in Portugal at
least. one of the most relevant issues for our University students and, because we have been
running short of mathematics’ teachers for quite some time, mathematics feaching degrees'”
appear. in Portugal, as seme of the most wanted degrees.

We basically posed two problems -The Archimedean Tasks (version one and version two)- to
a group of 49 mathematics students (30 women and 19 men) who were all using some writing
material as well as a ruler and a pair of compasses. By the time this investigation took place,
these students, organised in groups (4 or 5 per group'?) had alrcady succeeded in the first two
academic vears of their degree: which meuns that they had been through all the basic math
courses as well as orn more advanced ones such as Hyperbolic Geometry, Numerical Analysis
or Abstract Algebra. Each problem (version one and version two) was introduced to the students

Mathematics Teaching degress in Portugal are 5 years degrees. The 57 year is, neverthaless. spent deing
in-lraining service in public schools consisting of teaching normal classes of. more ar less, 30 pupils,

*There was one group composed oaly by women, one g oup composed only by men and the others were mixed
gender groups.




in a two-siage formal {paris 1) and ii}). which meant that pant ii) was only made available to them
after they had decided to finish part i) and to hand it over to the lecturers. This way, we tried to
investigate the students’ approach to some mathematical fallacies (in the first part-i)) related to
w which, in a form or another, they are prone to be meeting in a near future and, (in the second
part-ii}) and afterwards, we tried 1o assess their reaction to the information that these facts were
WIong.

We also tried 10 create an informal environment of discussing the problems by means of a
Mathematics Workshop which took place in a reflection-weekend (away [rom the University
Campus) organised by these students. We have explicitly asked for intuitive as well as deductive
reasoning presented in a two-column (How and Why) formiat answer sheet. The problems were:

The Archimedean Task -Version One

L. i} Draw a circle and, with a pair of compasses opened to its radius, step round the circle.

a) How many points have you marked until you ger to your stareing point on the circle?
b)Y Will you then be able 1o conclude that the circumference is six tines the length of the
radins?

1. i) ©) How would you explain ro « high school’s pupil who had conducted such reasoning
and come out with m =3 that lis conclusion Is incorvect?

d) Which is your own definition of w2
The Archimedean Task -Version Two

2. i) The perimercr of a reguday polygon inscribed in o circle of radius R might be known from:

DB it b = 7w i T
2u A, with v = 0 x sin = and i representing the number of sides of the polygon,

a) Is this a mathematically valid statement?
b) Show that the sequence 15 % sin 222, 00 x ain 43, 180 x sin 20 360 x 5in B2, . seems
_— 45

T it 18 a1
to have o Kimit.,

2.ii} ¢) Knowing that sin(0.3% 72 0.0087265, sin 1% =& 0.017452, 5in 27 == (.034899, sin4” =
L0GITSG how would you confecture an approximation (with twe decinal places) to
that limit?

&) How would you explain to a high school’s pupil, who had conie out with this approxi-
mation, which is the exoct value for thar limir?

6 How do Mathematics students (studying to hecome mathematics tea-
chers), in Portugal, desl with 7; Some typical answers
& 7w is g conventional number that is difficult to define; it is tronscendental.
o T i5 an Drrational number,. ...

s Knowing that the circumference of the circle is equal to the perimeter of the
hexagon. ...
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o 7 = 3 becaiise we can round off w fo 3, for after the 3 comes a 1.
& From 2ywr = 2ur, we have m = v = limwr — lww = =
e .. the value of v fias to be .

& The value for the limit is on Infinite expansion, so we can not determine ity
exact value.

» w iz not gigebraic and thevefore it is not constructible,

7 Conclusions
Through these Archimedean tasks, we have, as far as we hope, given evidence of having:

(a

—

sucessfulty explored history of mathematics episodes in classes of University students;

(b) encompassed a wide range of basic and fundamental mathematics {geometric construc-
tions, circumnference, length, trigonometry, equation, rational, irrational and transcendent
numbers};

(c) reinforced the links between different areas of mathemnatics, namely arithmetic, geometry,
algebra ard calculus;

d

—

underlined a very acute gquestion {mathematical proof} with very simple problems:;

(e

o

presented problems which are not divectly freated within the typical material of the Uni-
versity courses;

(f) brought in geometric (visual) stalements into numerical/algebraic arguments and not the
other way, more conventional, around.

About “having been able 1o promore the students” mathematical creariviny”, we may only say
that they worked on the proposed tasks intrinsically interested for several hours, and kept asking
questions on the theme for some time after the session was over, due to calendar’s obligations.
Besides the diversity of possible answers was attested by the codless list of solutions presented
by the students and that we might, in ancther occasion, be able to present in some meore detail.

About “assessing mathemarical reasoning and the students” understanding of the concepts in-
vohved in the tasks”, we may only summarize our feelings with one word: SHOCK!! Namely:

s About “Basic Conceprs™ - They had no idea. whatsoever, about a definition for w: It is a
mnmber. .. Most of the times they treated it as if it was a primitive Lerm or a very abstract
concept. The Partugnese students showed no evidence of having any instinet or inmition
for this number (as opposed to the English students we alse interviewed on the subject).

o About “Knowing vs. Undersranding” - They did not have a “set” of fundamental results
which they really understood; they simply had a quite luge memorised “list™ of results
which they thought they knew and imagined that it might be applicable to the problems:
It is algebraic means it is constructible. They misused theorems, ignored axioms and
mistreated possible applications (as opposed to a less large “set” of results remembered
by the English students).
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» About “Logic Reasoning” - They were much less curious than some of the 14 years old
pupils who had posed some of the initiak guestions: The “Why" colurnan tended to be left

aside. They were, nevertheless, more enthusiaste on treating the subject than the English ' Conflict and Compromise : the Evolution of the Mathematics
students. Curriculum in Nineteenth Cenfory Englang

There is definitely a large way to be run by these students until they reach enough maturity

which will allow them to teach propetly the facts or to treat properly the activities dealing with :

number 7. However the reason for this state of things might not be entively their fault and ! ROGERS Leo

it might very well be the case of certain changes being needed in the way they themsclves are University of Swrey (England)
taught at the University; changes on methodology of teaching and evaluation more than changes

on cuiricula seems to be the case for expecting better mathematical knowledge by part of the !
students willing to become mathematics teachers in our schools.

It camne finally clear to us that the 14 years old pupil to whom we refecred to, at the hegining
of our research, did not receive, from his teacher, a satisfactory answer to his problem because
she herself did not know the answer nor knew how to explain the differences between m and i This paper explores the social and idenlogical background which determined the kind
V2 1o all her gt grade pupils. We, the authors of this study, will go on experiencing history
of mathematics episodes in our lectores and searching for epistemological obstacles in order 10
alter situations such ag the one that we have just reported about «.

Abstract

of mathematics taught to different groups of people during the early part of the nineteenth
century in England. These ideologies arosc in and were transmitted through mstitations
which determined choices and decisions about what was valued 15 scientific knowledge.
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1 Introduction

Uil recently histories of mathematics paid attention only to the significant developinenis in
mainstrean: mathematics and nowhere is this more obvious than in the nineteenth century, The
rcasons are not (oo difficult to determine; the recent past is more accessible, and the writing of
accounts of the work of recently deceased colleagues or editing their papers was a task which
coincided with the foundation of new universities and the growth of mathematics departments.
Since the interests of the writers focussed almost without excepiion on thenr perception of the
developments of abstract mainstream mathematics, we have the production of the ‘standard’
texts' which view mathematics as an abstract, almost ‘organic’ struclure and totally ignore the
original problem situations and creation processes and the grass-roots ieaching, learning and
applications in everyday life.**

This paper is an attempt Lo give a brief overview of some of the significant social and political
movenients in the nineteenth century which contributed to the development of mathematics
curricula in England: particulaly of the matheratics taught outside the universities leading to
the formation of and divisions in our contemporary school curriculum.

2 Some remarks on Historiography
2.1 Differing views on the nature of historical enquiry

Traditionally, history has been viewed as a study of carefully delimited aspects of the past
employing systematic rescarch in all available sources. The approach can be from a social,
political or economic point of view, (BArRNES et al. 1996, FAY 1996) and necessarily employs
a general philosaophy in its interpretation. More recently. history js being regarded as a set
of processes and power relations linking the past to the present, where the interprefations of
events and facts arc critically interrogated, the underlying assumptions are revealed, the status
ol texis are called into question and where groups of people and their conditions are defined and
redefined by those in power.

In a similar manner, we have changes in the way history of mathematics is undertaken. ‘In-
ductvist’ history of mathematics is recognised by its tendency to see mathematics as a sub-
ject isolated from ‘external” influences and as a progression of ideas which are improving and
becoming more abstract and general with time. and where the events of the past are seen as
instances of steps towards the present more ‘peclect’ stuctures. This kind of history tends to
interpret the past in terms of modern concepts.

Fornesly. the majority of research in the history of mathematics has been caried out by mathe-
maticians, whose interprefation not only utilises technical language, but has employed a style
which maintains the genre of the hypothetical-deductive style employed in mathematics itsell.
In this way it has been seen as an authoritative account of the events in question.

Historians, on the other hand, realise that there are many different kinds of questions about
the past, giving rise to many different styles of history. The events, structures and proccsses

'For example in (he first tiree quarters of this century like CATORT (1893), BELL (1943). ScorT (1958), EVES
(1969, Bovee (1968} and KLINE (13720,

2See for example DAUBEN (1983) (pp. 397-400) and WILDER { 1950, 1965, 1951},

*There are exceptions; see TayLOR's work on the Mathematical Practilioners (1964 and 1966) and YELDHAM
(1926 am} 1936) but there is litde attendion 1o social issues.
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of the past are known only through he relics of the past, which are themselves politically and
conceptually Ioaded. In perceiving relationships between different events and conditions the
historian may have 1o consider theories detived, for example, from economics, psychology,
sociology or anthropology. Furthermore, the account js constrained by conventions of language,
geme, mode, argument, and a number of other cultural and social conventions.

2.2 Facts and Events

The notion of a *fact” is ambiguous, since it inclndes the sense of both ‘event’. (meaning the
‘real’ or ‘imaginary” status of an occurrence). and ‘a statement about an event” (where the
concen is with the “truh’ or ‘falsity” of an vtlerance) (W1LTE 1995}, In this sense, facts are
constructed in the documents which refer to the occurrence of the events, not only by interested
parties {either contemporary or recent) commenting on the events or the docirments, but also
by historians interested in giving what they believe is a true account of what really happened.
Therefore it is the facis that are subject to revision and furthey interpretation, and they can even
be dismissed given sufficient reasons.

This view allows us to account for the fact (hat historiographical consensus about any event is
very difficult to achieve, since it is always open to revision from another perspective. We not
only change our ideas of what the facts of a given matter are, but our notions of what a fact
might be, how facts are constructed, and what criteria should be used to asses the adequacy of
a given cellection of [acts in relation to the events which they claim (o support. The relation
between facls and events js always open to negotiation and reconceptualisation not because
events change with time, but hecause we change our ways of conceplualising them.

2.3 The ‘Problematique’ for the Social History of Mathematics

Hence the problem is much more difficull m the history of mathematics since what we now
choose to identify as mathemalics has been perceived differently by people in the past. so the
Listory of mathematics is different for different periods and cultures. In particular, for the his-
tory of Mathematics Education. we are [aced with a plethora of sources which can be interpreted
in various ways. For example, textbooks often have prefaces which state the authoris intention
and pedagogical approach; they also may contain adverlisements for books by the same or
other authors, bot the use of the book and the pedagogical methodology in the hands of indi-
vidual teachers may be a very differnt issue. Contemnporary philosophical works on the nature
of mathematical knowledge influcnce the culture at difterent levels; histories of mathematics
of the time tell us ditfernt stories, and curriculom documents produced by different institutions
and interest groups relate the mathematics to the general social, political and economic millew
of the time, This sounds a daunting task, but I believe that as long as we realise that history is
an interpretive activity we can cope with this over-abundance of evidence which is incomplete,
fragmentary, alreacy interpreted and politically and conceptually biased.

3 The Influences on Education in England in the late Eighteenth Century
The scientific revolulion of the seventeenth century had produced significant changes in the
popular views about the place of man in the physical universe, and the narare of thar universe

itself. The views of English philosophers like Locke, Hume, Mill and Bentham, with their
theories about the nature of man. of society, and of the acquisition and purpose of knowledge
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began to have some far-reaching influences on political and educational ideas in the latter part
of the eighteenth century.

With the growth of the population of England from six million in 1750 to nine million in 1800,
there was a rapid change from wban to industrial comununites with all the problems that this
brings. With the hopes that industry would improve the condidons of life, the philosophy of
wtilitatianism was developed in the belief thal society should scck to obtain and provide the
“greatest good for the greatest number”. At the same time, “laissez-faire™ economics was pro-
moled, with the purpose of regulating society by allowing the interplay of free forces in eco-
nomics and society and monitoring their effects with minimal legislative inlerference. These
benefits and forces, it was assumed, would be controlled by educated people making the right
judgments about moral. political, and economic issues.

This beliel that education was the real key to the improvement of the human cendition was
very strong. Philosophers emphasised human perfectibility; the idea that man is horn without
knowledge and becomes whal education makes him, and that with the growth of knowledge
and better education he is conlinually improving. Thus, education could do everything in infiu-
encing human beliefs, attitudes, morals and conduct. In fact, Locke’s views on education were
generally accepled by the “philosophes™ of the enlightenment, and they appear to have had an
influence on early French revoluionary politics from about 1790, and the events in France were
regarded with hope and alarm by different sections of the populaiion here in England

From the Iate 1700s, we see a gradual development of the professionalisation and institutiona-
lisation of mathematics tcaching. Set against the considerable changes in social organisation
and the econommic development of the time, the kind of mathematics, the people who tanghi it,
and the places where il was taught ail underwent significant changes.

One of my themes is that the isolation from industrial growth and technica! improvement of the
universities with their classical traditions was maintained and even increased, and the need for
the practical applications of science and mathematics was answered by other sources and other
institutions. In very broad terros, the division between the old universities and the other institu-
tions where mathematics was taught was closely linked (0 1he class system and the established
English intellectual and social attitucles of the tme. While the upper classes and the established
church wanted to preserve the stalus quo, radical philosophy was tolerated and even fashionable
among Lhe privileged, but among the workers it was seen as sedition. This division was closely
linked to the class system and the established English intellectual and social attitudes of the
time.*

4 Early Traditions in English Mathematics Teaching

In mathematics teaching two traditions can be identified from the sixteenth ceniury. The “Libe-
ral” tradition was based on translations of Billingsley's Euclid (1570) evolving into a formal
style which continued until Plavfair’s Euclid of 1792 became the standard for the next hundred
years,

The other "Vocational™ Iradition is based on Robert RECORDE's “Pathway te Knowledge”
where the principles of geometry were set out so they might

*For some g;nera] background (o this period and its secial, econdmic and political detail see SIMON (19600
and HOBSBAWN (1968).
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most aprly be applied unto practise both Lor the use of instruments geometrical and astronomical
and also for projection of plats”™ in every kind, and therefore much necessary for all sorts of men,
{RECORDE 1551}

In this way geometry and arithmetic became popularised in many self-help books where detailed
explanations and exhortations lo the student accompanied the examples. (FAUVEL 1989).

Jobn Dee’s “Preface” to Billingsley’s Euclid containg a comprehensive description of the “Ma-
thematical Aris” showing their universal nsefulness and giving reasons for studying mathema-
tics at all levels. In Elizabethan times mathematics (which included astronomy and astrology)
was seen as the key to knowledge and the mysteries of the universe.® This tradition continued
(Tavior 1964, 1966) and in the 17805 at Woolwich BONKYCASTLE was writing allermative
treatmenits of geometry® intended for sindents with different aspirations, and Hutton's “Course
in Mathemarics” of 1798 was the practical text for the artillery and enginger cadets.

5 The English Radicals: Science as a Foundation for Education

From the 1790s onwards working people began to read the radical press, attend lectures, and
learn by participation in political discussion. Organisations supporting these activities were
called “corresponding societies”, and provided organised and disciplined opportunities for study.
“The Righis of Man” {PAINE L798), was an attack on the established social order and its ex-
ploitation of the poor and working classes. The radicals saw the Church as the main obstacle
to political retorm in its reinforcement of the strong social stratification. and they replaced this
indoctrination with rational education through their own schools, aiming 10 inform people of the
reasons for their condition and the state of society and industry, and placing instruction within
the reach of evervone. Teaching methods encouraged self-confidence, and the capacity for clear
self expression, and the organisers realised the Importance of combining systematic education
with mass political agitation. Books and newssheets were shared: an individual would take a
book home, read a passage and prepace a talk for the next meeting; the bock would then be
passed on, and the process repeated. Many subjects, including some elcmentary mathermatics
were learnt in this way. As a result, men and women became informed and critical leaders
of the new working class movement. able to master and comprehend some of the most ad-
vanced political thinking. This was recognised as a threat by the establishment, and in 1799 an
Act of Parliament was passed “. . . for the more etfectual suppression of societies for seditious
purposes. .. " (SIMON 1960, p. 183},

By 1817 there were popular demands for a rational secular education for wil. PAINE had de-
manded the teaching of science which was divectly applicable. to be regarded as (he comerstone
of a rationalist philosophy. These demands were of great concern, and in 1817 a House of Lowds
Secret (sic) Comrmittee reported on the unprecedented circulation of

publications of the most seditious and iuflanmatory nature, marked with a peculinr character of
rreligion and blasphemy, and tending not only to overtwm the existiog forn of government and

Fa “plat” was a plan used for bnilding or surveying: a map or eliart for finding direction or navigation; or an
expalnatory table or diagram. :

51t is inleresting to note that the editions of Euclid up to Leck and Serle (16561} all eontained Dee’s “Praface™
bt atler this il disappenrs from further editions. Thus Eoclid clearly becomes part of the “Liberal® wadition.

"BONNYCASTLE {1810 p. ii) carries a list of practical texts of arithmetic, geometry, mensuration, astronnmy,
plane and spherical wgonometry. some baving gone through oumeroas editions.
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order of society, but to reot out those principles upon which alone any government or any society
can be sopported. (SIMON 1960, p. 131},

The Stamp Act (1817) required the registration and taxing of all newspapers and jowmnals, and
as a result, the radical newspapers were forced underground.’

Richard Carlile’s “Address to Men of Science” {1821} also demanded a cumiculum which con-
tained reading, wiiting, the use of figures, elements of astronomy, geography, natural history
and chemistey so that children may

at an early peried of lile Jorm cormect nobons of organised and inere mater instead of toruring theic
minds with metaphysical and incomprchensible dogmas about religion. (Caslile 1821 p. 22)

He believed that science, best studied by observation and experiment, was the key to know-
ledge and freedom. and promoted a materialist psychology, and demanding social and moral
education by example.

6 The Schools

In the mid eighteenth centiry some grammar schools existed, but few taught any mathematics;
perhaps the first two books of Fuclid, and some simple arithmetic. Any other kind of educa-
tion was locally organised, usually by well-meaning clergymen and public benefactors. Some
clergymen took private pupils and this tradition continued well in1o the next century.

By the late 1780s, to counter the radical political literature that was fieely circulating, Sunday
Schools were established for the poor, their major purpose being to indoctrinate pupils in the
principles of retigion and the duties of their state in life, Here, if you were lucky, it was pos-
sible to Jearn reading, writing, clementary acithmetic, and the catechism. However, due to the
teachers’ concern for the health and welfare of their pupils they unwittingly “created thought in
the unthinking masses’. (SIMON 1960, p. 183},

In the 1830s we begin to see the establishment of the English Public School system. The
amount of mathematics and science taught in these schools was very variable and schools like
Eton, Harrow and Rughy® did not appoint mathematics masters until challenged by some of the
newly founded instinmtions. Substantial reforms were made to preserve the establishment.'® by
requiring these schools to provide an appropriate education for politicians, civil servants, the
clergy, the army and the administrators of the Empire. Since most of the schoolmasters had
been educated at Oxford or Cambridge, it was no swprise that the ‘Liberal’ ethos prevailed, and
the theorems of Euclid were regarded as part of the corpus of classical literature.

BA significant figure in all thiis was James Mill (not to be confused with 1.8.Mill the philosopher) whe was
edncated at Tdinbuacgh andversily and came to London in 1302 15 a jownalist. His politcal and educational theory
can be found in the Wessmingrer Review particulacly duing 1824 - 1826,

*Leading the reforn was Dr. Thomas Amold, appointed as Headmaster of Rugly in 1828, who reformed the
schouol and created the ideal school for the Victorian upper middle class.

YThe schools concemed i this ime are the so-called ‘nine greats”: Charrerhonse, BEwon, Hamow, Merchant
Tayloes, Rogby, Sheewsbury, St Pauls, Westiinster, und Winchester.
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7 Non-Conformist Education and the Mechanics Institutes

From 1766 the "Lunar Society” held informal monthly meetings in Binmingham."" This was
typical of a number of “Literary and Philosophical” Societies whose members were forward
looking scientists or innovators with interests in practical applications of the new ideas of natural
philosophy. Later, more radical inlerests developed, and they also began to enconrage social and
political edncation intending to prepare their sons for their place as leaders of the new industies.

The Private or ‘Dissenting” Academies were the places where Non-conformists could be edu-
cated.'? The ealiest of these was Warrington Academy, founded in 1757, and the subjects
taught had obvious practical applications. Manchester College of Arts and Sciences, founded in
1783, taught sciences and practical arts on four evemngs a week, Its syllabus contained classi-
cal languages, grammar and rhetoric, mathematics (including trigonometry), mechanics, natu-
rat philesophy, (including astronemy and chemistry} English composition, French, commercial
and economic geography, history, politics, writing, drawing, book-keeping and shorthand, Sub-
jects like these became the standard curriculum, and most of the important cities of this time
developed similar educational insiitutions. There was a great demand for applied science, and
“mixed mathematics”." In 1786, thc Manchester Academy was established. providing full-time
education for students, and a permanent mathematical tutor was appointed in 1787.

The Literary and Philosophical Societies also supported the development of Mechanics Ins-
titutes, which became another focus for working class self education. They introduced sci-
ence, literature and the arts; deliberately excluded politics and religion, and provided lectures,
evening and day classes, and libraries. There was a substantial demand for reading scientific
{and clandestinely also political) texts and reading rooms and loan systems were established.
The curriculum was based on what was “useful” to workers, and lectures were telated to prac-
tical applications and local engineering and manufacturing problems." Advanced classes were
given in a selection of subjects like Grammar, French. Latin; Science, Chemistry, Electricity:
Mixed Mathematics, Algebra and Mensuration. Provision for science also meant that coflec-
tions of apparatus began to be built up. and leclurers established courses, developad curricula,
and wrote texts, (INKESTER 1975, Royle, 1971).

8§ Military and Naval Schools

Schools of navigation had grown up in the major ports for merchants and traders, and military
and naval academies provided an education for the entrants to the army and navy. Woolwich
Academy, where BONNYCASTLE and Hutton taught, was founded in 1741, and the 1eachers
there were familiar with contemporary continental texts. In 1837 the syllabus consisted of arith-
mctic: fractions, roots and powers, proportion, interest, permutations and combinations; alge-
bra: arithmetic anid geometric progressions. logarithins, simple, quadratic and cubic equations:

""Among is early members were Boulton, Watt, Priesly. Galton and Brasmms Darwin (the gramMather of
Charles Darwin),

12Oxford and Cambridge would only admit those who were prepared 1o acknowledge the King as head of the
Church of England.

""That is, practical geometry. measurement, arithrnetic and sometimes (uxions. NICHOLSON (1823} is o typical
text in this genre. See also COOK (19813,

“The Prospectus of the Shefliek] Machanics Institale (13329 stutes;
"The object of this Institute Is ro supply, ar a cheap rate, (o the elasses of the coummmity, those advamtages of
instruction, i the vavious bravches of Science and At which are of practical application e their diversified
avacations and purstiis.” (INKESTER 1975),
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geometry; plane trigenometry, mensuration, surveying, conic sections: dynamics, projectiles,
hydrostatics, hydraulics and Auxions. The syllabus was eventually updated to include the cal-
culus, and other more recent aspects of applied mathematics, and a system of open competitive
examinations, (RICE 1996, p. 404}

The Royal Naval Academy, founded at Portsmouth in 1722, (renamed the Royal Navad College
in 1306) transferred to Greenwich in 1873, After undergoing similar problems and reorga-
nisations to its military counterpart, from [2885 the Academy tanght ballistics for gunnery and
torpeda officers. mechanics and heat for engineers. and dynamics for ship construction. Thus it
was that by the end of the century clear, practically focused and vocationally relevant courses
had evolved for the training of military and naval personnel.

9 The Education of Girls and Women

Sometimes girls attended clementary school, but generally were only taught the most elemen-
tary skills. During the eighteenth century a few boarding schools for girls were set np which
taught mathematics, science and astrononyy, and by the cnd of the century some women were
pursuing their own studies by coresponding with scientists, (Hartis, 1997 p. 37). However, it
was not until late nineteenth century (hat mathematics became firmly established in the curricu-
lum of gitls schools,'?

No women were admitted to Oxford or Cambridge before the beginning of this century: the
Victorian attitude to the mental capabilities of women, and their low social status, together
ensured that any opportunities for further education were severely limited. However, this was
to change slowly with the publication of (he “Educational Times™ in 1847, where subjects like
the importance of women in society, and the qualities of women's minds were intelligenily
discussed. The College of Preceptors, founded in 1846, played a major role in supporting
women, and from the 1860s we find a growing movenent for the elimination of sex difterences
in education, particularly in mathematics and science. From the micl nineteenth century. higher
education for women began to develop. Queens College'® was founded in London in 1848,
the Ladies College Bedford Square in 1849, and by 1878 University College became the first
co-educational institution where women and men were examined together.

10 Changes in the Universities

In 1826 University College was founded with the support of those who were excluded from
Ouxford and Cambridge, liberal politicians, and Jeremy Bentham, the humanist philosopher. In
1828, after demands to provide a religious foundation in London, King's Cellege was founded.
In 1528 DE MORGAN was appointed the first professor of mathernalics at University College,
He was a thoughtful, idealistic and energetic educator whose text books and pedagogical wri-
tings show a deep concern for the problems of leaming and teaching. His motives for writing
On the Study and Difficudties of Mathenatics (1831) are to help ‘tutorless’ students, wilh the
areas of elementary mathematics which give most difficulty, describing their narure without
emphasising routine operations. Dk MORGAN takes the view that mathematics is a necessary

Even then. mathematics was not regarded as a subject really suitable for girls peither in the 'liberal” sense nor
in (he “vocatonal” sense. (see Harris 1997 particulardy chapiers 3 and 4).

'SDE MORGAN taught at Queens college, hnt only for a year, appavently feeling that the ladies were not of
a sufficiently high standard; and as a member of the London Mathematical Society, showed no intecest in the
attempts (o reform the teaching of school geametry, (RICE 1996).
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part of a liberal education, and that it is usefiel. heing the key to other sciences. Much of his
work was serialised (hrough the “Society for the Diffusion of Useful Knowledge” (SDUK)."?

Meanwhile WHEWFELL at Cambridge. aimed to place mathematics in the curriculum of every
student of the university, reinforcing the “Liberal™ view:

I'believe that the mathematical stndy to which men are led by onr present requisitions has an effect.
aned o very beneficial effect on their minds; bul I conceive that the benefit of this effect would be
greatly increased, if the mathematics thus commuaicated were such as ko dissipate the impression,
that academical reasoning is applicable oaty to such abstractions a5 space and number. {1836, p. d4).

As the century progressed, university mathematicians seemed less inclined to spend their (ime
educating the masses; growing professionalism motivated more “pure’ mathematical interests
and since, from 1850, Cambridge required a knowledge of Euclid for its entrance exams, other
universities followed suit. '*

11 The Tdeological and Pedagogical Divide

By the end of the nineteenth century “laissez-faire™ economucs had given rise to a large number
of industrial enterprises each requiring ever more specialised training. The Mechanics Insti-
lutes were one way to cater for this need, and they helped to develop ideas of economics, of the
idealist possibilities of science and technology to improve everyday life, and an acute aware-
ness of the need for appropriate training and new teaching methods. A considerable amount
of their work was experimental and practical, and the mathematics required to make the ma-
chinery woik elficiently was being developed alongside the craft skills of manufacture. Thus
it became obvious that the traditional mathematical diet was guite inappropriate to the needs
of the new industrial community and advocates of practical mathematics were designing new
courses and writing new textbouks. Prominent among these was Peny.!® a significant figure in
the reform of mathematics teaching at this time. Reforms in school, however well-intentioned,
were hampered by schoolmasters educated in the Oxbridge tradition, and a lack of interest from
the universitics.”

The products of industry shown in (he Exhibition of 1851 were based more on the freelance
initiatives of innovators than any government sponsored organisation, and it later became clear
to government that economic advantage rested not only on technical educatior but also a good
primary education. The (870 act ensured that education up to age thirieen was available (o all,
and while the attempts to devise differentiated schooling on a class based system had failed.
these attitudes prevailed in the secondary, technical and grammar schools that evolved, Tt is
here that we see the ideclogical divide: the establishment provided for its 0w in continuing the
liberal tradition in the Public Schools and using mathematics to controf the “gateway” to Univer-
sities where ‘pure’ mathematics flourished, at the same time invoking the utility of “vocational’
mathematics to train the industrial workforce in technical schools and colleges.

"The SDUK was founded in 1826 by Henry Brougham and other liberal politicians as an altemative w e
radical press, and theough its pnblications inteuded 1o give a ‘suitable direction’ to working class hinking, The
Diferentiol and Integral Calowdus (1842} was originally pullished in the Penay Crolopaedia in forty two weekly
parts.

"®Furtler discussion of the development of the mathematics curticulum and its pedagogy in the latter part of the
certhey can be found in PrICE (19835,

"Perry wus an engineer and his s¥llabus provided a new paradigm which came frum outside the school tradition,
(DSA 1899),

O¢Cayiey as chief examiner for Cambridge cnrance insisted on keeping Euclid.
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Looking at the more recent past, this conflict has been compounded by issues involving peda-
gogy uas well as style and content, but the expectations of the two ideologies can be detected
in the nature and mode of presentation of the cwiriculum maierals of today. DOWLING {1998)
locates these ideologies in a detailed analysis of contemporary school texts; in this brief presen-
tation I am attempting 1o show their social and historical roots,
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How did candidates pass the state examination in mathematics
in the Tang dynasty (618-917)7 - Myth of the “Confucian-
Heritage-Culture” classroom

STU Man-Keung
University of Hong Kong (China)

Abstraet

Towards the late 80s sonte educators began to pay attention to cultural differences that
may affect the process of leaming and teaching. This interest is further strengthened by the
resuits coming out of the two recent studies sponsored by the Tntemational Association for
the Swdy of Educational Achievement (TEA). lu particular, the learning process of Asian
students brought up in the tradition of the Confucian-Heritage culture (CHC) has become
a nuch discussed issue in the past decade, In this talk we try to lock at the issue from the
historical angle : fo investigate the curriculum in mathematics at the state vniversity in the
Tang Dynasty and 1o plece together a rational reconsttuction of the state examination in
mathematics from official records in (he ancient chronicles. It is hoped that such a study
will shed light on the Paradox of the Asian Learner : CHC students are perceived as using
low-level, rote-based strategies in a classroom environment which should be conducive
to tow achievernent; yet CHC students report a preference for high-level, meaning-based
learning strategies and they achieve significantly better in IEA studies!
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1 Prologue
In & paper on medical education, G.E. MILLER says.

We say we wanl sensilive, thonghiful, analyte, independent schiolars. then teat themn like Belgian
gesse! being stuffed for pété de fvie gras. We reward them for compliance, rather hin indepen-
dence; for giving the answers we lave taught them tather than for challenging the conclusions we
have reached; for admiring the builliance of purely scientifie advances rather than developing greater
sensitiviy to the inequilies in health care we have wo often igamed. (Mir1eR 1978)

This passage, its allusion to medical education notwithstanding, sets the tone for the theme of
this paper.

2 CHC classroom culture

In the past decade, with the rising number of multicthnic classrooms in many countries and with
increasing intemational cooperation in assessing the curriculum and the academic performance
of students around the world, some researchers in education take cultural differences into ac-
count in their studies. The cultaral background of the students and of the teacher is seen to be a
factor atfecling the process of lemning and teaching. See for example (CAT 1995, STEVENSON
& STIGLER 1992, WATKINS & B1GGs 1996, WoNG 1998).

Of particular pertinence to our present discussion is the theory put forward by a group of re-
searchers including B, BiGGs (1994, 1996), E MARTON (1976, 1996) and D.A. WATKINS
(1991). What kind of teaching envirenment is conducive to good learning, or to what is known
as the “decp™ approach to learning as contrasted with the “suiface” approach (MARTON 1976)7
In (BiGas 1993) the following factors are singled out: (i} varied teaching methods, student-
cenfred activities, (it) content presented in a meaningful context, {iii} small classes, (iv} warm
clagsroom climate. (v) high cognitive level outcomes expected and assessed, (vi) classroom-
based assessment in a non-threatening atmosphere. In their research this group came inte con-
tact with students at different levels, of different cultural backgrounds and in different parts of
the world {eg. Australia, Hong Keng. Korea, Nepal, the Philippines. Sweden, and the United
States). What they observed in the classrooms in the so-called “Confucian-heritage cultre” is
just the opposite rom (i) to (vi) cited above,? In CHC classrooms, it appears that classes are
conducted in a lraditional teacher-talk/student-listen manmer within a class of large size, with
the austere teacher commanding an authoritative role. Assessment is caried out through strict
formal cxaminations which exert significant influence on the student’s future career. It seens
that such examinations reward good memorization and industrious drilling. Therefore, the obvi-
ous conclusions drawn by Western observers of the CHC classrooms are: {13 CHC classrooms

"This paper is the full fex! of a presentation delivered in July 1999 at the toisiéme universits d'éi européene
sut Ihistoire et I"épistémologie dans I éducalion mathématique held af Lowvain-la-Neuve and Leuven in Belgium.
La citation ci-dessus n'est qu'inte altusion Menveillante, il n'y a pas de malvelllance envers notre hére! [ take this
opportunity 0 thank our Belgian hosts for their hospitaliiy.

*The nebulous term “Confucian-heritage cultre”, abbreviated as CHC, is not 1o be taken here a3 a term with a
precise definilion which cleardy delineates a specific genre of cultare. The term is used in a peneral senve t cover
the eultura! background of communities in mainland China, Hong Kong. Japan, Korea. Singapore, Taiwan and
Vietmam. It would take many books and papers 1o explicate in detail and depth what CHC reully means, with all its
subilety and historical evolution, That is beyond the scope of this paper and beyond the capacity of this author. T
would entreat readers to ke CHC classrooms o mean clisstooms in the communities mentioncd abuve, although
differences alecady exist berween them,
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should be conducive to low quadity outcome, viz. rote learning and low achievement; (23 CHC
students are perceived as using low-level, rote-based learning strategies.

3 The Asian Learner Paradox : some clarifications

Howevet. reality reveals a totally different picture! In the several internationat studies sponsored
by the IEA (International Association for the Evaluation of Educational Achievement) — the
FIMS in the 60s, the SIMS in 1976-1983 and the most recent TIMSS in 1993-1994 — CHCO
students have scored significantly higher levels of achievement than those of Western students.
In his research I.B. B16:Gs (1996) found that CHC students report a preference for high-level,
meaning-based learning strategies.

This discrepancy between what one expects and what onc witnesses has come to be known as
the Asian Learner Paradox or the CHC Learner Pivadox (B1gGs 1994).°

It is strange thal a popular view is to equate Confucian learning with rote learning and with
submissive learning. Let us look at some samples of what the Masters themselves had 1o say.

In the Confucian Analects (5th century B.C.) we find.
Learning without thought is labour lost; thought without learing is perilous. (LEGGE 1960}
In the Doctrine of the Mean (6th-5th century B.C.) we find,

He who atmaing to sincerity. is he who chooses what is pood, and finnly holds it fast. To this
ullatnment there are requisite the extensive study of what is good. accurate inquiry aboue it caeful
reilection on il the clear discrimination of jt. and the cames practice i it, {LEGGE 1960)

In the books by the leading neo-Confucian scholar ZHU Xi (1130- 1200} we find,

Tn reading. if you have no doubts, enconrage doubts. And if vou do have doubts. resolve doubts.
Only when you've reached this paing bave you made progress, (GARDNER 1990)

Would one call this tote-leaming? submissive lcarning?

By reading more extensively in the books by Zhn Xi, we can perhaps understand better what
appears to Weslern observers as rote-learning actually consists of. Zhu Xi said.

Generally speaking. in reading. we must first becorne intimately fargillar with the text so that ils
words seem © come from our own mouths. We should Uen continee to reflect on it so that jts
ileps seem to come from our own minds. Only then can there b real understanding, Stll, once our
intimate reading of it and careful reflection on it have led to a clear understanding of it, we nwust
coniinue (o guestion, Then there might be additional progress. If we cease questioning, in the end
there 11 be no addittonal progress. (GARDNER 1950)

"Bur pessonally Lhave certain reservations about the two owcomes described above, judging from e (eaching
experience | have with undergraduates in mathematics at the university, It is 2 paradox within a paradox! Bul we
will put that aside in the present discussion and concentrate only on the Asian Leamer Paradox,
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He also elaborated finther,

Learning is reciling. 1I'we recile it then think it over, think it over then recite #. naturally iC1l become
meaningful to us, If we recite it but don’t think it over. we still won't appreciate its meaning. If
we think it ¢ver but don’t recite it, even though we might understand it, owr understanding will be
precatious. ... Should we recite it w the point of intiinate tamiliarily, and mereover think about it
in dletail, naturally ovemingd and principle will become one aud never shall we forgel what we have
read, { GARDNER 1990)

This is an wnmistakable differentiation berween repetitive learning and rote learning. Con-
temporary reseacchers explain the Asian Learner Paradox based on this differentiation (B1GGS
1996, MARTON 1996).

On the other band. modern day education in the Western world which arose in the 19th cen-
tury along with the Industrial Revolution started by emphasizing the 3Rs — reading, writing
and arithmetic. In a code issued hy R, Lowe of the Education Department of England in 1362,
specific standards for each R were explicitly stated (e.g. Standard I in Reading: Narative
monaosyllables; Standard I1 in Writing: Copy in manuscrpl character a line of print; Standard
IV in Arithmetic: A sum in compound rules (meney)) (CURTIS 1967). The emphasis on me-
chanical rote learning is captured vividly in the opening sentences (which were intended as a
satirical exaggeration) of the 1834 novel Hard Times by Charles Dickens (as words uttered by
Mr. Gradgrind of Coketown)

MNow, whal I want is, Faces. Teack these boys and gicls nothing bul Facls.
Facts alone are wanted in life.. .. This is the principle on which 1 bring up
my owil children, and this is the principle on which T bring up these children,
Stick to Facts. sirt™

4 Examination culture in China
4.1 Sources

Even if one can explain the Asian Leamer Paradox, it remains a fact that in CHC there is a
strong tradition of examination. Some even label CHC classroom as an examination-oriented
classroom culture! To what extent is this gue? It is commonly believed that an examination-
oriented culture will hinder the learning process. Is it really that bad? Or is it a necessary evil?
Or is it even beneficial to the learning process in some sense? These questions urge me to look
at the issue [rom a historical perspective. I intend to look at an ancient period when official
exafunation in mathermatics was in its most cstablished form — in the Fang Dynasty (618-907)
— and see if it can enlighlen me in my classroom teaching.

In collaboration with A, Volkov, an historian in mathematics, we allempl 1o piece together a
picture of the state examination in mathematics in the Tang Dynasty (S1U 1999), This we do by
gleaning what we can from the official records contained in certain chronicles. among which
the main ones are:

(2} Jivr Tangshu (Old History of the Tang Dynasty), ¢, 941-943,
(b} Xin Trngshu (New History of the Tang Dynasty). ¢. 1044-1058,

(¢) Tang Liudian (5ix Codes of the Tang Dynasty), 738,
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{d} Tongdian (Complete Structure of Government), c. 770-801,

(e) Tang Huivao (Collection of Important Documents of the Tang Dynasty), 961,

One informative secondary source which contains the main excerpts of relevant interest in the
chronicles listed above and a lot of interesting information. including lists of successful can-
didates in each round of examination (in the classics and literary composition rather than in
mathematics) is Dengke fikao (Journal on the Examinations in the Tang Dynasty} compiled by
the QJing scholar XU Song in 1839.

1 shonld ar the start state clearly the attitude I adopt when consulting those ancient chronicles, 1
subscribe to a wider (hut somewhart controversial) view of studying history as propounded by the
British philosopher-historian R.G. Collingwood in The fdea of History (1946), “History is thns
the sell-knowledge of the living mind. ... For history is not contained in books or documents;
it lives only, as a present interest and pursuit. in the niind of the historian when he criticizes and
interprets those documents, and by so doing relives for himself the states of mind into which he
inquires.” Collingwood echoed the view held by the Italian philosopher B. Croce who said in
History: Its Theory and Practice (1915), “History is living chronicle, chronicle is dead history;
history is contemporary history, chronicle is past history: history is principally an act of thought,
chronicle an act of witl, Fvery history hecomes chronicle when it is no longer thought, but only
recorded in abstract words, which were once npon a time concrete and expressive.”

4.2 Chinese Examination System inspired by the West

Let us look at the examination system in its historical context. Despite the shortcomings the
systern later developed, it is praised for the role it once played. Examination employed as a way
to select is a very Chincse institution. According to P. Monroe in Cwiopaedia of Fducation
(1931), “Written examination was probably vnknown in Europe until 1702, ... Practical exa-
minations hacl been empioyed for a long time in the medieval universities in such a subject as
medicine.” Dr. Sun Yat-Scn, founder of the Chunese Republic in 1911, said in The Five-Power
Constitution,

At present. the civil service examinations in the {Westem) nations are copied largely from England.
But when we Wace the history further. we find that the civil service of England was copied from
China. We have very gond reason to believe that the Chinese examination syarem was the caricst
and the most elaborate syster o the world, {TRNG 1942-43)

Indeed, Dr. Sun instituted the division of the government structure into five-power, viz. the Leg-
islative Yuan, the Executive Yuan. the Judicial Yuan, the Examination Yuan and the Censorate.
E.A. KRACKE has said,

Cne of China's mosl significant contribulions o e wonld has been the creation of her sysrem of
civil service administestion, and of e examinations whick Irom 622 o 1905 served as the core of
the system. {KRACKE 1947)
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As early as in the beginning of the 17th century, the Jesuit Father Matteo Ricei* reported with
commendation in his journal “the progress the Chinese have made in literature and in the sci-
ences. and of the nawre of the academic degrees which (hey are accustomed Lo confer” Abowt
one and a hall centuries later, another illustricus European, Voltaire (FM. Arouet)’, made z
similar observation, “The human mind certainly cannot imagine a government better than this
onc where everything is (o be decided by the large tribunals, subordinated to each other, of
which the members are received only after several severe examinations. Everything in China
regulales itself by these tribunals.”

4.3 Different Types of Examination in China

The Chinese term for state examination is “keju”. Literally, "ke” means “subject” and “ju”
means “recommend”. Combined together it means recommendation of suitable candidates (for
taking up official positions) through examinations in dilferent subjects. Some historians date
the beginning of the keju system to the Sui Dynasty (58 1-618) when the emperor convened a
state examination by decree. But some historians maintain that it stiated in 622 when the first
Tang emperor decreed that any quatified candidates could sit for the state examination withoui
having to be reconunended by a provincial magistrate. The keju system was abolished in 1305
by an imperial edicl towards the end of the last imperial dynasty in China, the Qing Dynasty
(1644-1911).

oy Xin Targshu a section on recruitment by examinations records that there were two kinds of
slate examinations: {1} regular examinations held annually in the first or second lunar month
for graduates of colleges and universities or for provincial candidates, (2) special examinations
held by imperial decree. The second kind depended on the need at the time or on the whim of
the emperor, so it covered a wide range of expertise. but could also sound rather strange. In offi-
cial records one can find about a hundred of such special examinations. Just te cite a few, there
were: examination on *vast erudition and great composition”, examination on “‘deep knowledge
of the ancient books and great 1alents in the art of teaching”, examination on “having military
plans with foresight and well qualifiedas a general”, examination on “*wisdom and good nature,
rectitude and sighieousness, and speaking honestly and remonstrating insistently”, examination
on “reminkable understanding of the art of government and suitability for administering peo-
ple”. A most amusing item is examination on “leading an hermetic life at Qiuyvan, not seeking
famne”, since logically speaking one should be awarded a degree in that if and only if one should
not be! (In fact, it was recorded in Dengke Jikao that somebody was awarded the degree in
absentia in 794 as he refused to receive it!) For the first kind fhere were initially seven subjects:
cxamination on perfect talent, examinalion on classics, examination on distinguished man of
Jeiters, examination on accomplished maun of letters, examination on law. examination on cal-
ligraphy and cxamination on mathematics. Examination on perfect talent was soon abolished,
while examination on accomplished man of letiers became in time the main focus enjoying
the highest prestige. It was recorded in Tongdian (hat by 752, of a thousand candidates who
sat for the annual cxamination on accomplished man of letlers only one or two were awarded

*The quotation by Matteo Ricci can be found ia his jowrnal later compiled by Nicolas Trigaultin 1615, There is
a modern English translation of the journits tited "China in tle Sixeenth Century : The Jownals of Matthew Ricel,
1583- 16107, translated by L. 1. Gallagher, published by Random House, Kew York in 1953, There is also a madem
French translation titled “Histoire de I'expédition chrétienne au royamme de la Chine, 1583-1610° ranslated by G,
Bessiere, published by Bellarmin in 1975,

3e(Buvres complétes de Yoleaire”, €13, 163, published by Nedeln, Lichtenstein {in the 15th cenmury?). with a
Kraus reprint in 1967,
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the degree, while for instance, successful candidates for the examination on classics numbered
in the tens. A source of the time said that one who passed the examination on accomplished
man of letters at fifty (perhaps after many repeated attempts) was still regarded as outstanding,
while one who passed the examination on classics at thirty was considered too old alxzady! No
similar data or remuark is found for examination on mathematics, which serves ta indicate that
mathematics was accorded a lower prestige among the various subjects, only on a par with cal-
ligraphy. This becomes even more apparent when we 100k at the number of students enrolled
ar the state university. Tang institutions of higher education were divided into hierarchies. The
highest institution was the School for the Sons of the State which accepted only sons of noble-
1en or officials from a certain rank upward. Next came the National University which accepted
a similar crop with the official rank somewhat lowered. Then came the School of Four Gates
which accepted besides sons of officials also a small number of sons of ordinary citizens. The
three Schools of Faw, Calligraphy and Mathematics accepted sons of officials of low rank and
of ordinary citizens. In the early Tang Dynasty, according 10 Xin Tangshu, there were 300 stu-
dents in the School for the Sons of the State. 300 students in the National University, 1300
students in the School of Four Gates. 50 students in the Law School, 30 students in the Calli-
graphy Scheol and 30 students in the Mathematics School. At one time, throughout the whole
empire, including the provincial colleges. there were 8000 students pursuing higher education
with foreign students coming from nearby countries as well. The whole edifice of state higher
educalion was very well-cstablished in the Tang Dynasty.

4.4 The Annual State Examination

The culminaring apex of this edifice. the annual state examination, was a gruelling experience
for many. Some authors in the Tang Dynasty wrote about how caadidates stood in a long queue,
carrying their own stationery, supply of food and water, candles and charcoal (for preparing
meals and for getting warm), waiting to be admitted to their cells, only to be searched and
shouted at by guards who were stationed by the thomy hedge {an ancient analogne of barbed-
wire fence) which encompassed the examination venue. Candidates were clad in fimsy clothes
and shivered in the freezing weather, for they were not allowed thick clothing to prevent con-
ceatment of manuscripts. Thronghout the long hours they worked on theur examination scripts,
the candidates were confined to their ceils, in which they would prepare their own meals and
take carc of their own personal hygiene. In the case of failure in the examination, which was not
uncommon, this gruelling experience would have to be repeated in another year. and perhaps
in yet another year, .... WEl Chengyi, who was awarded the degree of accomplished man of
letters in 867, once sneaked into the office of the Ministry of Rites called Nangong, which was
in charge of examination affairs, and composed a poem on the wall: “Like a thousand white
loms petals, /The candles lit up the hall. /Which was filled with the peacelul rthymes /Of the
Ya and the Song. /As the flame of the third candle/Flickered towards its end, /One realized it
meant failure /To complete the scene of Nangong.” This poem. with its trace of resignation,
depicted vividly those assiduons candidates racing against time with their examination scuipts
by the light of the three candles allowed them to last through the night. (See Figwe 1 for a
humorous rendering of the scene).

Modern examinations are definitely much less gruelling than that. 1t would be unfair to my
ancestors in the Tang Dynasty if 1 fail to point out that even over a thousand years ago some
good modem examination procedures were already in place. In 739 the Chief Examiner LI
Kui said, “The empire selects its officials for their talent. The requisite classics are displaved




here. Candidates are welcome to consult them at will.” This was perhaps the eurliest open-book
exarnination! In 742 the Chief Examiner We1 Zhi sajd, “The performance of a candidate in one
single examination may not reflect his true potential, hence his previous essays should also be
consulted.” This was perhaps the earliest instance of assesstnent by project work!

5  Curriculum in mathematics in the Tang Dynasty

It is recorded in Xin Tangshu that the mathematics curriculum at the state university consisted
of two programmes. hereafter denoied by A and B for short. For details see (S10 1995, 1999).
It suffices al this point simply to note that each programme lasted for seven years of study, with
Programme A covering eight of the ten books in Suanjing Shishu (Ten Mathematical Manuals)
and Programme B covering the remaining two. {Therefore, Programme B was a more advanced
course of study. Suanjing Shishu was the collation of ten existing mathematical classics by 1.1
Chunfeng at an imperial edict, and adopted as the official textbook in 636.) In each programme
smdents must also study two more books. Shushu Jivi (Memoir on Some Traditions of the
Mathematical Arty and Sandeng Shu (Three Hierarchies of Numbers). We will come back to
these 1wo books later. Regular examinations were held throughout the seven vears of study, and
at the end of each year an annual examination was held. Any student who Failed thrice or who
had spent nine years at the Mathematics School would be discontinued. Judging from the age
of admission at 14 to 19 years-old, we know that a mathematics student would sit for the state
cxamination af around 22.

In the state cxamination for either progranmime, the candidate was examined on two types of
yuestion. The first type was described in Xin Tangsine as: “[The candidates should] write [a
compaosition on] the general meaning, taking as the basic/original task a ‘problem and answer’,
[They should] elucidate the numbers/computations, {and} construct an algorithm. [They should)
elucidate the structure/principle of the algorithm in detail”” (For Programme B there was added
the rernank, “If there is no commentary, [the cundidates should] make the numbers/computations
correspond [to the right ones?] in constructing the algorithi.” For an atempt to explain the
latter remack, see (STU 1999)). We will say more about this 1ype of question in the next section.
The second 1ype was testing on quotations. Candidates had shown a line taken from either
Shushu Jiyi or Sandeng Shu, with three characters covered up. Candidates had to answer what
thosc three characters were. In to-day's terminology, this type of questions is called “fill in the
blank™. It is intcresting to note that Shusin Jivi (credited 1o the authorship of XU Yuein the
early part ol the 2nd century and commented on by ZHEN Luan in the late 6th century, although
the extant version might perhaps been forged by Zhen Luan himself) is a short text with only
934 characters, which could be committed to memory with reasonable ease (not to mention that
a candidate had seven years to do itl). There may well be other rcasons for singling out this
book for the purpose of testing on quotations, but that would be the subject of ancther paper.
(See (VOLKOV 1994) for an interesting discussion on the content of Shusiu Jivi.} The book
Sandeng Shu was lost by the Song Dynasty (980-1279). We can only surmise that it might be a
text similar to Shuxi Jiyi in this respect.

By the way, there was a reason for instituting the practice of testing on quotations. The practice
was proposed by the Chief Examiner LIU Sili in 681 (in all subjects) to reciify the deficiency
of a prevalent habit of candidates who only studied “model answers™ to past questions instead
of sudying the original classics. Testing on quotations forced candidates to read (at least some)
original classics. However, examination being what it is, it is prone to abuse. The sewing of
questions on quotations got more and moere difficult and unreasonable. testing candidates on
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obscure phrases, sometimes even setting up traps to confound the candidate intentionally. In
response, candidates collected such obscurities and memorized them for the sole purpose of
passing those unreasonable tests! The original purpose of encouraging candidates to read the
original classics was totally defeated. In 728 it was decreed that guotations shonld be set within
reasonable bounds. There is a good lesson to be learnt here about making use of examination
1o direct the curziculum.

6 ‘Re-constructed” examination questions

Lect us come back to the first type of question. What are these tasks on elucidation and construg-
tion of algorithms about? Since no trace of any examination question is extant, we can only
attempt to “re-constrnct” an examination based on the scanty and sketchy official account on
the state examination in mathematics gleaned from the ancient chrenicles.

Before giving such examples, it is helpful to look at a textbook and see how the author did the
mathematics. We choose the prime textbook Siuzftang Swanshu (Nine Chaptets on the Mathe-
maticat Art, compiled between 100 B.C. and A.D. 180 with commentarics by the 2nd century
mathemnatician Liv Hui. This will also add 10 the stock of “ciccumstantial evidence™ for our
attempted “re-construction”.

In Chapter 5 some formulae for the volume of various solids are given. In particular, Problem
17 is about that of a tunnel at the entrance of a tomb (xianchu). Mathematicalty speaking,
a xianchu is the solid bounded by thyee trapeziums and two triangles on the two sides. The
three trapeziums have opposite parallel sides of length a. b; &, ¢ and b, ¢. the depth is 4 and the
trapezitm on top has length £, (See Figure 2)

FIGURE 2

The formula for the volome of the xunchu is given in the text as

1
V= Slatbtcjht,

The earliest ranslation of the JUZHANG SUANSHU it a Western language was the Germun wanstation tifled
“Newn Bicher Arithmetische Technik™ by Kuet Vogel. publizshed by Friedr, Vieweg & Sobn, Braunschweig in
1968, There are two recent wanslations, one in English and one in Frencl. The English wranslation has appeared
and is tidled “The Nine Chapters On the Mathematical Art : Companion and Commentary”, by Kangsheng Shen.
Tohn N. Crossley and Anthony W.C. Lun. published by the Oxford University Press. Oxford in 1999, The French
ranslation will appear in 2000 and is titled Edition eritque, waduetion ¢t présentation des Neuf chapitres sur les
procédures mathématiques (Jes débuls de I"ere commune} aingi que des conunentaires de Fin Hai (3™ siicle) oo
de Li Chunfeng (7% siécle). by Katine Chemla and Shuchun Gue. in prepacation by Diderot Multimedia. For the
Chinese edition I follow the corrected and edited version of JILZEANG SUANSILU by Shuchun Guo. published by
Tigoning ducational Press in 1990. The original version dated back 10 of course much eardier imes.
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(En the text, nmuerical dala are given in place of «, b, ¢, but the numcrical data are actually
generic rather than special.) Lin Hui explains in his commentaries how the volume is calculated.
He dissected the xianchu into smaller pieces, each of some standard shape such as a tdangular
prism (giandu), a teirahedron of a particular type (bienao), or 2 pyvamid with a sguare base
{vangma}. If vou try to do that by yourself, you will find oul that the way of dissection is
different for different relations between . &, .. For ingtance, if ¢ >» ¢ > b, then you obtain two
bienaos each of volume {¢ — bjR¢ /12, two bienaos each of volume (¢ — b)/#/12 and onre giandu
of volume Bh€/2. (See Figure 2) They add up to (@ + b+ c)i{/6. Butif« > b > <, then yon
oblain two bienavs each of volume (& — B)A#/12, two vangmas each of volume (b — c}hé/6
and one giandu of volume ¢f¢/2. They also add up to {¢ + b+ «)2é/6, In fact, Liu Hui in his
conunentaries treats all eight different cases except the onc case & > a = . The calculation is
different for different ways of dissection, buf the basic underlying idea is the same. Probably
candidales in the examination were asked to carry out a similar explanation for other formmlae
on area and voelume, possibly with given numerical data. Once the basic idea is understood,
such a demand for elucidation is reasonable.

In the same chapter, Problem 10 iz about the volume of a pavilion {fangting) with square bases.
{See Figure 3)

FIGURrE 3

Mathematically speaking. a fangling is a truncated pyramid with square base. If o, b are the
sides of the botlom and top squares respectively and /. is the height, then the volume is given in
the text as

Vo %(a? 8 4 abh.

Again, Liu Hui in his commentaries explains how to obtain the formula by an ingenious method
of assembling blocks of standard shape {called by him “qi""). There are theee kinds of “gi":
cube of side e with volume a® (lifang. LF); pyramid of square base of side o and one vertical
side of length v perpendicular to the base, with volume %as {yangma, YM}: triangular prism
with isosceles right triangle of side a as base and height o, with velume ;¢” (giandu, QD), He
observed that the truncated pyramid is made up of one LF, fvur ¥YM and four QDY {Careful
readers will notice that here we require /+ = I, s that we are talking about blocks of a standard
shape). He then observed (hat one LF makes up a cube of volune 5 :; one LF and four QD make
up avectangular block of volume ab)x; one LF, eight QD and twelve YM make up a rectangular
block of volume #*h. {Careful readers will notice that here we require # = band a = 3b so that
each corner piece is a cube formed from three YM.) In problem L3, Liu Hui further explains
how to obtain the more general formwla of the volume of a pyramid of rectangular hase with an
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arbitrary height by an infinttesimal argument (WaGNER 1979)). Altogether, three LE twelve
QD and twelve YM make up a volume 1/, + bl + «*f. Hence the volume of the truncated
pyramid is (a2 | b + ab)h, (See Figure 4)

FIGURE 4
Liu Hui gave an alternative formula

1
g -37{.:1 — B3 | abh

by ancther way of disscetion. {See Figure 5)

FIGURE 5

In the second explanation, there is no need to assume » = b.a = 3t But it works only when
the bottom and top pieces are squares.

Now, let me suggesl a fictitious examination question: Compuie the volume of an “oblong
pavition™ of height / with bottom and top being rectangles of sides @y, ; and b, , bs respectively
(a1 # az. by # by). If one understands the argument by Liu Hui, one can easily modify either
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methed to amrive at the answer, which s left as an exercise for the readers. (Readers may a}so
wish 10 solve the problem in a way commonly known to school pupils of today, viz. by making
use of similar friangles.) The answer turns out to be

1 .
Vo= [(1'.1(13 + b - jJ'((T-lU-)_ + azbl)]h.

| =

If one merely memorizes the formula given in the textbook by heart, it is not easy to hitupon r.lle
correct formula. This is probably what is meant by “constructing a (new} algorithm™. Again,
such a demand is reasonable, especially when these candidates mizght well be facing in their sub-
sequent career problems which are varations (e.g. with parameters changed) of the problems
they leamnt in the textbooks.

7 Conclusion

I have attempted to “re-construct” an examination in mathematics in the Tang Dynasty to per-
suade readers that the curriculum in that period was not so elementary nor was it learnt b): rote.
It is hard to imagine that a group of young men spent seven of their golden years in simply
memotizing the mathematical classics one by one without understanding at all!

Granting that ap examination is not fo be passed through rote learning, what good will an
examination bring?

Let s first compare the ancient Chinese examination format with a modern theory on assess-
ment by B.S. BL.OOM (BLOOM et al. 1956). The modem viewpoint inclades both the fornative
and the summative aspects of assessment, while the ancient Chiness examination focnsed m?ly
on the latter function. The six mujor classes of taxonomy of Bloom can be matched up with
the four different Lypes of question in the ancient Chincse cxamination, viz, (i) lestinglorl quo-
tations is about knowledge, (ii) shorl questions are about comprehension and app].icatllt‘m, {iii)
lang questions {on contemporary affairs) are about analysis and synthesis, (iv) composition and
poems are about evaluation.

With these varied objectives, examination can have a beneficial influence on both ihe sludent_
and the teacher. For the student it is pood for consolidation of knowledge. enhancement ol
comprehension, planning of schedule of study, judgemeni on what is impostant to learn, de-
velopment of leaming strategies and motivation and self-perceplion of compelence. For the
teacher, besides what has been said above, it is good for monitoring the progress of the _cias‘s,
as a gauge of the receplivily and assinilation of the class and evaluation of the teaching. [n this
sense, “examination-oriented education” and “quality education” need not be a dichotomy. T.).
CROOKS suys,

As cdocators we must ensure that we give appropriate emphasis in owr evaluations to the skills,
kmowledge, and attitudes that we perceive ta be mast nportand, (CROOKS 1985}

Viewed in the summative aspect, examination is a necessary evil. But viewed in the formative
aspeci. examination can be a nseful part of the learning process. The important thing to keep
in mind is not to ler the assessment tail wag the educational dog! (TanG & BiGas 1996), The
demise of the examination system in Imperial China, even with its initial good inlention and
with its Jong life span of 1287 years, is a lesson to be Tearnt from,
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85-98. Arithmetic and algebra : can history help to close the cognitive gap ?

A proposed fearning trajectory on early algebra from an historical perspective

van AMEROM Barbara
Freudenthal Institute, Utrecht {Nederland}

._‘;x'%i\i)!{w,l
ﬁmumr rn:*onvm |

E éy nl &b 4 .f"; | formal strategies embedded in arithmetic? Can apparently fundamental differences between

Abstract

Is it possible for students to self-handedly gain access to early algebra starting from in-

arithmetical and algebraic conceptions of mathematical problems be (partly} sumounted?
The historical development of algebraic problem solving and algehraic symbolic language

has inspited the anthor fo develop a prototype pre-algebra leaming strand on reasoning and i
equation solving. This article skerches the project background and gives some examples of ‘

classroom activities.

|
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Introduction

Several algebra research projects of the last decade report on poor student performance when
11 comes to sulving linear cquations (KIERAN 1989, 1992; Friroy & ROJANO 1989, SEARD
1991, 1996; HirSCOVICS & LINCHEVSKL 1994, 1996; BEDNARZ et al. 1996). Secondary
school students often have trouble leaming how to construct equations from arithmetical word
problems, and how to rewrite, simplify and interpret algebraic expressions. It is conjectured
that part of the problem is caused by fundamental differences between arithmetic and algebra
(FILLOY & ROJANG 1989 TIERSCOVICS & TANCHEVSKI 1994; REDNARZ & JANVIER 1906:
MasoN 1996), Arithmetical problems, for instance, involve straightforward calculations with
known numbers, whereas algebra tequires reasoning about unknown or variable quantities and
recognizing the difference between specific and general situations. 1n the wransition from arith-
metic 1o algebra there is claimed to be a discrepancy called cognitive gap (HERSCOVICS &
LINCHEVSKI 1994) or didactic cur (FILLOY & ROJIANO 1989), hampering manipulations of
algebraic expressions.

A good starting point for an investigation into this matrer could be a retum to the roots. In
this project we shall try to zain insight into the differences and similarities between mithmetic
and algebra by locking into the historical development of algebra and learning from past experi-
ences. Recent research on the advantages and possibilitics of using and implementing history of
mathematics in the classroom has led to a growing interest in the role of history of mathematics
in the learning and teaching of mathematics'. Inspired by the HIMED (History in Mathematics
Education) movement. a developmental rescarch project called ‘Reinvention of Algebra’ was
started at the Freudenthal [nstitute in 1995 to investigate which didactical means will enable stu-
dents to make a simooth transition from arithmetic 1o early algebra. Specifically, the ‘invention”
of wlgebra from a historical perspective will be comparedl with possibilities of ‘re-invention’ by
the students. This paper first sketches the background of the project {part 1} and then gives a
brief outline of the learning strand und some classroom impressions (part 2).

1 Background of the project
L1 Research motive

The American Middle School Project (VAN REFUWTIK 1995) and small experiments in The
Netherlands (ABELS 1994, STREEFLAND 1995) revealed a great number of accesses into al-
gebra for relalively young learners. Ten- and eleven-year-olds have shown that they can rea-
son algebraically in problem situations that are familiar and meaningful to them. The level of
knowledge, skills and abilities of the children, and in some cases the mathematics itself, are the
driving forces of the teaching-learning process. A similar observation can be made for the his-
torical development of algebra, where both practical needs in sociely and internal motivation led
fo further progress. Given the fact that historical developments play an increasingly important
role in the teaching and leamning of mathematics, one of the project’s aims is to investigate if
histocy of mathematics can be a useful didactical tool. The application will be twafold: history
as a guide for the hypolhetical learning trajectory, and history as a rich source of mathematical
probiems and leamning moments. Moreover, the historical development of algebra can shed light

"For example, work by Fauvel, Van Maanen. Kook Arcavi, Bagle and many more; special issues For the
Learning of Mathentatics 11-2 (1991} and Mathematical Gazerte 76 (1992); discussion document for an ICMI
study by Faweel and Vim Maanen, Edircationa! Srudies in Marhemarics 34-3. 255-259.
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on the ruptures between arithmeticad and algebraic modes of thinking.

A decade ago, the algebra working group of the W12-16 project designed a new approach
of algebra for the first three years in Dutch secondary schools {Algebragroep W12-16, 1990,
1991: W12 -16 COW, 1992). In this new algebra, algebraic relations play a very important role.
Students develop algebraic conceptions and skills very gradually from concrete siluations by
switching between different forms of representation: desciiptions of situations, tables, graphs
and formulas. However, since the implementation of the new program it has become increa-
singly clear that the leaming of algebraic skills like manipulation of furmulas and cquations stitl
needs to be improved. Consequently, we have decided to atiempt iuother approach. Inspired by
the histerical development of algebra, we will investigate accesses to algebra within the context
of story problemns and solving equations. Developmental research will be canied out on the
teaching-learning process of the teachers as well as the groups of students involved, io determine
whether the discrepancy between arithmetic and algebra can be minimized. But before going
into more detail. a biief description is called for of two standpoints -on mathematics education
and cducational research- which are at the heart of this project.

1.2 Developmental research and Realistic Mathematics Education

Developmental research is a type of educational research whereby design of instructional ma-
terial is an integrated past of the research method. In a cyclic process of anticipating and tes-
ting, new ideas on teaching and leaming mathematics are developed and tied out in classroom
experiments. In order to construct a hypothetical leaming trajectory. educational designers
can make use of heuristics such as the reinvention principle and didactical phenomenology
(FREUDENTHAL 1983, 19913, Analysis of the ¢lassroom results leads to the formation of the-
ory, which in tum is used to improve the instructional design, The completion of various cycles
-in this project there have been three- will result in a product which is theoretically and empi-
rically founded. So developmental research yiclds not only a new leaming strand on a certain
topic, but also a theory on the preferred way in which the topic should be taught and learnt. ‘The
preferred way” in our opinion is one according to the didactical vision of Realistic Matherna-
tics Education (RME). which propagates the teaching and leaming of mathematics as a human
activity.

In agreement with the tradition of RME, the founding principles of the early algebra learning
strand are:

» to create rich problem situations that are meaningful (o students. either in the real world
of in their mathematical experience

# 10 construct activities that offer opportunities for mathematizing, modeling and schema-
tizing, not only as problem solving tools but also as a means to formalize mathematical
thinking

to choose contexts that students are familiar with 1o serve as rameworks of reference

to enable students to construct their own mathermalics. starling rom informal knowledge
and strategies and progressively building up a more formal mathemalical understanding

ta instigate interactive reflection (student-student and student-teacher) and siudent partici-
pation in establishing algebraic conventions.
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{For more information on developmental reseavch and the RME teadition, see FREUDENTIIAL
1983, 1991; TREFFERS 1978; GRAVEMEIIER 1994; VAN DEN HEUVEL-PANHUIZEN 1996).

L3 Subject matter: algebra and arithmetic

Algebra has many laces and is therefore difficult to define. But for the sake of practicality, it
is useful to distinguish four basic perspectives of school algebra: aigebra as generalized arith-
mgtic, algebra as a problem-solving tool, algebra as the study of relationships, and algebra as
the study of structures. Fach of these operates in a ditferent medium, where for example letters
have a specific meaning and vole (USISKIN 1988). In this research project we have decided to
restrict outselves to linear relationships, formulas and equation solving. The proposed learning
activities belong to the first three perspectives of school algebra as mentioned, and assume a
dialectic relationship between algebra and arithmetic,

A closer look af the similarities and differences between algebra and arithmertic can help us
undersiand some of the problems that students have with learning algebra. Tn bold termns, arith-
metic deals with numbers and algebra with letters - letters that can stand for numbers. But the
essential difference les deeper. Several researchers (Booth 1988; Kieraw 1989, 1992; SFARD
1991, 1996} have studied problems related to the recognition of mathematical structures in alge-
braic expressions. Kieran speaks of two conceptions of mathematical expressions: procedural
(concerned with operations on nuinbers, working towards an outcome} and strucrural {con-
cemned with operations on mathematcal ebjects) (or operational and structival respectively,
S¥FARD 1996). The contrasting natures of algebra and arithmetic in this respect will be dis-
ctissed in connection with the theoretical conjectures later in this paper.

And yet there is a definite interdependency. algebra relies heavily on arithmetic operations and
arithmetic expressions are sometimes trealed algebraically. And word problems have always
been and still are a part of mathematics that algebra and arithmetic have in common, A summary
of the histotical development of algebra® can shed more light on how algebra has its roots in
arithmetic.

1.4 Historical development of algebra

It is generally accepted (o distinguish three periods in the development of aigebra {oversimpli-
fying, of course, the complex history in doing so!). according to the different forms of notation:
rhetorical, syncopated and symbolic (see also table 1)°. From ancient times until about 500
years ago, with the exception of Diophantus and a number of other mathematicians who used
ahbreviations and symbols, both the problem itself and the solution process were mostly writ-
ten in only words (rietorical notation), Early algebra was a more or less sophisticated way of
solving word problems. A typical rule used by the Egyptians and Babylonians for solving prob-
lems on proportions is the Rule of Three: given three numbers, find the fourth. Such problems
are cammonly classified as arithmetic, but in situations where numbers do not represent spe-
cific concrete objects and where operations are required on unknown quantities, we can speak
of algehraic problems. Another commonly used method for solving word problems is cailed the
Rule of False Position, first nsed systematically by Diophantus { TROPFKE 1980). According to

*The historical overview is contined to the research topic and therefore “algebra™ will be limited here to garly
ulgebra, in particuiar the ficld of algebraic notation, word probrlems and linear equations.

*The classification of algelya into rhetoricid, syncopated and svmbolic algebra fizsl appeared in G.H.F, Nessel-
mumn. Die Algebra der Griechen, Bedijn 1842 (STRUIK 1990, p. 78},
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lhis rule one is to assume a certain value for the solution, perform the operations stated in the
problem. and depending on the error in the answer, adjusi the initial value using proportions.
Although the Rule of False Position is generally not said to be an algebraic algotithm, its wide
acceptance and perseverance even after the invention of symbolic algebra indicate it was and
cian still be a very effective problem solving tool,

vheloric gyncopated symbolic ]
written form of only words veords and nembers words and nunhers
the problem
weitten form in the oy wonds words and numbers; + words and numbers;
solution method abbievialions pnd i abbreviations and
h ical symbols for | icad gyimbels Far

cperations and gxponents | operations and exponcnls
representation of the | word symbal or letter lenzr
unknown
representation of specilic uwmbers | specifie numbers ’ leters
piven numbers

Table 1: characteristics of the 3 types of algebraic natation

Depending on the number concept of each civilization as well as the mathematical preblem. the
unknown could be a quanlity or a measure and was denoted by words like “heap” (Egyptian),
“length” or “area”™ (Babylonian, Greek), “thing” or “root” { Arabic), “cosa”, “res” or “dingi{k)”
{(Western). The solution was given in terms of instructions and caleulations, with no explanation
of mention of rules, The unknowns were treated as if they were known; rcasoning about an
undetermined quantity apparentty did not form a conceptual barrier. For instance, in the case
of problems that we would nowadays represent by linear equations of type & + Lr = a. the
unknown quantity = was cenveniently split up into n equal parts.

Diophantus {ca. 250 AD} invented shortened notations (syncopated algebra) which enabled him
to rewrile a mathematical problem into an ‘equation’ {abbreviated form). He systematically
used abbreviations for powers of numbers and for relations and operations. Tn his equations
he used the symbel ¢ to denole the unknown and additional unknowns were derived from it
TrOPFKE (1980) explains that this change from representing the unknown by words to sym-
bols really persevered only once the symbols were also used in the calculations, He gives two
arguments to indicate thal Diophantus appears to have been the first mathematician to do so.
Firstly, Diaphantus performed arithmetic operations on powers of the unknowns, carrying out
additions and subtractions of like terms self-evidently without explicitly stating any rules. And
secondly, he explained the method and purposc of adding and subtracting like terms on both
sides of an equation. (TROPFKE 1980, p. 378).

After Diophantus there were other practitioners of syncopated algebra. In India (7% cenlury
AD) words for the unknown and its powers -which were extended in a systematic way- were
abbreviated to the first or the first two letters of the word. Additional unknowns were named
after different colors. In Arabic algebra (9% century AD) powers of the unknown were also
built up consecutively, using the terms for the second and (hird power of the unknown as base.
In abbreviated form, the first letter of these words was written above the coefficient. In Wes-
term Europe (13 century) there were minor differences in the fechnical terms between Ttaly
and Germiany, and only in the second half of ihe 14 century the words “res” and “cosa” were
shortened to r and s respectively. In the 1niddle of the 16th century Stifel introduced conse-
cutive letters for unknowns and stated arithimetical rules using these letters. From there Buteo,
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Bombelli, Stevin, Recorde (see figure 1} and many others developed a system to symbelize
powers of unknowns and formulate equations. (TROPFKE 1980, pp. 377-378). Recorde intro-
duced the equals-sign in print, saying: “And to avoid the tedious repetition of these words: is
equad to: I will set as | do often in work use, a paiv of parallels, or Gemowe lines of one length,
thus: =, because no 2 things, can be more equal.” * {(EAGLE 1995, p- 82}

) Ani ta g+
uofoe the tebroule vepettion of thefe longbes 15 :;

fqualle te : 9 Wil etk ag 3 Roe ofgziin Wan;be e ,a
patce ut‘pual.lcl:_s.n; Wemaloe lines of one iengthe,
thus: sBitanle nee. 2, theigea, ran beimenre
equalle. SAnbmobn marks thefe nombors,

Q Hetokeneth nomber absolate
L 1428 v [ f =71, 8,
nd 9 7€ Sigmifigth the rocte of any nomher
L 1020 ——18.§-==.10 1.4,
v 3/ Representetk a square nomber

b —t—torpam—gz—— oxp-——iiid.
. Ge Expresseth a Cubike nomber, kg,

fo1nze—t— PER ] G —h— rn@‘l?—['j:e,

f- 1852 '+_:4"?'__=="'3'5’":_:':i‘

b 34— —t2p-rqom—dagng— o3

Figure 1. Algebraic notations in Western Ewape
Date: Recorde (1557), The Whetsione of Wire
Source: EAGLE (1995), Exploring Marhematics through History

In the rhetorical and syncopated periods we see a certain degree of standardization. Routine
selving procedures were based on the specific numerical properties of standard problems. Dio-
phantus, Arabic mathematicians and the mathematicians in Westlern Europe contributed a vari-
ety of general methods of solving indeterminate, quadratic and cubic equations. But with the
lack of a suitable language to represent the given numbers in the problem, it was still a diffi-
cult task to wrire the procedures down legibly. In a fow isolated cases meometrical identities
were expressed algebraically (with variables instead of numbers) but nonetheless written in full
sentences. Syncopated notation did not (yet} enable mathematicians to take algebra to a higher
level: the level of generality. Tt is important that students eXperience this limitation themselves
i order to appreciate the value and power of modern mathematical notation.

The development of algebraic notalion in the 16" century was a process still instigated by
problem solving (see also RADFORD 1995). In 1591 Viéte introduced a system for denoling
the unknown as well as given numbers by capital letters, resulting in a new number concept:
“algebraic number concept” (HARPER 1987). The signs and symbols became separated from
that what they represent (a context-bound number) and symbolic algebra became a mathema-
tical ohject in its own fght. For a Vietan solution 1o a typical Diophantine problem, see figure
2 belaw. A few decades later Descartes proposed the use of small letters as we do nowadays:
letters early in the alphabet for given numbers, and lctters at the end of the alphabet for un-
knowns. With the creation of this new language system, carlier notions of the “unknown” had
1o be adjusted. The first objective had always been to uncover the value of the unknown, but in
the new symbolic algebra the unknown served a higher purpose. namely to express gencrality,

1Gemowe lines mean twin lines. as in Gemini {EAGLE 1995).
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Algebra as generalized arithmetic was a fact, and in ils new role algebra detached ilsell from
arithmetic.
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Figuse 2: Symbolic algebiy
Date. left: Viéte (1593}, Zetaticarunt Liri Guingue: date, right: Witmer ( 1983

Source, left: Latin text from E van Schooten's editign, F. 42 (Leiden, 1646, reprint in Holman, 1970); source,
tight: English translation in Wirmer (1983, p. £3-34,

The historical development of equations in particular shows that, no maiter how revolutionary,
symbolic algebra was not a necessity for the existence of equations. That is, if we allow other
forms of notation than the conventional symbolic one. As a matrer of [act, linear equations were
very common in Egypt, and the Babylonians already knew how to solve equations of the first,
second and third degree. In order (o solve with the method of elimination the following system
of equations {given in modem notation):

. 1 s

r+ —Jy i

r+ y = 10
the first equation was multiplied by 4 and the second equation was then subtracted from the
first, which gave 3.r = 18 . Hence r = 6. and [rom the second equation it followed that y=4i,

In a very dilferent part of the world 2 systematic teatment of solving equations developed in
ancient Chinu. Just like the ancient civilizations, the Chinese lacked a notational system of
writing problems down in terms of the unknowns. but the computational facilities of lhe rod
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numeral system enabled them to surpass the rest of the world in equation solving. The it
zhang suanstu or “Nine Chaplers on the Mathematical Art” (206 BC to 220 AD} is the oldest
book known unfil now that contains a method of solving any system of n simultaneous lingar
equations with n unknowns, with worked-out examples for n=2,3.4 and 5. This was done using
the method fang cheng (calenlation by tabulation), writing the coefficients down or organizing
them on the counting board in a tabular form and then performing column operations on it
(much like the Gauss elimination method of a matrix). The general application of the fang
cheng method led quite naturally to negative numbers and some rules on how to deal with them,
which is in great contrast with the late acceptance of negative numbers in other paits of the
world.

Diophantus certainly demonstrated a pursuit of generality of method, but his fiwst concern was
to find a (single) solution for each problem. The Arithmetica (ca. 250 AD) is a collection of
about 150 specific numerical problems that exemplify a vasiety of techniques for problem sol-
ving. Diophantus disiinguished different categories and systemalically worked through all the
possibilities, reducing each problem to a standard form. Negative solutions were not accepted,
and if there was more than ope solution, only the largest was stated. He solved lincar equa-
tions in one unknown by expressing the unknown and the given numbers in terms of thelr sum.
difference und proportion. If a problem contained several unknowns, he expressed all the un-
knowns in lerms of only one of them, thereby dealing with successive instcad of simultaneous
conditions. Diophantus is also known for his treatment of indeterminate equations: equations
of the second degree and higher with an unlimited amount of rational sclutions. Once again the
general method involved reducing the problem to one unknown and finding a single solution,

The Arabs also played an important role in the historical development of equation selving. Al-
though the boundaries of this research project have been set at {systems of) linear cquations,
their achievements on quadratic and cubic equations deserve mentioning. An influential book
on Arabic algebra is al-Khwidenid's Hisalr al-gaby wa-l-mugabala {early L0™ century). 1t con-
tains a clear exposition of the solutions of six standard equations, followed by a collection of
problenss to illustrate how all linear and quadratic equations can be reduced 1o these standard
forms. Al-Khwariznii also gave geometric proofs and mies for operations on expressions, in-
cluding those for signed numbers, even thongh negative solutions were not accepted at that
time. But as far as the difficuity of the problems and the notations are concerned, the book
remainec behind compared to the work of Diophantus; everything was written in words. even
the numbers. The Arabs did not succeed at solving cubic equations algebraically, bul in the 1
century AD Omar Khayyam presented a well-known yet incomplete treatise on solving cubic
equations with geometric means.

Arabic algebra becaine known in the Western world in the 127 century, when al-Khwarizmi's
work was translated by Robert of Chester. Two centuries later, mathematical textbooks on
arithmetic and algebra were very comumon in certain parts of Europe, and equation solving (even
of the third and fourth degree) had become 2 regular subject in the Halian abbacus schools. In
1545 Cardano presented the solution of the general cubic equalions by means of radicals. Afier
the invention of symbotlic algebra. equation solving developed very rapidly and scon found new
applications in other areas of mathematics.
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1.5 History in mathematics education

We would not plead for the use of history of mathematics in mathematics education if we did
not believe thal history has something cxtra to offer. Tt can benefit students, teachers, curricu-
lum developers and researchers in different ways. Students can see the subject in a new light,
they will have a notion of processes and progress, they will leamn about social and culmral in-
fluences, to name just a few advantages (FAUVEL 1991). Teachers may find that information
on the development of a mathematical topic mukes it easier to tell, explain or give an example
to students. Tt also helps to sustain the teacher’s interest in malhematics. And history of mathe-
matics can give the educational developer or researcher more insight into the subject matter and
perhaps even the learning process.

Angther argument for vsing history in education is the so-called Biogenetic Law popular at
the beginning of this century, The Biogenetic Law states that mathematical learning in the
individual (philogenesis) follows the same course as the historical development of mathema-
tics itsclf (ontogenesis). However, it has become more and more clear since then that such a
strong staternent cannot be sustained. A short study of mathematical history is sufficient (o
conclude that its development is not as consistent as this law would require. Freudenthal also
warns against unthinkingly accepting the Biogenetic Law in the following passage on *guided
reinvention':

Urginyg thal ideas are taught genetically does nar mean (hat they should be presented in die order in
which they arose, not even with all the deadlocks closed and all the detonrs cut cut. What (the blind
invented and discavered, the sighted afterwards can tell how it should have been discovered if (here
had been leachers who had known what we know now [ ... | ILis not the historical footprints of
the inventor we should follow batt an improved and betler guided course of history, (FREUDENTHAL
1973, pp. 101, 103),

In other words, we can still find history belpful in designing a hypothetical leaming trajectory
and use parts of it as a guideline. HarPer (1987}, for example, argues that algebra students
pass through consecurive stages of equation solving, using more sophisticated strategies as they
become older, in a progression similar 1o the historical evolvement of equation solving. He
pleads for more awareness of these levels of algebraic formalism in algebra teaching.

There are different ways of implementing history in educational desigu. First of all, hislory can
be used as a designer guide. Milestones in the development ol mathematics are indications of
conceptual obstacles, We can learn from the ways in which these obstacles were conquered,
sometimes by attempting 1o wavel the same course but at other times by deliberately using a
different approach. *Reinvention’ does not mean following the path blindly. On the contrary. it
means that developers need to be selective and should attempt to set out a learning trajectory in
which lewning obstacles and smooth progress are in balance. History can set an example but
also a non-example. And secondly, we can choose between a direct and an indirect approach,
bringing history into the open or not. Learning malerial can be greatly enriched by integrating
historical solution methods and pictures and fragments taken from original sources, but in some
situations it may be more appropriate that only the teacher knows the historical background.

Having decided to use history of mathematics as 2 source of inspiration for both the researcher
and the students, it has become an important issue to find out in this project what the effect is.
We aim to determine:
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¢ how the historical development of algebra compares with the individual leaming process
of the student following the proposed learning program;

» whether or not historical problems and texts indeed help students (o learn algebraic prob-
lem selving skills.

1.6 ‘Reinvention of algebra’

In order to facilitate the ‘reinvention of algebra’ in the classroom, we need to find out where the
historical development of algebra indicates uceesses from arithmetic into algebra. Historically,
word problems [orm an obvious link between arithmetic and algebra, Although algebra has
made 1t much simpler to solve word problems in general, it is remarkable how well specific
cascs of such mathematical problems were dealt with before the invention of algebra, using
arithmetical procedures. Some types of problems are even more easily solved without algebra!
One impaortant characteristic of algebra, the ability to reason with unknown or vanable quanti-
tigs, can be trained within an arithmetical context. Another possible access is based on netation
usc, for instance by comparing the historical progress in symbolization and schematization with
thai of modem students. Thirdly, we could study old textbooks on early algebra in order to leasn
more about how algebra was understood and applied just after it became accepted,

Despite the clear bond between algebra and arithmetic shown by the historical developiment
of algebra, one look at a schoolbook is enough (o realize that they still seem Lo be separate
waorlds, Decades ago it was already clear that inconsistencies between arithmetic and algebra
can cause great difficulties in early algebra leaming. The difficulty of algebuaic language is
often underestimated and certainly not self-explanatory: “lts syntax consists of a large number
of rules based on principles which, partially, contradict those of everyday language and of the
language of arithmetic. and which are even mutually contcadictory.” (FREUDENTHAL 19632,
p. 35). He then says:

The most suiking divergence of algebra from addimetic in linguistic habits is 2 semantical one with
far-reaching synlactic implications. In arithmetic 3 + 4 means a problem. It has to be interpreted
as 4 command: add 4 to 3, In algebra 3 + 4 means a number, viz. 7. This is a switch which
proves essential as letters occur in the formulae,  + b cannot casily be intetpreted as a problem.

(FREUDENTHAL 1962, p, 35}

The two interpretations (arithmetical and algebraic} of the sum 3+4 in the citation above corre-
spond with the terms procedural snd structural used by Kieran.

We also need to consider how notation and concept formation are related. SFARD (1991]) conjec-
tures that symbolic algebra is equivalent to a structural conception of algebra and consequently
more advanced in termis of concept development than rhetoric algebra. which comesponds with
ian operational approach. However, this view is not commonly shared. Radford argues that the
categorization rhetoric —syncopated— symbolic is the result of our modern conception of how
algebra developed, und that il is often mistaken for a gradation of mathematical abstraction
(RApFORD 1997). When the development of algebra is seen from a socio-cultural perspective
instead. syncopated algebra was not an intermediate stage of maturation but it was merely a
technical matter. As Radford explains, the limitations of writing and lack of book printing quite
natsrally led to abbreviations and contractions of words. Perhaps miodem day students do naw-
rally shorten their notations ({rom a context-bound to a general mathematical language). but it

344

has yet to be decided whether this process implies a better understanding of letter use.
1.7 Cognitive gap

In recent years, much research has been done on difficultics that students have in translating
word problems into algebraic equations, and it has produced an abundance of new conjectures,
Tn the transition from arithmetic to algebra there is a discrepancy known as the cognitive gap
(HERSCOVICS & LINCHEVSKI 1994) or the didactic ewt (FILLOY & ROJANO 1989). There
are differences regarding the interpretation of letters, symbols, expressions and the concept of
equality. For instance, in arithmetic. letters are usually abbreviations or units, whereas algebrate
letters are stand-ins for variable or unknown numbers. FILLOY & ROIANO (1989) as well as
LINCHEVSKL & HERSCOVICS (1996) point out a rupture in the learming process of equation
solving. Operating on an upknown requires another notion of equality, In the transfer from a
word problem (arithmetic) to an equation {algebraic), the meaning of the cqual sign changes
from announcing a result to stating equivalence. And when the unknown appears on both sides
of the equality sign instead of one side, the equation can no longer be solved arithmetically
(by inverting the vperations onc by onc). Matz (1979) and Davis (1975), for example, have
done research on students’ interpretation of the expression = + 3. Studenis see this as a process
{adding 3) rather than a final result that stands by itself. They have called this difficuity the
“process-product dilemma’™, SFARD (1996} has compared discontinuities in student conceptions
of algebra with the historical development of algebra. She writes thal syncopated algebra is
linked to an operational conception of algebra, whereas symbolic algebra corresponds with a
structural conception of algebra.

Da ROCHA FALCAO {1996} suggests that the disruption between arithinetic and algebra is
contained in the approach 1o problem-solving. Aithmetical problems can be solved directly,
possibly with intermediaie answers if necessary. Algebraic problems, on the other hand, need to
he transtated and written in formal representations first. after which they can be solved. MASON
{1996, p. 23) formulates the problem as follows: ‘Arithmetic proceeds directly from the known
to the unknown using known computalions; algcbra proceeds indirectly from the unknown, via
the known, to equations and inequalities which can then be solved using established techniques’.

Sumnmarizing the theorctical background of the research project described above, we aim to
determing how a buttom-up-approach (starting from informal methods that students already
use) towards algebra can minimize the discrepancy between arithmetic and algebra. We will
invesligate which early algebra activities can help students to proceed more naturally from the
arithmetic they are familiar with to new algebraic territories, and how procedural and structural
properties in both algebra and arithmetic can become more connected. In our attempt to inves-
tigate possible accesses [rom arithmetic into algebra trom a historical perspective, we will look
inte the past for contexis {topics), types of mathematical problerns, mathematical ways of thin-
king, solving procedures, notations, and suitable sources. The historical development of algebra
indicates certain courses of evolution that the individual Tcamer can reinvent. ldeally, the sta-
dent will acquire a new altilude towards problem solving by developing certain (pre-Jalgebraic
tools: a good understanding of the basic operations and their inverses, an open mind to what
letters and symbols mean in different sifuations, and the ability to reason about (compare and
zrelate} (um)known quantities. The study will be based on data collected through lesson obser-
vations, two written assessment tests made by the students at the end of each booklet, student
workbooks and student and teacher questionnaires.
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The principal aim of the research project is to find answers (o questions like:

» are there moments in the lcarning process when students overcome a part of the discre-
pancy between arithmetic and algebra, and why?

. . . N
what is the effect of integrating the history of algebra in the lemmning strand the students?

which type of shortened notations do children use naturally, and how does it compare
with the historicat development of algebraic notations?

15 there an acceptable compromise between intuitive, inconsistent symbolizations and
formal algebraic notations?

how can students actively rake part in the process of fine ining notations and establishing
(pre-) algebraic conventions?

to what extent and in what way can students become aware of different meanings of letters
and symbols?

i i X ; ASSIOOM
The next part of the article gives an cutline of the leaming strand and reports on a few classn
results [rom the most recent try-out.

2 Learning strand and classroom results
2.1 Propused learning program: an outline

The historical development of algebra has inspired us to ba{,c thc. core !caming mutci1a}1l£nﬂw'(;1:c-l
or story-problems. The early rhetorical phase of algebra finds itself m—bet\x{een auF etic o
a]g.ebrq s0 to speak: an algebraic way of thinking about unknowns cn:)mbl_nec:i wnl; a\nV 1?3 -
o ' i ’ . . . R e I
i i ) -ations. Babylonian, Egyptian, Chinese and early
metic conception of numbers and opera onian : . and sarly Westein
inar N i roblem solving sitvated in every day life, ather
algebra was primarily concerned with pro g i mbema.
ical ri i \ ‘e on 100, Fair exchange, money, ma
tical riddles and recreational problems were comm ‘ . hematical
i i 27 e 1i ts for developing handy solution me :
nddles and recreational puzzles are rich contex _ : plution methads #nd
ion systems, ¢ are ilso appealing and meaningful [or students. The P
notation systems, and they are ilso appe: ! ‘ . Ludenis, The nawrel prefe.
i i ; roblems arithmetically will form the basis ;
rerce and aptitude for solving word prob it ‘ : or he st Lot
i " own informal swrategies will be adequately .
of the learning strand, whereby students” own in _ : T
i 1 ) al, suitable sefting to develop {pre-) alg
barter context in particular appears to be a natural, . 2 op tpre) algcbraic
i standing of the basic operations and their sEs,
otations and tools such as a good unders ng o ic op ir
Epen mind to what letters and symbols mean in different situations, and [t'lﬁ ib]l‘ﬂyt'm tt'egsgr:
it] ransfer to a more algebraic approach will be instigated by
about (un)known quandties. The trans . x beteriont Cr e,
i ai¢ notation, especially the change from rhe ;
the guided development of algebraic no ally wge Tom hetorical 1o syneo-
i : lgebraic way of thinking. Tt will be inger 4 ‘ _
pated notation, as well as a more alg ‘ | freresing (0 detenmine
intnitiv X d by the learner show similaii
whether the evolvement of intitive notations use A : ( e e
i i ion. Several original fexts will be integrated to :
torical development of algebraic notation. Severa ; O et
i 1 i d the value of our modern symbaols, an
the inconvenience of syncopated notations an . . ;
hustorical sources will be used to let studenis compare ancient solving methods like the Rule of
False Position with modem techniques.

Qutline of the mathematical content:

* restriction problems: problems with twe variables and one or two conditions
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* teverse calculations: practicing with inverse operations and arrow diagrams

* comparing quantilics: reasoning with given barter relations

* progressive formalization of symbol use: discussing conflicts of notarions and the chan-
ging role of symhois {eg. letters, equal sign)

informal algebra: Rule of Three, reasoning about unknowns, Rule of False Position

» linear equations in one unknown and Wo unknowns,

The learning strand currently consists of two consecutive booklets at primary school level
(Change and Barter prede, totaling 25 lessons), and two consecutive booklets at secondary
school leve} (Faney Fair and Time travelers, totaling 13 lessons). The learning strand can be
split up into two parts, but ideally it is (reated as one complete lesson serias.

2.2 Classroom impressions

In the spring of 1999, the buoklets Charge and Barrer trade were tested in tw
classes, grade 6, consisting of 18 and 23 students. The 25 pre-aigebra lessons were given by the
regular teacher, based on explanatory notes in the teacher guide and occasional talks with the
researcher. Approximately one-third of the lessons was observed and recorded; some lessons
were videotaped. In early summer 1999, the third booklet Fancy Fair was tried out in two
first vear clagses of secondary school; one of these clagscs also tested the last booklet. The
regular teacher gave ali the lessons according to guidelines in the teacher guide. However, since
the booklet Fime fravelers had never been tested before, the teacher was guided more closely
during the last lesson series. The next few paragraphs are meant 1o give an idea of what kind

of solarions and discussions occwrred; there has not been time ¥et to analyze the data with
reference to the research questions.

0 pritnary school

The first topic in (he primary school part of the program is problems with restrictions. The s3-
dents are given a list with prices of 20 different candy bars (ranging between 5 and 95 cents}), and
are asked to write down what can be bought for precisely 1 guilder (160 cents). Many students
realize that the answer will require a lot of paper and decide to nse abbreviations, lmmediately
there is an epportunity to talk ghout effective mathematical notation (letters, syllables, operator
symbols, labolar forms). Tn the next question. studeats are asked (o comment on adisagreement
between twe imaginary studencs: 1 found all the possibilities for 1 guilder!” one says; “But
¥ou can never know that for sure!”. the other says. In one of the classes this activity instigated
a lively discussion on the total number of possibilities, along these lines:

Several students working on their own reckon it is possible to know for sire, but it
will take a long rime.

Observer: "How do you know you haven 't missed one our?’

A gl replies that in that case you ave doing it wiong. Another girl veplies that she
would start at the top of the list, take one item and check all the possibilities, and
then take the next irem from the fap of the fist, and so on,

Class discussion. The teacher asks for answers:
ARSWER

Somne students give a numerical
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Teacher: "How do you know there are so mony?’

Student: "Ar some time there will be an end to all the possibilities’.

The class investigates all the possibilities in combinaiion with potato chips; there
are too many to write down.

Teacher: "How many possibilities altogerher, do you think?”

A boy replies: 400, He then explaing: he compared the problein with a conmient the
teacher made a week earlfier, that there are as many as 520 possible simple sums
with the first 20 naturad numbers! And so, he concludes, there must be at least 400
in this case,

Orther students then suggest more than 1000 possibilities, but they would like to hear
the exact number from the author of the booklet!

This example illustrates how an open problem can lead to higher level thinking (reasoning about
solvability } and can invile students o strike up other mathematical knowledge.

Another typical restriction problem in the ficst paragraph is situaled in a woney context. It is
split up into two parts:

L. how sctny quarters and dimes do you get for a coin worth 2.5 guilders

2. if the toted ronber of coing is 13, how many dimes and how many quarters are there,

Figure 3 shows how one student thought up a useful strategy for part 1, In general, students use
a trial-and-error method and do not think of supportive notations like a table to structure their
attempts. It also does not occur to them or disturb them that they might miss out some solutions
this way.

),

Fipure 3. ¢combinations of coins totaling 2.5 guilders

Restriction problems also appear in the third paragraph, for example:
1. riddles om age: Mo is 5 tintes as old as John, but she is alsa 28 years older than him.

2. Diophantine problems on sum and difference: split the manber 130 up into two numbers
such that the difference between those numbers is 65 (Figure 4).
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Figure 4a shows a spontaneous student strategy, where the given number is halved (75 and
75} and then the given difference is evenly allocated to the two numbers (75 + 32.5 and 75 -
32.5). In the other class the number line method as shown in fi guie 4b was introduced by the
teacher as an allemative - more visual - strategy. Diophantine problemns are handled again in the
secondary school program, but this time with the intention o solve (hem using a linear equation
in one unknown: call the smeller monber s, then the bigger one is s + 30, and the sum 25 +
30 = 100. In this way students get a chance to reflect on the effectiveness of an informal and
formal sirategy of problem solving,
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Figure 42: hatving the sum and the Jifference Figure 4b: mimored jumnps on the nuraber line
Towards the end of the first booklet, there is a paragraph on reversing a string of calculations to
find the initial number. ‘Guess my number’ goes as follows: one stdent thinks up a nunber and
tells another student something like ‘do it times 3, then add 5, subtract 2 and divide by 2, and
you gel 4: what was the number?' It is a successful activity: students enjoy it and they can do it
at their own level and pace. Moreover, the teacher can make up many variations to practice even
fractions and percentages in a playful way that takes Fittle time. The last paragraph is a historical
application of reverse calenlations, organized around an original problem by Chistianus van
Varenbraken (1532} {translated and summarize);

A hermil prays to Saint Paul ‘Double the amount of money in my purse and I will give yon 6
pennies”. and the saint complies. The hermit does the same when he comes to Sain Peter and Sainl
Francis. In the end. when his pravers luve all been heard, the hermit has no gy left. The guestion
is, how much money did the hermil have al the start?

The initial plan was to give students the ariginal text along with some explanatory notes, and
then ask them to solve the problem. This task turned oul o be too complex even for a colleagye
designer, and irrelevant for the leaming process besides. Looking for a way to visualize the
problem and make it dynamic, we found the solution: instead of solving the problent vn paper,
the situation should be acted out in a short play. The teacher appoints 4 students to play the
roles of the hermit and the three saints, and the other students in the class have to solve the
problem. The play can be repeated indefinitely with different outcomes, enabling all students to
catch on. The students then see the author’s own solution in the booldet, where he merely gives
the answer and checks that it is correct. Two higher order questions in this paragraph are:

SSource: Koo (1988},
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. suppose you have ta solve a ximilar problem, whereby the fennit has 38 pennies in the
entd instead of none; does the author's sofution help you solve ir?

2. what is the minimion mumber of pennies that the hevmit needs to have at the stat In order
to ke a profit?

One clear outcome of the questionnaire is that students really enjoy acting. By literally doing
the problem, it comes alive. Consideding the problem’s original purpose, ‘a matter of delight
as the Van Varenbraken says, this activity is a good example of an appropriate reproduction of
history.

The content of Fancy Fair, the first secondary school booklet, is concerned primarily with
solving systems of two equations in two unknowns. The fancy fair atiractions are represented
by iconic markers: sowe of these have a fixed price and others are not yet priced. In order to
concur with the primary school program, (he booklel begins with expressions (equations) for
trading markers fairly and suilable notations to represent these trade expressions. Io the third
paragraph students perform reverse calculations to determine the price of the makers. The
programm then moves on to pairs of combinations of makers [or 4 given price: an wonic systemn
of equations (see igure 5a and 5b). The problems can all be solved informally, by comparing the
numbers of mackers and reasoning aboul themn. The problem in figure 5a requires determining
the diffcrence between the two combinations of markers and the prices (*subtracting’), and
comparing again.

c WP - G
@D -

a.  Filiim {IHD - EE

b, How much does @:IID cost and how much does

= 9.35

= 670

Figure 5a: solving an iconic system of equations by determining (e difference

The problem in figoure 5b is based on interchanging repeatedly one striped marker for a cheek-
ered one - raising the price by 50 cents in doing 50 - until only onc type of marker remains.

e 12 . 8. 475
2@ + 3@: 5.25

a. Which is mare expensive, @ or @ ? Explain why,

b. How much is the dif ference?

5 How much does @ cost and how much does @ costT?

Figure Sh: solving an conic system of equations by repeatedly interchanging one marker for another

In the final booklet histerical problems are ernbedded in a story about two 13-year-old children
who visit ditferent countries in different eras and discover mathematics from the pasi. For
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example. thete is a paragraph on the Rule of Three, another onthe R iti

: & : ‘ , e Rule of False position and
tl?e [at?t parag_raph deals with Diophantine probiems. The Rule of False position is igitiatcd by a
well-known fish problem by Calandri (1491): The head aof a fisk weighs 143 of the whate fish, his

tail weighs 14 and its body weighs 300 grams. How much does the whale fisl weigh? Students

are asked to estimate the weight first and then solve it using a rectangular bar (see Fi gure 6}

after which they study the solution method of Calandri {see Figure 7).
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Figure 6: a rectangular bar to represent the

tish. and the caleuladon of the weight

Assume the fish weighs 120 grams.
Then the head weighs 40 grams,

the tail weighs 30 grams

and the bedy 50 grams.

7 How could the rest of the salution go?

Figare 7: part of Calandri’s solution®

The paragraph also includes some reflective questions:

“Problem and pictures originate from OFR, R, & ARCAVI, 4. (1992,
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L. wiy does Catandri choose 120 1o start with?
2. what name would you give to this Rule of False Position?

3. what do you think of this method?

It is really remmkable that not one student remmks that 120 is a ridiculous number to begin
with. considering that the boedy of the fish already weighs 300 grams! The second Iquestmn
Iriggered very little response in the classroom but perhaps the student notebooks will reveal
more.

2.3 Final remarks

In the next few months the research data will be searched for unequivocal, concrete iqdications
that will help to answer the rescarch questions. Nevertheless, at this time we would like to put
forward a few conjectures regarding student attitude based on the observation of lessons, At
primary school level, students are not trained to make notes or draft work as an aid to problem
solving; they want to and try to solve even complex reasoning problems mentally, Tn secondary
school they lewn that they should distill the information, but they often don’l.’ Swdents have
trouble formulating their solution strategy; they are sometimes unwilling to write down an e{(—
planation to their answer, believing that the solurion itself is more important hovff they got it.
Especially at primary school we see a very passive attitude towards p1:0b]em solving; students
tend to wait for the teacher to give them a clue rather than investigating for themselves. The
aclivities in the leaming program seem to challenge the boys more than the girls. The effect of
historical elements in the classroom at primary school level is disappointing; students are not as
interested in the mathematical heritage as we expected and ancient solution strotegies have not
really stimulated students to attain a more critical atlitude.

To finish off, here is just a note of precaution to the reader. The classtoom results presem_ed in
this article serve to illustrate the kind of activities the proposed learming program can activite;
they are by no means u representative selection of what the moderate student can a(:fsompl}sh.
Similarly it must be clearly understood that the conjectures on student attitude are still subject
to change if the final data analysis proves differently.
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“Si les mathématiques m*étajent contécs..”

VICENTINI Caterina
Mathesis Gorizia (Ttalie)

Ahstract

J aborde ict la question snivante ; peut-on rendre les seuils épistémologiques plus ac-

cesgibles A In plupart des élives ? Trés souvent ceux-ci demeurent “psendostructurels” {au
sens de Sfard), ¢'est-a-dire qu'ils tendent 3 sons-svaluer les aspects sémantiques pour rester
au mveau syntaxique. Ils peroivent les mathématiques essentiellement comme un enseni-
ble de symhaotles plus ou moins vides, qu'il faur savoir manier pour réussir 4 I'école et dans
1a vie. Mon travail, s agissant d'éidves de 144 19 ans, vise & montrer qu'il est intéressant
de proposer par moments, pour véhiculer certaines notions mathématiques de base, des
langages moins structurds et symboligues gue ceux utilisés le plus souvent. La proposition
que je fais dans la suite consiste en une approche des ensembles infinis 4 1'nide d'une picce
de thébtre.
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1 Introduction

Cet article présente une piece de théitre au conlenu mathématique, qui est le résultat d'un
wavail fuil dans la classe de premiére section B de I'lstituto darte “Max Fabiani” de Gouizia
pendant }'année scolaire 1998-99,

Le but est iancer [a proposition qu’on puisse utiliser de temps en temps le langage théitral
pour €laborer des projets d'easeignement permettant aux €léves de s approprier plus aiscment
les agpects sémantigues des notions mathématigques Sudiées. En ettet larecherche en didacligue
et la pratique de Penseignement montrent gue souvent les étudiants se conientent de rester au
nivean syntaxigue, ¢'est-d-dire estiment avoir conpris dés qu'ils sont capables de manier des
symboles suffisnmunent bien que pour réussir. [ls restent, pour le dire avec le mol uiilisé par
Arzarello, Bazzini, Chiappini, en citant les travaux de Sfard [1], “pseudostructurels™.

En regardant les éléves plus laibles ¢n maths. on peut observer qu'un des obstacles gui rend
difficile 1'acquisition du sens est le langage formalisé a travers lequel les mathématiques sont
traditionellement véhiculées. Ce qu'en propose d’habitude pour améliorer la situation est un
cnscignement moyennant le “problem solving” qui permet aux €léves de reconstruire le savoir
[3]. Je trouve que cette méthode n'est pas toujours aisément praticabie. [I y a des paties des
mathématiques qui se prélent moins bien d étre traitdes de celte fagon. étant donné le fort degré
d’abstraction qui les caractérise et 'applicabilité non immédiate. Un de ces sujel me parail
ia notion d’ensemble infini. T"ai voulu essayer de rendre ce concept “plein de sens” [4] en
I"approchant par une métaphore moyennani le langage théatral.

il v a un autre commentaire important. La réforme des maths modernes avait élevé les
ensembles an réle de langage privilegié et universel dans I'enseignement des mathématigues.
11 me semble que la réaction & cette réforme a justement porté la didactique a s’occuper des
sujets qui avaient été sous-estimés. Aujourd’hui. par contre, lorsgu’on nomme les ensembles
on s¢ trouve parfois face 4 un auditoire froid. Je tiens 4 souligner qu’'a mon avis il n’y apas de
“bonnes™ et des “manvaises” branches des mathématiques, mais senlement des méthodes plus
ou moins efficaces de les utiliser dans la transmission du savoir.

2 Pourquoi le théitre?

L'idée d écrire ce texte thédiral m'est venue pendant les vacances de Nogl 1997, Tétais 3
Rome chez mon ami Giuliano Spirite. T venait de m’ offcir une cepie de son dernier bouquin :
“La gramnatica dei numeri” [2]. dans lequel j"at ouvé 1a mélaphore de 1"hétel infini par David
Hilbert. L’image m'a tout de suvite fascinde, el j"ai decidé d'en faire une piéce pour des €léves
de premiére ou seconde du cycle supérieur italien (¢tudiants de 14 4 16 ans). Au début done
I'idée est née de facon quasi artistique, sous effet d'une suggestion, Cela n’empéche qu'en
¥ revenant par aprés j'ai trouve qu'elle a des justifications et des retombées pédagogiques et
didactiques.

Un peu partont dans le monde, les mathématiques sont percues comme vne discipline cigide,
qui n’offre pas de possibilités d'y metre quelque chose de personnel, gu’on comprend seule-
ment si on esl naturellement doué, si on a pour ainsi dire “la bosse des maths” [4]. En lalie la
situation est peut-élre encore plus grave pour des raisons @ mon avis assez cvidentes [6). L'éeole
appelée supérieure, dans laquelle les €léves omt de 14 4 19 ans. est en gros eneore réglée par une
rélorme née en 1923, qui porte le nom de “Riforma Gentile” en 1'honneur de son promoicur,
Ie philosophe Giovanni Gentile, Ministre de 1'Education pendant le premier gouvernement
Mussolini. Dans cetle réforme la philosophie et le latin sont les matiéres considérées indis-
pensables & la formation de la classe dirigeante, tandis que les disciplines scientifiques sont
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négligées. Les mathématiques sont présentées essentiellement comme un oulil au service des
sciences expérimentales et par conséquent trouvent place surtout dans les écoles techniques
et beaucoup moins dans les iyedes, les seules écoles qui & 1'époque pertnettaicnt 'entrée &
Tuniversité. Ces dernigres anndes, le nouveau Ministre de 1"Education. Luigi Berlinguer, a en-
1ame une réforme de 'éeole supérieure. Sans entrer dans les défails des nouvelles propositions,
ni dans la méthode de (ravail adoptée qui personnellement ne me parait pas tout A fait adéquate
a celle lache difficile, il faut reconnaitre qu'il ¥ a une plus grande attention 4 la formation scien-
tifique. Mon impression est que, cette fois-ci, dans le but de rendre P'dcole plus proche de
la réalité, on pousse surtout a I'informatisation et aux mathématiques appligues, en risquant
d’oublier d'autres aspects de la discipline,

Dans ce conteste, proposer aux éléves une pizce de thédtre de contenu mathématique assez
abstrait me parait une fagon d’insinuer que les mathématiques soit aussi autre chose. Cela non
seulement auprés des €léves, mais, si on parvient A presenter la piéce en public, aussi auprés
des collégues d'autres disciplines et auprés des parents. On agirait atnsi en méme temps sur
plusieurs fronts différents :

- présenter une idée mathématique dénuée de sa veste technique,
- permettre aux étudiants de s’amuscr en faisant des mathématiques,

- travailler de fagon multidisciplinaire et par objectifs en invesliguant des aspects de la
notion envisagée ligs 4 d"autres parties du savoir comme les arts igoratifs, 1'architeciure,
la musique, la peinture pendant e travail de mise au point de la mise en scéne,

- faire de la divalgation mathématique.

3 1.a piéce

HOTEL ALEPH
Pidce enun acte

Personnages
L& professeur de mathématique
Susy
Des camarades de classe de Susy
Francoise {copine de Susy dans le 1éve)
Louis, gargon de chambre (voix av téléphone}
Le garcon de café
Le réceptionniste
Premier client
Equipe de 13 joueurs
L'entraineur de |"équipe
Groupe “infini” de clients
e porte-parole du groupe

INDICATIONS SCENIQUES
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La scéne se présente divisée en deux.

A gauche unc classe.

A dvoite une entrée d'un hotel avee un café annexé.

Au débudt, la partie G gauche ext éclaivée, tandis qu'a draite il foit sombre,

SCENE DE GAUCHE

Les éléves arvivent en discutant entre eux ef ils s assevent.
Le professeur entre lui-aussi.

Le professeur

Borjour a tous. Ca va ? Tiés bien, je vois que vous étes tous 12 avjourd’hoi. Tant mieux. Je
vais vous expiiquer une notion qui n'est pas trgs facile. Avez-vous bien compris les fonctions 7
Les fonctions injectives, surjectives, les bijections 7

Un éléve

Cle n’est pas immédiat. Avec mon cahier ouvert devant moi, je parviens  faire cotrectement
les exercices, sinon je confonds ... d’habitude les relations fonctionnelles non injectives el les
fonctions injectives,

Lc professcur

" 'se peut que tu n’aies pas encore dtudié comme il faut. Pour la prochaine fois, tiche de
fatre les exercices sans avoir les définitions devant toi. pour vérifier si finalement elles sont
entrées duns ta téte. Aujourd'hud je continue mon cours en wraitant un concept nouveau, L'infini

dénombrable.

L'enseignant commence son cours magistral trés structuré et formalisé, dos & la classe (qui
s’ennuie) ef ne comprend quast rien. Au demier rang Susy s'endort. Elle commence & réver:
La lumiére diminue petit & petit dans la partie gauche jusqu'a ce que seule Susy soit faiblement
écluirée. Des balley de savon, sortant derviére sa téte appuyée sur le bane, indiquent que ce qud
se passera dovénavant répréseite son réve. En méme temps la partie droite de lo scéne s'éclaire
progressivement. Fendant le véve de Susy, le professeur continue sa legen & voix basse, conmmne
1t bruit de fond. Duranr ce changement de scéne, ef puis conune musigue de fond dany le café
de Uhétel, on entend la "Musique de 7", ¢’ est-a-dire un des arragemenis gu’on peur faire en
“rraduisant en musigue” un nombre assez dlévé de chiffres de . La lampe est un ruban de
Moebius.

SCENE DE DROITE

Susy (au café avec son amie Frangoise)
Alors Frangoisc, ga fait longtemps qu'on ne ¢'est plus vue, qu’est-ce que tu racontes 7
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Frangoise

Je viens de me disputer avec mes parents. La barbe |
de mauvaises notes. Je leur ai dit qu'en hiver mon cervean
printemps et il va falloir inventer un argument différent. Mais

Tout e temps avec cette histoire
st zel€, mais maintenamt ¢"est lo
cansons d'autre chose s'il te plait.

Susy
Ca va, tu as raison. Mes parents aussi sont des casse-pieds. )en ai vraiment ras-le-bol de
leurs histoires stupides. Mais. 2 propos de stupidité ... as-m vu ces imbéeiles 7 [le affichent

deux pancartes contradiceoires : COMPLET et CHAMERES A LOUER.

Fringoise
Ne sois pas si séveére. Ils sont pent-étre tout simplement distraits. Tls enl sans doute oublié
de retirer un avis lorsqu'ils ont accroché I"autre. Allons le dire au Fceplionniste.

Le garcon arvive prendre ia commande.

Le garcon
Mesdames désirent 7

Sugy
Je prends une blanche et toi 7

Frangoise
Moi-aussi. Deux blanches, s7il vous plait.

Le gargon
Trés bien. J'arive tout de suite.
(et il g"en va chercher les bires)

Susy (& Frangoise)
Je vais parler au réceptionniste de cette histoire de pancartes.

Elle ¢ léve et var vers I réception, pas trés loin.

Excusez-moi, monsieur, il me semble que vous avez une pancarte de trop. Vous devriez

vaus en occuper. II est clair que 1'hdtel ne peut pas avoir des chambres 4 louer tout en dtant
complet.

Le réceptionniste
La ma petite, vous vous trompez. C’est justenent pour ¢ela gue cet hdtel est renomme. 11 a
€té bt de fagon telle que, méme étant complet. il a toujours des chambres disponibles.

Susy (perplexe}
Cela semble impossible.




Le réceptionniste
O voit hien que vous ne savez pas qui est I'architecte. 11 s agit de David Hilbert, un des
meilleurs.

Susy
Je ne comprends pas.

Le réceptionnisie
Le secret est d’avoir un nombre infini de chambres.

Susy (Fn apattg)
Caalors!

{Puis au réceptionniste)
Merci pour les explications.

Elfe revient atla table de café on sor amie Uattend en buvant sa biére, qui a été sevvie entretemps
purle garcon.

Frangoise
Assieds-toi, viens boire ta bidre. Qu’est-ce qu'il a dit? Est-1l amoureux de toi ou quoi? Tu
ne revenais plus . ..

Susy

Je crois plutét qu’il se fiche de moi! B dit que 'architecte, David Je-ne-sais-plus-quoi, trés
connu et patati et patata, aurait construit un bitiment avec une infinité de chanmibres et donc les
deux avis ne seraienl pas contradictoires.

Frangoise
Je n'y pige pas grande chose, moi.

Susy
Mei non plus.

Arrive un client qui s'approche de lo réception.

Premier client

Excusez-moi, je viens de lire que vous avez des chambres a louer. En réalité i ai lu avssi que
T"hétel est complet, et n’ayant pas tomt-3-fait compris, je suis venu me renseigner. ['aimerais
bien rester trois nuits.

I.e réceptionniste

En effet, toutes les chambres sonf occupges, mais ue vous inguigtez pas, je peux en libdrer
une pour vous, il suffit que vous attendiez deux heures, Cela vous convient?
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Premier client
Bien siir, merei. Je ne suis pas pressé. Puis-je vous laisser mes bagages. pendant que je me
proméne au centre-ville :

Le réceptionniste
Certes. Vous pouvez Luisser vos bagages dans la salle a coté.

(puis au téléphone)
Allo, Louis?

Nous avons un nouveau client. Comme je lui donne la numéro 1, 57l te plait, veux-tu dire 2
tous les aux autres de se déplacer 4 la chambre suivante.

Merci beaucoup. An revoir.
Le réceprionniste raccroche.

Frangoise
As-tu entendu? Comment a-1-il fait? On ne peut pas libérer la 1 en ne chassant personne!

Susy (en réfléchissant)

... Attends, peut-&ire que je commence 4 comprendre. Ecoute: que se passerait-il si |'hdtel
avait, disons. dix chambres et était complet?

Frangoise
1l se passerait qu'il n'y awrait plus de place pour personne, comme dans tous les hotels
“nonnaux”.

Susy

" On ne pounait pas Libérer la 1, comme ici. Si on disait A tous les clicnts qui logent &
Lauberge de se déplacer 4 la chambre snivante, le chient de la Liraitad la 2. celuide la2 ala 3,
et aingi de swite ... ... » jusqu’a celui de 1a 10 qui ne trouverait plus de place. car il o'y a pas
unc onziéme chambre. Compris?

Frangoise
Oui, mais en quoi est-ce différent ici?

Susy
" Mais, parce qu'ici il 0"y a pas de derniére chambre, puisqu’elles sont en nomhre infini!

Un groupe de treize touristes se présemte & la véception, Un d'entre ewr s adresse au réception-
niste tandis que les aures continvent & chuchorer entre eux,

L'entraineur de Véquipe de volley-ball

" Excusez-nous, monsienr.  Nous regrettons d'arviver comme ¢a sans réservation.  Nous
sommcs une €quipe de volley-ball. Mous jouerons demain. An sécrétariat ils ont oublié de
réserver les places néeessaires. Il nous faudrait treize chambres. Te match de demain est wds
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important pour la gualification ¢t il faut absolument que nous nous reposions tous tranguilie-
ment cette nuit pout bien trouver la concentration. Si vous pouviez nous aicer!

Le réceptionniste

Ne vous inqui€iez pas. Vos chambres seront prétes dans deux hewrcs. Vous savez, 1'hotel
étant complet, ¢'est on peu long de libérer de la place, 31 vous pouvez vous permettre une
promenade, je vous congeille Te Fardin Cantor, juste demiére la Place Zermelo-Fraenkel. I est
vraiment magnifigue.

L'entraineur
Je vous remercie pour le conseil. Une promenade est justement ce qu'il nous faut pout nows
rentettre du voyage.

Francoise {qui a soigneusement scouté)
Et maintenant? Qu’est-ce qu'il va faire? Il a déjh assigné la chambre 1. La situation
s’embrouille.

Susy
Je crois que non. Si tu réfiéchis bien, il suffit que les gens qui occupent les chambres a partir
de 1a deuxidme se déplacent de treize places en avant, non ?

I éme temps on entend le véceprionntisie parler au véléphone.

Le réceptionniste

Lonis, ¢’est de nouveau mol. Tl y a reize nouveaux clients. Sl te plait, déplace les clients
& partir de la deuxieme, de tieize places en avant.
Mlerci, tu es formidable! La gestion de cet hitel n'est pas facile. 1l est clair que le fait d’avoir
toujours des places disponibles permet de gagner davantage. Bon ... je dois te quitter. l.e
client de 1a 1 approche. Est-elle préte?

A tout 4 I'heure. Ciao.

Premier client
Bonjour. Je sais que je swis un peu 4 I'avance. La chambre est-elle déja préte?

Le réceptionniste

Tout d'un coup, on entend un grand bruit, Une multitide de personnes s’ approche,

Susy
Que se passe-t-il maintenant ? Dis-dong, quel bruit!

On voit une personne qui parle au réceptionniste, ef devviére elle un tas de gens briyants.

Le récepticnniste (en s’ adressant au porte-parole de ce groupe énorme)

‘ Attendez, Attendez. Oui j'ai compris. Vous éles trés nombrenx. 11 n'y a pas de quoi
s'inquicter, La particularité de cet hitel, ce qui le rend vraiment unique, est justement le fait

qu’on n’est jamnais obligé de renvover guelge’un. Donc, dites-moi traquillement. combien étes-
VOus au juste?

Le porte-parole du groupe
Nous sommes une infinjts.

Frangoise {qui a écouté atentivement)

Ga alors! Comment peut-il les loger tous? 11 est clair que cette fois-ci astuce de deéplacer
les clients d’un certain nombre de places en avant ne marchera plus.

Le réceptionniste
Trés hien. mais vous deyrez attendre deux heures environ. Cela vous convient ?

Le porte-parole du groupe

Oui, on n'espérait pas mieux. A quatre heures alors. Nous irons manger un bout. Merci
beancoup. A tantét,

Susy
Je suis curiense de voir comment il se débrouillera maintenant,

Francoise
11 suffit d'écouter. Il va sans doute appeler son copain du service des chamibres.

Le réceptionniste (au 1éléphonc)
Allo. Louis 7 Nous avons un groupe vraiment nombreux. Unc infinjté de touristes,

Oui, fais comme on nous a expliqué ae cours de {a formation, Demande aux zens déja logés
87ils veulent bien se déplacer & Ja chambre qui porte le numére double.

Je leur ai dit de passer vers quatre heures de I'aprés-midi,

Cest bien. D'accord. Ciao.

Susy

C’est vrai, enfin . .. logique' De celle fagon-ci toutes les chambres impaires seront libérées
d’un seul coup!

A ce moment le professes; dans In scéne de gauche, vient de tenminer sa lecon. La lumiére
vevient & gauche et s'affuiblit & droite fusqu'a s éteindre tour--fait. Le prof. finalement fuce @
la classe, se rend compte que Susy a dormi tout e temps. 11 va vers elle et la réveille.

Le professeur (A voix suffisamment haute pour céveiller |gléve)

Mademoiselle!
{sur un ton normal}
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Lalegon étuit plaisante, je vois. Alors voild, ¢’est atol de résumer pour tes copains la notion
d’infini dénombrable.

Susy
Hum ... infini?... Justement ... Imaginez que vous avez un hitel avec un nombre infini

«e chambres ei vous verrez que des phénomenes vraiment bizares peuvent apparaitre.

Le professeur ‘ ‘
Qu'est-ce que les hotels viennent faire dang cette histoire? Tu te mogues de moi, pas vrai?

Susy (1"air embéte)
$1 vous voulez bien me laisser continuer, vous verrez que je suis séricuse.

Le professeur {géné)
Ca va, écontons.

{cn aparté)
Je veux voir quelle histoire fantaisiste elle va sortir cette fois!

Susy

_%e venais de dire ... un hétel normal ... il n’est pas complet ou bien i} U'cst. ct alors il
n'v a plus de chambres & loner. Si par contre nous supposons gue nous avens un hitel avee une
infinit¢ de chambies, tout se passe autrernent.

Fagon de parler, bien cntendu! Des hitels comme-ca n'existent pas.

Mais, revenons sur nos pas ... un hdte! infini pourrait &le complet tout en ayant des chamnbres
i louer. Attention: je dis “a lousr”, je ne dis pas “libres”. ce qui ne revient pas an méme
dans ce cas-ci. Ecoutez: si, I'hétel étant complet, il aurivait un nouveau client, il suffirait de
dire & tous ccux qui y sont logés de se déplacer i la chambre suivante, puisqu'il n'y a pas
de demniére chambre. Si. 4 la place d’une seule personne, devait airiver un groupe, alors il
suffirait de déplacer les gens d'avtant de chambres en avant qu'il en faut de libres. Et méme
si on suppose 1'arrivée d'un groupe infini de clients, en perfectionnant I'astuce, c’est-a-dire en
déplagant chacun & lu chambre de numére double, on aurait d'un coup une infinite de chambres
libres, toutes les impaires! Extraordinaire. n'est-ce pas?

Drrinnn! On entend la sonnette gil annonce la vécréation.
e professenr (presque fache)

Bravo! Et tu penses t'en sortir comme ¢a & I"cxamen? Photocopie les notes de les camarades
et étudie attentivernent pour apprendre i t'exprimer avec le langage formalisé qui caractérise la

discipline.

{puis & loute la classe}
Au revoir, 4 lundi prochain.

Des camarades s agprochent de Susy.
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Un copain
Je ne sais pas ce qu’il en pense au juste, if avait une de ces tétes! Mei en tout cas. ton histoire
chapeau! Ca faisait quasi une heure que je tchais de comprendre i'idée de fond cachse
parmi ses fizches ... Bt puis en trois minutes, avec ton hétel, il me semble que finalement j'y
pige quelque chose.

Une copine
Moi awssi j'ai commencé 4 pergevoir un sens. Ce n"est pas de la foutaise, en tous cas. Faudra
y réfféchir & fond.

Un autre copain

~ Certes, I"umanité est bizanc .., Comme st on n’avait pas assez de problémes conercts, les
guerres, la famine, les maladies et cetera, on vas’eccuper de Uinfini . .. Allez, laissons tomber,
et allons boire un café. Aprés la pause nous avons le cours de philo. et I aussi on va se casser
la téte avec des choses folles.

FIiN

4 Conclusions

Entre: Fimage de 'hitel ct un ensemble ayant la propriété qu'il existe une bijection entre
Tensemble méme et unc des ses parties non wiviales, il y a va sawt important, dans lequel se
situe ce qu’on appelle le seuil épistémologique [3].

Dans une théorie mathématique, un concept peut &tre caractérisé directement par des axio-
mes. ¢’est-i-dire se trouver au départ d'un systéme déductif ou bien &ire introduit par une défi-
nition & une place plus ou moins €loignée des axiomes, Dans le premuier cas les axiomes nous
donnent souvent une idée assez claire de ce gu'on peut ou on ne peut pas faire avec 1'objet
introduit. Au cis ofi, par contre, la définition se frouve assez €loignée des ixiomes, tout en étant
obligaloitement caractérisante 1'objet mathématique qu’eile introduit i 'intérieur de Ia théotie
dans laquelle elle se sime. elle 1”"est souvent pas assez éclairante pour notre esprit. Je veux dire
qu’il ne suffit pas de connaitre la définition, saveir ce que ¢ est I'ohjet mathématique introduit.
D’habitude on commence & posséder mentalement L objet aprés ”avair utilisé gn certain nombre
de fois. Quand on enseigne par chantiers de problémes |37, les notions sont introduites de fagon
instrumentale et les définitions viennent aprés.

Iei Ia proposition est de créer une image mentale avant de donner la définition. En ulilisant
une métaphore, on bitil une image sur laguelle la définition pewt s’enraciner dans le bul de
permettre aw concept de s’épanouir. Je crois que si les éleves ont devant enx deux approches tout
a fait différentes de la notion. donl une est figurée et hors du contexte usuel des mathématiques.
il leur sera plus facile de franchil le seuil épistémologique. I me semble que I'importance
d'utiliser le théatre soit double. D un cté, ce travail est motivant car inhabituel et de i’ autre,
Ie fait de devoir mettre cn scéne oblige 4 passer et repasser sur I'image figurée de fugon telie
qu'clle devienne trés familiére et presque naturelle.

Fn réalité je ne peux malheureusement pas étre plus profonde en ce qui conceme cette
denxiéme affimation. Mon idée initiale de propeser un travail multimédia présentant la pidce
Jjouée par les dléves n’a pas pu 8tre réalisée & temps, Mes €léves et moi-méme serions trés
contents d'apprendre que quelqu'un. quelque past aillcurs, U'a fait, peut-&tre avant nous.
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Luciana Bazzini. ISDAFE, Pavia, 1994, | west pas toujours différentinble comme on le démontre par la valenr absolue. L'idée de

Abstract

|. différentinbilité est une idée clef de notre mathématique. Il est surprenant que cette idée
i ne fut développée que dans la deuxiéme moitié du 19 siecle. L'histoire de cette notion
fondamentale est lide 4 cclle d'un théoréme souvent appelé théortme d' AMPERE disant
qu'ume fonction continue est différentiable saaf en des points isolés,

Andrif Maric Ampare (1775-1836)
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1 Le théoréeme dit d’Ampére

En 1806 un jeune mathématicien, nommé André Marie AnmPERE {1775-1836), alors répéti-
teur & I'Ecole polytechnique, publiait un mémoire sous le titre Recherches sur quelques points
de la théorie des fonctions dérivées qui conduisent & une nouvelle démonstration de la série de
Taylos et & P'expression finie des termes qu’on néglige lorsqu’on arréie cette série & un terme
quelcongue. AMPERE ovait €€ étudiant 4 I'Ecole polytechnique et ses travaux sont influencés
par les idées de son maitre, LAGRANGE; en particulier pour AMPERE les séries forment la base
du calcul différentiel.

Apres avoir inrodnit la fonction

. fle+4) = flz}

Flo.i) w 10 2 1)
¢

pour une fonction réetle non-constante f{x) et wne quantité non-nulle arbitraive i, AMPERE

constate

Jo me propose O atword de démontier que la fonction de e et de d
Fle b 81 - fix)
i
.. ne peut devenir ni nulle ni infinie powr towtes les valeurs de . lorsqu'on fait¢ — 0,...; 1
résultera necessarernent de cette démonstrating, gue
Floe 4y — fx)
i
se réduit, quand ¢ = 0, & une fonclion de & ... nous la weprésenterons comme cat ilustre mathé-
maticien ([LAGRANGE] par £{x}, et notre premier bui sery o en démontrer exisience.

{AMPERE 1806, 14830}
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On’est-ce que différenticr une fonction?
Au début du L9 sigcle trois conceplions guidaient les réponses données  cette question ;

» L’école de Leibniz (les fréres Bernoulli. I’Hépital, Euler, Carnot, . . . ) travaillair avec des infi-
niment petits. Le quotient différentiel “;‘f d’wne fonction est le rapport d'un incrément infiniment
petit di de Ta variable indépendante « 1'incrément infini petit dy causé par da (d'oil s'ensuit
que la fonction y(x) doit &re continue). T.a valeur de ce quotient se calcule selon des régles
{comme les axiomes de Bernoulli et I'Hopital : une grandeur qui est augmentée dune grandear
qui est infiniment plus petite qu’elle n'est pas augmentée). Dans cette optique on n’avait pas de
probléme d’existence avec la dérivée parce que le quotient différenticl peut toujours se former.
Le vrai probléme cst de calculer sa valeur.

« La théorie des limites &tait proposée dans le 185 sigcle pur & Alembert qui se considérait
comme le successeur de NEW TGN, elle était reprise par S. LACROIX dans son Traité de calcul
différentiel ef de coleul intégral (1797) et se trouve an moins au niveau des termes {pent-&tre pas
des choses) chez CaucHy et d'auntres. Mais il faut voir que les idées de ces auleurs n'étaicnt
pas les ndtres; ol le passage suivant du Ceurs d'analyse (1821) de CAUCHY :

Quelques tois. tandis qu'une ou plusieurs vartables convergent vers des limites fixes, une expression
qui renlenne ces viriables converge i la fols vers plusicurs limites différentes les nnes des sulres.
(CAUCHY 114, 26)

!

"1 donne les exemples suivants (la variable = tend vers zéra) :

Lim 4% = 1etlimsinx = 0 sont des ¢as oit il ¥ a une seule Yimite, fandis que I"expression lim { [ —l 1)

addmet deux valowrs, sqvaie " pius il er Mieins Dy, e

e (=)

wne nifinité de valetrs conprises entre les limires — — 1 er +1, (CAUCHY 114, 26)

Autrement dit quelques cas de non-existence d'une limite au sens modeme sont remplacés chez
Caucny par I'idée d'unc multitude de limites (ce que revient 4 nos points d’accumulation).

# La théorie de LAGRANGE qui fonde Ic caleu! différentiel et intégral par les séries €tait asse.
populaire au débu du 199 sigcle (AMPERE, Arbogast, Méray [plulard]). Selon LAGRANGE
différentier ¢ 'est chercher la fonction dérivée. On trouve cette fonction a "aide de la s€rie dont
il est le premier coéfficient (d’oil vient le terme “dérivée™). Parce que chague fonction cst 4
développer dans une série sauf 3 des points isolés on n'a ancun probléme d'éxistence avec la
dérivie.

Je vais d'abard démonirer gue. dans fa série résultante du développement de 1a fonction f{z + 1}

il e peut e trouver ancune puissance fractionngire de £, i moins guon ne donne i  des valeurs

particulidgres, (LAGRANGE IX. 22)




Par un malentendu remarquable AMPERE a €i€ considér€ jusqu’i nos jours comme é.teml }e
premier i avoir démontré Uexistence de la dérivée d'une fonction continue en gén‘cral {c csl‘—a—
dire en-dehors de singularités isolées) un énoncé considéré comme évident d’un point de vue in-
tuitif (cf. T.a citation de GILRERT en bas). Si on analyse soigneusement e mémo'fre d’AMPEP.\E
on comprend qu’ AMPERE avait ['intention de démentrer le théoréme des ’accrmsemenFs finis,
qui est -comme on le sait depuis LAGRANGE— un outil important pour demomwr‘ la formule
du reste dans la série de Taylor. Le terme “existence” veut dire que la dérivée existe dans e
sens gue ses valeurs ne sont ni nulles ni infinies (sauf en des points isolé?:):_ on parlg méme au-
jourd'hui de variables évanouissdntesl Cette sorte d’exislence est garantie par Je fait que f {2}
est supposée non-constante ¢'est-i-dire que f{i + ¢) est différent de Flr) pour “presque’” 10ue

¥} par conséguent , ) (
(f{) EEICE DR CO N
k i
etdonc f'{x) # U,# oc pour presque tout &,
Toute une tradition importante de Tenseignement supérieur frangais —celui de I’ Ecole poly-
technique-- était fondée plus tard sur le “théoréme d’ AMPERE”, Je cite comme exemple Jean—
Maric—Constant DUHAMEL (1797-1872} :

Cela posé. il est fwile de démontrer gue, sous ces conditions, pour toute valewr de .z il exisie
une limite finie powr le capport des aceroisements infiniment petits cotrespondints f et ki c'est-d-
dire qu'il ne peut y avoir que des valeurs exceptionelies de x pour lesquelles ce tippot craisse ou
décruisse indéfiniment. {DUHAMEL 18356, 94zq)

La démonstration en est la suivante :

Soit # une fonction continue dans U'intervalle |vo, X et soit yo = flm) et Y = XY On

divise V'intervalle r¢, X] en n parties de méme longueur telle que X — zy = nh. Soit Ky =
Fliog + iy — fizo), Ra, Ka. .. les différences analogues.

Ry A i,
Y- S5 H5+ 45

XN-oxp 1l

¢'est-i-dire que te rapport invariable des accroissements finis de i el de g, quand on passe de &y
. . O o - .

4 X, est la moyenne arithmatique des rapports ”—}l SE o0 Sr guelque sait de nombre entier 2.

Si maintenant oo fait croitee # indéfiniment, les termes de ces rapports tendrand vers 7éro, et leur

=0 §] est impussible qu'ils tendent

maoyenne arithmgtique gtant wujowrs égale i la quantité finie
lous vers 7Ero, ou qu'ils croissent pous indéfniment, (DUHAMEL 1836 Qs

Les conditions posées par DUHAMEL sont la continuité de la fonction f(x) et sa monot?llie
par morceaux, sa démonstration est “quasi-algébrique” au sens ofi elle cache Je vrai prublgme
(les increments dépendent des valews de x, leur nombre tend vers I'infini) par sa notation.
Ce faux théoréme est conservé dans les manuels provenants de I'Ecole polytechnique jusqu’en
1868 (Serret Cours de caleul différentiel et intégral), il se trouve méme dans la nouvelle édition
du livie de DUHAMEL Jéja cilé et qui fut effectude par son neven Joseph Bertrand [ 1822-1900]

en 1874, Dix ans aprés les choses étajent reglées dans notre sens, comme on 1'apprend par

exemple de Jean HOUEL [1823-1886] (le cortespondant de DARBOUX; cf, infral} :
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202. U'existence de la dévivée d'une fonction suppase essentiellement que La fonclion soif continue.
Wiy la condnuité de 1a fonction n'est pas, réciproguement, we condition suffisante de U'existence
dune dérivée, et I'on peut exprimer par les signes de 1" Analyse une infinité de fonctons continues
Wayant pas de dérivée. (HOULL 1878, 143zq)

2 Lasitnation aprés 1850

Un des premiers qui se soient occupés du probléme de la diftérentiabilité —mais seulement
d'une maniére implicite— était Bernard RIEMANN ( [820—1864) en 1854. Dans son Habilita-
ttonsschyift Sur fa représentation d’une fonction arbitraire par des séries rigonométrigues. un
ouvrage d'une importance sécalaire inspiré par Dirichlet, son maiire 4 Berlin et publi€ en 1868
—il construit plusieurs fonctions hizarres. Pour nous la plus intéressante est la suivante : Soit
Afz) »= & ~ e(x). ol e{z) est le nombre entier le plus proche du nombre réel & (si 5 = = + i
avec un entier = on définit A{x} = 0). Par conséquent la fonction f(x) a des solutions de
continuité pour toutes les valeurs = = £ + 4: elle y fait des sauts de hautenr

e

Alors on forme la série

Cette fonction est continue A ’exception des valenrs & — é"; oit p et g sont des entiers sans
diviseurs communs, of elle faft des sauts de hautewr % De plus elle peut s’ intégrer; par con-
séquent sa fonction primitive /() estune fonction continue qui n'est pas différentiahle pour les
valewrs 2 = f—q un fait qui n'est pas exprimé par RIEMANN, 1 est difficile de dire st RIEMANN
a bien compris cet aspect {on a besoin d'un théoréme publié en 1875 par Gaston DARBOUX
{1842-1917) disant qu'une fonction dérivée ne peut pas avoir des sauts d’une hauteur finie).
L'intérét pour tes fonctions bizartes, justifié par RIEMANN d*une manigre explicite dans I'intro-
duction de son mémeire, se trouvait encore une fois chez un de ses disciples ; Herrnann Hankel
{1839-1873). Hankel. qui est mort jeune comme RIKMANN, était quelqu’un qui s’occupait
de préférence des thenes novateurs comme la géométrie projective, les nombres complexes
comme structure abstraite ¢t les fonctions bizarres. En 1870, il publiail 4 Tiibingen un mémoire
concernant le “principe de 1a condensation des singularités™, A I'aide dc son principe il cons-
fruisait beaucoup d'exemples bizzares. J'en cite un :

La fonction f{z) = xsin est continue en x = 0 si on définit f(0) = 0. Mais elle n’est pas
différentiable en ce point: par conséquent f(x) posséde en = 0 une singularité du poiat de
vue différentel. L'idée de Hankel cst de transporter cette singularité en chaque point rationncl.
Four cela il définit la série suivante

1 1
gln) = Z —{=in newi{sin r—— 3
Si s > 2la sétie converge uniformément et sa limite g(z) posséde —selon Hankel- une singula-
rité en chaque point rationnel. Soit 2 == g {p et g étant des entiers sans diviseur cornmun). Alors
an retrouve q Cornmc valeur de la variable de sommation 1, de sorte qu'en a sinap = 0. Par
conséquent g(T) = {0} et y posséde la méme singulatit en 2 comime f en 0.

L'idée de f—%ankel est plausible mais il y a des problémes techniques : en sommant la série, il
se peut que guelques lermes se compensent et que la singularité disparaisse, Ce puint faiblc était
critiqué par GILRERT et d’auires: le principe lni-méme sera amélioré plus tard par Ulisse DINT
(1845-1918) et Georg CANTOR (1845-1918). De plus il ¥ a une limitation évidente pour la
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condensation des singularités : seul les nombres rationnels sont possibles comume singularités.
Autrement dit : on ne peut pas constriire 4 1'aide de ce principe une fonction continue non-
différemiable pour 1ous & réel! Le mémoire de Hankel était un “programme” éerit 4 I'ocrasion
de V'anniversaire du roi de Wiirtiemberg, il fut imprimé en quelques exemplaires. Par con-
séquent il est surprenamt que ce mémoire fut connu & Paris (DARBOUX en faisait un compte-
rendu pour son Buolletin) et A Louvain (GILBERT en faisait une critique détaillés). Cela montie
que ce mémoire était d'un grand intérét parce qu'il traitait une question actueile de 'épogue.

Le premier exemple du lype général ful publié par Kul WEIERSTRADB (1815-1897), le
maitre des apalysistes alletands. Le 18 Juillet 1872, WEIGRSTRAB parlait i 1" Académie de
Berlin dey fonctions contimiees d'une sewle variable véelle, qui n’ont pas un quotient différen-
tiel bicnt déterming pour une valenr guelcongue de la varioble. Peut-8ue la découverte de
WEIERSTRAS étail motivée indirecternent par GILBERT! J. MAWIIN cite une lettre par HLA.
SCNWARZ i WEIERSTRAE du 20 juin 1872 disant que

dans T'un des demnders ouméros des Mouvelles Annales, un certain Gilbert, si je me ne trompe,
affiirne de nouveau Fabsurdité qu'il est tont & fait dvident gqu’une fonction continue posséde une
dérivée; mais, sans doute, ne peut-on en fadee e reproche 3 un mathématicien frangais de pravince,
puisque Bertrand débute son Trait€ par une prétendue démonsteation de cette affivmation. (MAwWHIN
19492, 373)

Le contenu de Vinfervention de WEIERSTRAL n’est connu que par un mémoire de Panl DU
BO1s-REYMOND (1831-1889) paru en 1875, Selon DU BOIS—REYMOND qui ¢ite une lettre
de WEIERSTRADR I'exemple du dernier était le suivant :

flz) = Z b costa®ew)

oit ¢ est un ¢nticr positif impair, b est un nombre téel entre O et 1 et ab > 1+ 2r. La fonction
F{x} est continue parce que la série est majorde par 3 " {critére de WEIERSTRAD} mais elle
n'est différentiable en aucun point. Le point important cst qu'il ¥ a des suites 1 — 0= et
b — 0— tel que les restes r, (&) des gquolients de dilférences croissent sans limite en valeur
absolue mais avec un signe opposé. Autrement dit @ La fonction f{z) posséde en chague point
un “pic’” :

La démonstration donnde par WEIERSTRAR est nn modéle pour le nouveaul stvle en analyse
~en particulier pour la distinction netfe entre les gualités locales et les qualités globales ou
miformes.  Autrement dit on fait attention i I'interdépendance des ¢, des J et des . Dautre
part Iintuition ne compte plus dans Fanalyse “arithimétisée”. Si on atteint par la voie analytique
un résultar qui est en contradiction avec Uintuition on conclut : ¢”est I'inluilion qui trompe! Tant
pis pour 'intuition. Le domaine des caleuls s’cst complétement séparé de celui des intuitions.

Méme en Allemagne la découverte par WEIERSTRAB n'était pas acceptde sans discussion;
comme le prouve par exemple un mémoire d'un mathématcien de Karlsruhe qui s appeilait
Chyristian WIENER. WIENER se proposait de faire voir gue 1'exemple de WEIERSTR A0 n'était
pas dépourvu de dérivée dans tous les points réeis et qu'il n’était pas inaccessible i Uintuition
(WIENER €rait un géometre gui travaillait suitout sur la géométrie descriptive). WEIERSTRAD
a répondu en montrant gue WIENER n'avait pas bien compris la nouvelle idée de “différen-
tablité” (I'exemple de WHIKRSTRAD admet dans certains points des dérivées unilatéres in-
linies). On comprend bien que les nouvelles idées étaient partagées par un pedt cercle de
chercheurs et non pas par toule la communauté mathématique, Méme Leo KONIGSEERGER
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(18371921}, un disciple ues fidéle de WEIRRSTRAB, avail des ditficyltés avec les idées de son
maitre : un fait qui est démontré par Uinclusion du théoréme " AMPERE dans son livie sur les
fonctions elliptiques de 1875. On connait une letire de WEIERSTRAR & DU Bois-ReyMoND
dans laquelle il se plaint de Uignorance de son disciple.

Le fait que WEIERSTRAR avait construit un contre-exemple élait par contre conny & Paris
(mais pas & Louvain). C"est démontré par une lettre éctite par G. DARBOUX 4 son co-gditenr J.
HoOUEL concemant GILBERT :

Quant & Gilhert, le grand Beige, nous avons grand hesoin d'agir avec prudence et il Eaut bicn choisir
fitre moment pour lui assener vit coup terribde et domt le grand Belge ne puisse se relever, I atague
Hankel. C'est bien. .. Quand Hankel aura répondu o ne maniire victorieuse, Jje 0’en doute pas,
nous arviverons & la rescousse of gare 4 Gilbert. Nous aurons la partie dautant plus belle qu’a Berlin,
1y 2 2ussi des géometres pointus et que WEIERSTR A0 a lu un article sur s fonctions {ut n"ont
pas de dérivée. Je répondrad la démonstration de Gilbert que jraifirme fausse, sans 1'aveir vue. . je
¥ous promets que nous I'assomerons, (GISPERT 1983, 86)

1l semble que "int€iét pour les recherches de 1'école aliemande n'Stait pas du towt dévéloppe
en France -DDARBOUX en étant presque la seule exception (d auires exceptions étaicnt I, Tannéry
[1848-1910] et Jean HOUEL). En Belgique a situation était peut-étre un peu différente grice &
LAMARLE et GILHERT, Je vais revenir sur cc point.

DARBOUX Tni-méine a publié en 1873 un Mémoire sur les Jonctions discontinues qui était
lui aussi écrit dans le nouveau style. DARBOUX critique entre aulre la pratique des manuels
frangais qui définissent la continuité par les valeurs intermédiaires. De plus il donne un nouvel
exemple d’une fonction continue sans dérivée qui est plus simple que celui de WRIRRSTRAD.

Il s agit de a fonction
sin{r+ 1)%e)
Fla) = Z {1 Jr)

n!
L

Cet exemple est mentionné déja avant dans deux conférences faites par DARBOUX devant la
Société mathématique de France (18.3.73 et 28.1.74).

En somme on peut constater que le probléme de la différentiabilité des fonctions continues
faisait I'objet d'une certain attention dés le début des années 1870. D'un part nous rencen-
trons les innovateurs comme WEILRSTRAR, DARBOUX et 3 autres ui veulent alier au bout des
nouvelles idées, d'autre part il y avait les conservatifs adhérant i des idées venant de I'époque
d' AMPERE et de CAUCHY. Considérons ces dermiers.

3 Lethéoréme d’Ampére en Belgique

Le premier 4 §’&tre occupé du théoréme d°' AMPERE en Belgique élait Anatole—Henri-Emest
LAaMARLE. En 1855, il publiait vn mémoire intitlé Erude appronfondie sur les deux dquations
Jondamentoles.

i L 1) = 1)
[

LAMARLE €hait un partisan des idées de NEWTON. Pour lui I'analyse a vme base ciné-
matique ¢’est-i-dire que son idée fondamentale est 1a vilesse instantanée. Une fonction est
représentée par une courbe qui est la trajectoire d’un point qui se déplace. A chaque moment du
déplacement le point posséde une vitesse bien déterminée, Du point de vue analytique cela veut
dite que la dérivée doijt exister en chaque point de la courbe —sauf A des points exceptionnels oil
on rencontre un changement brusque du mouvement. En passant je veux noter que les conrbes

= f{e)etdy = f{z) A
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sans tangentes ont i€ utilisées pour la premiére fois cn physique aux environs de 1900 par L.
BOLTZMANN pour décrire o mouvement brownicn,

LAMARLE a traduit ses idées cinématiques dans le langage des limites (dans la tradition
de ' ALEMRERT |un autre partisan de NuwTON], LACROIX et CAUCHY). Il faut dire que les
anatyses données pur LAMARLE sonl assez précises -plus précises que les autres analyses de
son époque. I} écrit ;

1’ objet du chapitre ler est d'établiy I'équation fondamentale
w4+ B — fle
Lizn JI—[ + 2}—; JL] = f'leh
t

La fonction y = f{x) étant supposée continne, i} est visible que si 1"on fait décroiue indéfiniment
I"gccroisement b, le rapport

Fle+h) - fley Ay

h M

s Lrouve 4ssujetti & subir I'une ou Uantre des cing conditions suivantes :
1. Demeucet constant;
2. Converger vers une limite constante on nulle;
3. Croime sang limites;
A. Osciller sans fn enlre plosieurs lmiles distincies;

5. Converger vers une lmite qui dépend de ta valeur amibude i Ja variable i et change avec avec
cetie valeur,

On démonbre aisément qu'abstraction faite du cas partivulier ob la fooction y st linéaire et ol
la condition (1) se réalise d'une mamiére permancaic chacune des wois premidres conditions n'est
jamis possible que pour certaines valewrs de la variable conservant entee elles dss dearts délérmings,
{LAMARLE 1835, 4)

L analyse donnée par LAMARLE est précicuse en particulier parce gu'il waite des dérivées
unilatéres (4 ma connaissance LAMARLE était le prentier mathématicien qui ait publié cetie
idée [congue & 1'époque aussi par BOLZaNO dans son Funcrionendefire]) et méme les grandeurs
assez sophistiquées

L =lim sup{%--{g“} et 1 =l mr{if-iw}

une idée qui sera reprise plus tard par U, DinI dans son fameux manuel de 1878. Méme au-
jourd’hui les dérivées de DINIL il y en a quatre— sont un instrament important pour analyser les
fonctions du point de voe de leur différentiabilité, Les grandeurs £ el { sont des fonctions de
73 les dounent des limites pour les oscillations du quotient des différences si b tend vers zéro.
LaMaRLE croyait que L ot § venrfent contintiment avec v (LAMARLE 1855, 37) d’ o s"ensuit

Concluons en conséquent que, il in'est aucan intervalle dans toule 1"élendue duquel le rapport 3

puisse osciller sans fin entre dew limites distinctes, 4 mesure que A converge vers 260, {LAMARLE
i835, 83)

De plus LAMARLE conclut que la dérivée /() de lafonction f est elie-méme continue. En
effel la derniére conclusion sera vraie si L{x} est continue ce qui est démontré dans la théerie
de D1 La faute de LAMARLE était done de croire que L(x) [ou [{z)) soil continu ce qui n’est
Pas vrai en général.

D’une manigre analogue LAMARLE excluait aussi les autres possibilités de divergence pour
les quotients de différences pour conclure :
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3

Lrob) cessent d'dte

Toute valeur de x, pour laquelle les Limites des vupports £ '_I'ﬂ_f €] oy 4k

€gales, constiluz une des valeurs isolées. .. (LAMARLE 1855, 49)

Tl semble que LAMARLE fut la victime de sa crovance a I'évidence intuitive. Si il n’était
pas tellement convaincu de la différentiablite des fonetions continues LAMARLE disposait d'un
bagage technique nécessaire pour répondre 4 la question de maniére négative. Pent-étre aurait-il
découvert un contre-exemple comme celui dc WEIERSTRAB.

Conclusion : Méme en les mathérnatiques on ne voit que ce que I’ on sait!

Anatole-Henri-Ernest Lamaxle

N& a Calais le 16.9.1806
1825 - 27 Ecole polytechnique
1827 — 28 Ecole des ponts et chaussées
1838 — 68 Professeur 4 l'université de Gand
1847 Associé de I' Académie Royale de Belgique
Mort & Donai le 14.3,1875

| {(Pour I'influence de LAMARLE sur le dévéloppement de 1'analyse en Belgique on peut
‘consulter |’ article de BOCKSTAELE 1966; pour sa biographie de DE TILLY 1879).

Les idées de LaMARLE furent reprises par Ph. GILBERT au début des anndes 1870, GILBERT
avait pris connaissance du travail de HANKEL sur la condensation des singularités el il était stic
que ce travail contenait des fautes. Comme je I'ai d€ja indiqué c”est vrai. La faute de GILBERT
était qu’il concluait que les sultats de HANKEL étaient aussi faux —en particulier ses exemples
de fonctions bizarres comme la fonction continue qui n"est pas différentiable dans un ensemble
dense (chez HANKEL ; ce sont les nombres rarionnels). Par conséquent GILBERT ne critiquait
pas seulement les méthodes de HANKEL mais il voulait démonirer Iimpossibilité de I'exemple
de HANKEL. Pour ¥ arriver il voulait améliorer le travail de LAMARLE,

Le commentaire fait par DARBOUX est intéressant

Gilbert est inoul. Il raisonne carmme un Pean Roeuge. 11 dit, le raisonnement de H. est faux (accords)
etil conclut. la proposition de H. est dong Gusse, (GISPERT 1983, 363

GILBERT lui-méme donnait une motivation intéressanie i son mémoire :

Cest qu'en effet, Uexistence de 1o dérivée dans une fonction continve f{ic} se traduit, géométri-
quement, par Fexistence de 1a tangente cn un point quelconque de Ia cowbe continue qui est la
figucation génmétrique de cette fonclion, et s'il nous ¢st possible de concevolr qu’en certains points
singuliers, néme teés rapprochds. In direction de Ia tangenie s0it parallsle i I'axe des @ ou 4 'axe
des g, ou soit méme tout i fuit indélerminde. nous ne pouvons comprendre qu'il en soit aingi dans
toute I'étendue d'un are de courbe, si petit qu'on le suppose d ailleurs. De 13, la tendance A regarder
I"existence de la dérivde, dans une fonction continue. comme inutile 3 démontrer, (GILBERT 1873,
1y




Autrement dit GILBERT £tait convaincu que 1’ analyse se trouve dans une harmonie préétablie
avec I'intuition : Ce qui n*cst pas possible d'un point de vue infuitf in’est pas possible an niveau
analytique.

GILBERT procéde comme T.AMARLE @ en excluant par un raisonnement par 1'absurde
“toutes” les possibilités de divergence, il croyait démaontrer la convergence des quotients de
dillérences par presque tous les points d'vo intervalle. 11 y a quelques différences mineures en
comparaison de LAMARLE mais cela ne vaut pas la peine de les €tudier icl.

.ouis - Philippe Gilbert

Né & Beauraing le 7.2.1832
Ftude des mathématiques & Louvain sous Pagani
Diplomé & Louvain en juillet 1855

Professeur associd & Louvain en octobre 1853
Membre associé de I Académie Rovale de Belgique en 1867
1872 Premiére édition du "Cours d’ Analyse” !
6.12.1873 Gilbert se retire de 1" Académie |
Mort & Louvain le 4.2.1892 !

GILBERT travaillait sur les fondements de 1’analyse, sur la géométrie différentielle et sur |
I'optigue théorique. 11 s’ vecupadl aussi de la cause catholigue, du procés de Galilée, de la
rotation de la terre (émde mathématique du barogyroscope [un instrument pour mesurce
la rotation de la terre inventé par GILBERT]), de a géographie de 1" Afrique (L'Afrique
inconmite. Récits et avennmes des voyageurs modernes au Soudan orfental |8 éditions
entre 1863 et 1884]). 11 semble que GILBERT ait eu une grande influence sur la commu-
nauté mathématique belge. DARBOUX écrivait 4 son confident HoukL le 30. Mai 1872 :
CAHTALAN et GILBERT sont pour le moment les CHASLES — BERTRAND — SERRET —
LIOUVILLE — BONNET — DELAUNAY — MANNHEIM de la Belgigue. (ZERNER 1991,
308)

Pour savoir plus sur GILBERT on peut consulter les articles de Jean MawHIN 1989 et
1992,

Mais depuis les travaux de LAMARLE kes teinps ont changés, En 1853 une “démonstration”
du théoréme d" AMPERE ne [uisail pas scandale. en 1872 plusiewrs chercheurs se sentaient scan-
dalisés par le méme sujet. WEIERSTRAB qui n’aimait pas la publicité laissait la parcle & un des
ses nombreux disciples : Hermann Amandus SCHWARZ (1843--1921) alors & Ziirich et plus tard
(en 1892) successeur de son maitre & Berkin, Celui publiait en 1873 un exemple o une fonction
continie non-différentinble et il écrivait aussi une lettre & GILBERT dans laguelle il informait le
dernier de sa découverte. La fonction construite par Schwarz n’est pas un exemple de fonction
dépourvue de dérivée pour tous les nombres réels; elle est non-différentiable seulement dans un
sous-ensemble dense des réels. Par conséquent son exemple est i comparer a celni donné par
RIEMANN. La construction en est la suivante :
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Soit 7Z(x) Je plus grand nembre enticr qui est inférieur ou égal an nombre réel . Alors on
définat la fonction

fle)=E(z)+ \/x — E{x)
pour tous les réels positifs «.
L.a courbe définig,par celte fonction est composée des arcs du graphe de la fonction racine
carré.
Evidemument cctic fonction posséde des points anguleux pour tous les entiers positifs : la

dérivée de gauche en est é celle de droite est infini. L'idée principale est mainienant la mérme
que celle de HANKEL : multiplier ces singularités i 'aide d’une série convergente. Soit

Fry=3" / (,i‘)
ne- T

On démontre que cette série converge uniformément. Dot s’ensuit que £ () est une fonction
continue, Mais la dérivée de droite est infinie pour tous les arguments de 1a forme

I
==
oq

avec des entiers positifs p et . Parce que ces x forment un ensemble dense dans les réels
Ta fonction £'(x) est un contie-exemple contre I'hypothése qu'une fonction continue ne peut
posséder une dérivée infinie dans un sous-ensemble dense de son domaine de définition.

Bien entendu I'exernple de WEIRRSTRAR montre de plus que la distinction des cas de
nop-convergence donnge par LAMARLE et reprise par GILBLRT n'est pas du tout complete.
Autrenuent dit le comportement des quotients de différences finies peut &tre beaucoup plus com-
pliqué que ne I'avaient pensé LAMARLE et GLL.BERT.

GuL.BERT a publi€ une Recrification au sujet d'un mémoire précédent en 1875, il a aussi
incorporé I"'exemple de SCHWARZ dans les nouvelles éditions de son Cours ‘analyse (i partir
de la quatriéme <dition de 1878). La méme annde est paru le fameux manuel de Dini, le
premier qui iraitait la nouvelle ananlyse d'une maniére systématique et rigoureuse. Donc 1a
question était tranchée contre LAMARLE, GILBERT &t beauconp d’aulres. Pour conclure je
veux résumer quelques points importants.

4 Conclusions

Le développement de 1a notion de “dilférentiabilité” se peut décrire comme suit 1 On trouve
le mot “differentiabilis” pour ta premigre fois dans les écrits de Leibniz. Pour celni-ci toutes les
grandeurs variables sont différentiables par opposition aux grandeurs constantes qu’on ne peut
pas diffcrentier. Par conséquent P'idée de différence est strictoment lige 4 I'idée de changement
pour Leibniz et ses successeurs, un changement qui obéit une {oi et qui ne connait pas de sauts,
Aprés Leibniz le mot “différentiable” a disparn pendant longtemps {4 ma counaissance): on
trouve quelques idées qui vont dans cette direction dans les discussions sur la corde vibrante
pe. chez d'ALEMBERT. C'cst EULER qui a, pour une grande partie. donng A I'apalyse sa
forme maderne, en particulier EULER a mis la foncrion au centre de cette discipline : L objet
de "analyse sont les fonctions réeiles ot leurs qualités. D’ou s’ensuit qu'il faul interpréter la
différentiation en terme de fonction. LAGRANGE I'a fait en parflant de la fonclion dérivée.
Autrement dit : 1a dérivée d'une fonction doit &ue une fonction aussi. Pour nous ¢est tout i fait
gvident mais au début du 19°"" siécle cette décision posait quelques difficuités. Ces problémes
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sont liés aux restrictions nécessitées par la notion de fonction. Selon DIRICHLET (1837) une
fonetion réclle doit &tre univoque (& chague & il y a seulement un y(x)) ct finie (infini est excly
comme valeur). Par conséquent la fonction dérivée doit posséder ces qualités : cela méne a
I'exclusion de quelques cas singuliers comme des poinis anguleux et des tangentes paralléles 4
I"axe des y (sovvent on a exclu aussi les tangentes parallgles a I'axe des 1),

La premiere discussion netle de ces cas singuliers se trouve chez COURNOT dans son Traité
élémentaire de la théorie des fonetions et du calcul infinitésimal (tome premier de 1841). Il est
intéressant de remarquer que COURNOT ne parle pas de non-cxistence de [a fonction dénvée
mais des solitions de conrimidid dans les jarrets et dans les points saillonts. (COURNOT 1841,
61}

COURNOT était un partisan des infiniment petits; dans le langage des infiniment petits le
terme “non-existence” ne faisant pas grand sens. Méme en 1875 DARBOUX écrit

'y adonc deux dérivdes ou plitor la dénivie n'existe pas wates les fois que fixg + i) est différent
de f{zn — k). (Darsoux 1875, 93)

Notre notion moderne de “différentiabilité” est née dans la clenxidme moiti€ du 1980 gjg_
¢le par une combinaison de la théorie des limites d'une part et une orientation stricte vers les
qualités Jocales d’autre part, Le Jangage des limites menait 4 une distinction fine des cas de
divergence ou de non-cxistence en particulier en relation avec les limites unilatéres. Main-
ienant on n’a plus seulement les cas singuliers des jamets et des points salliants mals aussi la
divergence par oscillation {fameux exemptles : f(x) — sin I er f{x) = zsinl fqu'on trouve
cher Catcuy] ct méme des situations beaucoup plus compliquées comme cefle du monstre de
WEIERSTRAL). Il a fallu du temps pour explorer tous ces possibilités.

Il est bien connu que la pensée de CaUCHY avait endance A étre globale : pour celui-ci la
continuité éait wne continuité sur un intervalle {par conséquent il s agit d’'une continité uni-
forme d’un point de vue modeme), la convergence d’une série de fonctions est aussi uniforme.
De plus il est fort remarquable que CaUCH Y soit toujours assez rigoureux en regard de la con-
tinuité {c'est-i-dire qu'il parle explicitement de cette hypothése s'il a besoin d'elle) et de ses
consequences (par exemple Je théoréme des valeurs intermédiaires), mais qu'il ne parle que trés
peu de la différentiabililité {bien entendu le terme ne sc frouve jamais chez CAUCHY). Ona
Vimpression que pour CAUCHY la différentiabilité étair une conséquence de la continuité; les
cas de non-diflérentiabilité sont des cas de solutions de continuité (¢f. par exemple CAUCRY
IL4 332sq}.

L'attention qu’on a donné de plus en plus 4 la différentiabilit€ est I’ expression d’une part des
nouvelles possibilités techniques qu’on avait acquises pendant le 195 gidcle et d’autre part
d'une nouvelle orientation concernant les fondements des mathématiques : on ne s’intéresse
plus uniquement aux excrples typigues de fonctions etc. mais on se s’interroge sur les cas
exceptionnels. FOINCARE a commenié le nouveau style comme suit

Autrefois quand on inventait vne fonction nouvelle, ¢ élait en vue de guelque but pratique; au-
Jourd hut on les invente ut exprés pour mattie en défaut les raisonnements de 0os pares, et on n'en
firera gque cela, (POINCARE 1889, 131}

C'Etait aussi I’heure ol notre entendement moderne de (uantificateurs est né avec 1'idée
qu'un seul conire-exemple suffit pour falsifier vn énoncé de type général. Mais Abel en 1826
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parlait des “exceptions” et non pas des “conhre-exemples™ quand il critiquait le théoréme de
CaucHY sur les séries des fonctions continues. Cet aspect est lié anssi avec Ia naissance de la
théorie des ensembles en particulier avec ke point de voe extentional : une notion est caractérisée
par la classe des exemples qui sont subordinés & cette notion. Fout ¢a est clairement montré par
un travail de P. DU BOs—REYMOND de 1873 Essai o 'une classification des fonctions arbi-
traives des arguments réels d'aprés lewrs changements dans les intervalles les plus petits. Ici
T"auteur décrit des ensembles de fonctions définis par des qualités des fonctions. L'ensemble
le plus général ¢’est “Ta fonction sans hypothése spécifique™ (¢ est-d-dive sans qualité explicite)
suivi par “la fonction intégrable” et “la fonction continue™, Aprés la fonction continue viem “ia
fonction différentiable™ qui est définie de la maniére suivante :

Une fonction est nomimée différentiable dans wn intecvalle, ol etle posséde an quotient différenticl
find et Mern dérénming powr chague valaur de I'argument. (DU BO—REy oD 1873, 72)

Déja duns le contexte de la continuité DU BOIS-REYMOND avait remarqué :

L'hypothése de la continoitd n'a ren b faire avee Texdstenve du quotient différentiel non pas seule-
ment pour un seul poiml, Chest on des sl les plus émowvants des mathémaligues réeenies
g'une forction se peut ére continues dans tous les points d'un intervalle sans avoir un quoticnt
ditlérentiel dans un point queicongue de cet intervalle, (DU Bo1s-REYMOND 1875, 27)

Pour démonlrer son énencé DU Bors-REvMOND utilise le montre de WEIERSTR AR, Mais on
appercoit que méme DU BOIS-REYMOND a une certaine tendance & considérer des notions
globalcs.

Une définition strictement locale de la différentiabilité se trouve wois ans plus tard cher
DINL Méme aprés cetle définition beaucoup de manuels I'ignorent: ¢est seulement vers la fin
du siecle gu'on a pris la coutume de formuler expivs verbis des hypothéses sur la différentiabi-
lité.

Comme conclusion je veux souligner trois points :

L. Tin'y a pas de développernent d'une notion mathématique (méme d’'une importance cen-

trale): ce qui se développe est un résean de notions (dans lequel i ¥ a des notions plus on
meins importantes}.

2. Les erreurs mathématiques peuvent &tre envacinées dans un entendement différent sur les
fondements des mathématiques. Scuvent il vaut la peine de Ies analyser plus de proche,

3. Durant le 197 sidcle le réle de Pintition dans les mathématiques a changé de maniére
radicale. Avant ce sigcle, I'idée de l'existence en mathématique était strictement lide
I’intnition (“sans intuition pas d’existence™) aprés ce siécle intuition n”a plus 4’ importan-
ce officielle. Elle peut s'en servir comme source d'idées —un oulil heuristique- mais pas
comme basc d’existence, Cette derniére est définie maintenant par ['absence des contra-
dlictions.
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La construction et 1a validation de la connaissance chez Stevin
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Abstract

Le fécond changement subit au L6 siécle par le concept de nombre et di 2 Vunitication
du traitement des quantités discrétes el continues, n'a été possible que grice i ime profonde
transformation des méthodes et des critéres de construction, et de validation, des objets
! mathématiques. Les travaux théoriques de $1mMox STEVIN (1548-1620% ont contribué, de
! facon primordiale, i la réalisation d'une telle fransformation, produisant une mptyre tunt
. épistémologique que méthodologique avec la Mathématique ancienne. Dans cet article,
nous apalysons les arpuments que STEVIN utilise dans L' Aritisnétigue pour démontrer les
propositions dérivées de sa conception opératoire de nombre, ef nous monirons le carnctere

innovateur de ces argunents.
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Introduction

Au cours du XVI*™ sidcle, 1 histoire des Mathématiques a subit de dramatiques transfor-
mations qui ont inauguré 1'ére moderne. Tout d'abord, 1a création mathématique cartésienne a
permis le traitement unifi¢ de i"algébre et dc la géomeénie, nécessaire au futur développement
du Calcul. Ensuite. I'apparition de 1" Algébre généralisée, comprenant les processus infinis, a
margué le début de la modélisation mathgmatique du monde physique. Plus imporzant encoze a
été I'introduction de 1a méthede analytique, point de départ de la science modernc.

Au XVI*™ gjzcle se sont produiis les changements conceptuels relatifs aux objets mathéma-
tiques et  leurs opérations qui ont rendu possibles les résultats innovatenrs obtenus au X VI1570€
siecle, Cependant, les transformations survenues 4 la fin de la Renaissance ne sont pas encore
enlierement ¢tudiées ct comprises par les historiens des Mathématiques et des sciences et donc
pas valorisées 4 leur juste meswre. Un de ces changements importants concerne la notion de
nombre, sa signification et ses opérations; 1l a &€ initi€ par le grand ingénieur et mathématicien
flamand SIMON STEVIN (1548-1620),

Les travaux théoriques de STHVIN ont contribug, de fagon capitale, i 1'accomplissement
d’une rupture aussi bien épistémologigue que méthodologique avec la Mathématique ancienne.

STEVIN est comu powr avoir introduit le sysiéme décimal de numération dans la culture
Occidentale. Le systeime de STEVIN inclul notamment le traitement des fractions de b uniié qui
est encore employé aujourd’hui. Afin de procurer des fondements théeriques 4 son arithimétique
cécimale, STEVIN a dit mettre 3 jour le concept gree de nombre. Il proposa spécialement une
nouvelle fenmulation permettant de relier théoriquement sombre et gramdew par Uintermédiaire
de processus de mesure. Cela a domné une identité anssi bien aux fractions décimales qu'a un
important enscnible d’expressions numeriques que les anciens avaient explicitement exclues du
domaine numeérique.

Tes méthodes et les critéres de construction et de validation des objets
mathématiques chez les Grecs.

I convient de rappeler que 1’opposition continu-discrer, toujours présente dans la cosmolo-
gie grecque, atteignait aussi les concepts de base des Mathématiques. ARISTOTE définit la
guantité comme étant une catégorie de la pensée telle que, si elle est discrite -et par conséquent
dénombrable-, il s’agit d'un nembre; par contre, si la quantité est continue -et, donc mesurable-,
on est face 4 une grandeur. L’opération qui permet I'identification et la classification des quan-
lités est la division : une quantité qui ne peut étre divisée qu'un nombre fini de fois est un
nombre, et 4 1a limite d'une telle division se trouve 1'unizé. Mais, si la quantité peut énc divisée
indéfiniment -sans perdre son essence- il 5”agit d'une grandewr, auquel cas la division n’est pas
bornée. Ceci implique qu'il n'existe pus d'unité naturelle de mesure.

) Poursuivant la tradition aristotélienne, EUCLIBE établit les définitions suivantes dans Les
Eléments :

Définirion V-1 2 1. umité o5t oo suivant quoi chacuns des choses existantes est dile une
Défiitivn VH-2 2 Te morubire st une rulllude composée d wnités,
Définition VII-3 - Un aombre est une partie d'un autre nombre, lc plus petit Ju plus grand,

quant le premier mesure le denxitme.

De cette facon, EUCLIDE snggéze I'origine (concréte, appartenant au monde réel) de 1'unité,
aussi bien que le principe de génération du nombre par I'itération d'unités, et la décompaosition
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des nombres par la partition de nombres,
De ces définitions et do traitement opératoire qu’ EUCLIDL attribue aux nombres dans Les
Eléments, il découle que, pour Iarithmétique grecque :

1. unité {numérique) n'est pras un nambre
Les [ractions de L'onité ne sonl pas des nombres.

Le domaine numérique est done constitug. chez les Grecs, des nombres entiers. positifs bien
sr, I'unité o’y appirtenant pas.

Les grandewrs, i leur tour. constituent un territoire distinct de celui des nombues, un territoire
iméductible. Par conséguent. 1'étude qui leur est consaciée, la Géoméirie, n'a aucun rapport
avec | Arithmétique, En fait, dans Les Eléments ' EUCLIDE les lives traitant des nombres (7,
8. 9 et 10) sont complétement indépendants des livees géométriques : jamais, dans un méme
Tivre. les mots nombre et grandewr 1’ appataissent cnsemble, 3 l'exceplion de la proposition
5 du Livre 1D, oit EucLinpE énonce la propriété qu'ont les grandeurs commensurables de se
comporter “comme les nombres”.

T n'y a aucune définition de grandeut chez EUCLIDE. Néanmoins, i} apparail claitement
qu’il utilise tacitement la définition d° ARISTOTE' forsqu’il affirme :

Définition V-1 Une grandeur est une partie d’une autre grandeor. la plus petite de

Ta plus grande. quant 1a premigre mesoe 1o dexidme. [Les Eléments]

Remarquons que cette définition reproduit 1a définition VII-3, que nous avons discuté plus haut,
le mot nombre dlant remplaceé par grandeur.

On reconnait done cher EUCLIDE que nombre et grandernr sont des objets différents dés
leurs origines, que leurs traitements théoriques sont dissemblables et que leurs domaines sont
disjoints et restreints par rapport aux domaines actucls.

Qnant anx méthodes de raisonncment des Grees. rappelons que lu Mathématique euclidi-
enne est larchétype de la structure hypothélico-déductive de la science, cette organisation sup-
pose que tous les éléments qui la composent sont lids par des relations d'antdeddent-conséquent
constitvant une chaine déductive parfaite. Pour échapper & la régression infinie, il faut sup-
poser I'cxistence de centaines vérités -évidentes d"elles mémes- appelées axiomes et postidats.
Une fois acceptée 1évidence des axiomes et des postulats. ainsi que toutes les régles de I'enjeu
logtque, la vérite des propositions est assurée i I'intérieur de la structure. Cela veut dire qu’il
n'est jamais nécessaire de sortir de Ia stucture théorique pour démontrer les théordmes,

Griice i cetle organisation, les Grecs ont développé le systéme théorique indbranlable que
nous connaissons avjourd’hui, Pour aboutir & cetle construclion. Ja Mathématique grecque
laisse de coté le réalisme et I'empirismc de 1'épistémologie aristotélienng en limitant levr par-
ticipation an seul démarrage de la chaine logique, c’est-i-dire, i 1'établisserment de I'évidence
des axiomes et des postulats. Une fois qu” EUCLIDE détinit I'unité numérique en invoquant le
référent du monde physique (comme dans “ce suivant quoi chacune des chosey existantes est
dite une’), tous les concepts et les résaltats miménques sont validés & I'iméreur de la théorie.
C’est 1a force de la vérité nécessaire, firde de la déduction logique, qui procure de Ia stabilité &
la structure.

Voici, somnairement, les impasses de la Mathématigue ancienne que STEVIN doit surmon-
ter afin de Tournir un fondement théorgue au systéme décimal ;

ICe qui est divisible par deux ou par phus de parties aliquotes” [Métaphysique 10204, 51.
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Un domaine numérique restreint aux nombres entiers positifs,

+ Unc unité numérique qui n’est pas un nombre el dont les fractions ne sont pas non Plus
des nombres.

Un divorce, anssi bien conceptuel qu’opératoire, enlre nombres et grandeurs.

Une fagon de raisonner -dans la tradition axiomatico-décuctive- ofi il est impossible
d’ignorer.

Les nfléthodes et les critéres de construction et de validation des objets
mathématiques chez STEVIN

Contrairement 4 |a tradilion grecque, STEVIN acceple la possibilité de diviser I'unité nuneéri-
que et d'attribuer aux fractions de 'unité la propriété d’éire des nombres. Ce fail constitue le
point capital sur lequel STEVIN doit diriger toute la force de son raisennement. Cela cst com-
préhensible des lors que le bur de son travail est de convaincre les savants de Uépogue de la
Justesse et 1a convenance de la représentation décimale des nombres -rompus-, sans violenter
les principes théoriques des anciens.

L ouvrage mathématique de SIMON STEVIN, qui contient les plus importants apports theori-
ques & cefte science, s'intitule L'Arithimétique, un volume publi€ en frangais en 1583, Dans ce
texte STEVIN présente une extension du concept de nombre qui n’est possible quau dépens
d'une rupture explicite avec la conception euclidienne. A I'aide de ce nouveau concept de
nombre, STEVIN cherche A donner des fondements Ihéoriques aux procédures du calcul arith-
metique, nécessaires i la représentation déciimale qu'il vient de développer™.

Le référent concret des objets
STEVIN commence sa dissertation par les définitions suivantes ;
Définition I : L'artthmeéTigue est la science des nomires, (STevin, 1585, p. 1]
(a ce stade, aucune rupture ne s'observe encore),

Défimition 11 : Nombre est cela par Jequel s"explique 1a quantitd de chacune chose. [STEVIN, 1585,
p- !

Ce qui aboutit & :
Détinilion X : Nombre rompu est partie ou parties de nombre enter. [STEVIV, 1585, p, 3]

Chez STEVIN, conlraitement i ce que la Mathématique grecque préconise, le nombre est
agsocié & la quantité sans que I"opposition entre discret et continu fasse partie du concept, Diés
sa deuxiéme définition. STEVIN supprime la dichotomie continu-discret en tant que propriéte
définissant Ta quantité. En effel, il nie expliciternent que les nombres soient, dans leur essence,
des quantités discrétes ;

. 2L:l'rll‘lé’én‘le année {1585), STEVIN publie un bref fascicule intitulé Lo Disme maitan ki potation décimale et son
arithméiique, qui inclut le taitement des (actions décimales.
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QUE NOMBRE N'EST POINT QUANTITE DISCONTINUE®

Le nombre en tant qu'entité isolée est. d'aprés STEVIN, “continu” dans le sens atistoi€lique,
¢’est-h-dire, qu'il est possible, dans la plupart des cas, de le diviser indéfiniment sans qu'il
perde son essence; A la limite, il hérite Ja propriété de continuit¢ ou de discontinuilé de la
“chose”™ {52 quuntiléy-qu'il quantifie. Par exemple, si I'on parke de 2 hommes, lc 2 est discret
parce que son référent concret -1'ensemble d’hommes- est discret; tandis quc si I'on parle de 2
kilometres, le 2 est continu puisqu’il fair référence i une distance {ou 2 une longueur) continue.
Dorénavant, continu et discret cessent d'éfre des catégories ontologiques. La discussion sur
¢ce point s éloigne du domaine des Mathématiques, puisque le fait d"&tre continu ou discret
devient une propriélé circonstancielle imputable uniquement aux ohjets quantifiés. Ceci margue
une premigre différence entre STEVIN et la science grecque @ e fagon de valider les objets
mathématiques gui a besoin de faire constamment appel aix référents concrets afin de discerner
s'it s’agit d'objets continus ou discontinus.

Cetic ligne d'argumentation. souvent milisée par STEVIN, a le caractére extra-logique qui
lui impose le référent concret dont STEVIN a besoin pour conférer une réalité aux nombres.
Exarminons cct argument lors de sa premidre apparition, lorsque STEVIN alfirme que I'unité est
un nombre :

La parlie est de mesme maticre qu'est som enticr,

1"unité est pactie de molimde dunite:.

Ergo I'unit€ est de mesme matiere qu'est t mnltitude d'unitez
Mais 1a matiere de la multitude d'unitez est nombee

Doneqnes 2 matiere d npité est nombre. [STEVIN, 1385, p. 1]

Qui le nie, conlinue STEVIN, fait camme celid qui nie qui'une piéce de pain soft du pain,
Nous reviendrons sur cc point a plusieurs reprises par la suite,

L’existence opératoire des objets

Le concept de nombre est £difi€ par STEVIN sur la constatation d'un isomorphiste opéra-
toire entre nombres et grandeurs, ¢ est-a-dite, que le nombre se développe 2 partir de la con-
sidération selon laguelle il est possible d'opérer avec lui exactement de la méme fagon qu’avec
les quantités continues. Neus trouvons ict la fagon de valider les objets mathématigues gt
dowine {argumentation stevinienne : les opérations définissent (et ainsi aitiibuent) Uexistence
des objets. Dans le cas qui nous intéresse, 1'essence du nombre est portée par ses opérations.

Voici un passage de L'Arithmétique ob STEVIN, argumentant en faveur de la division de
unité, niilise cette Lacon de valider 1'existence des nombres; il affirme que nier ln divisibilité
de 1"unité revient a dtouller la natuie du nombre, dont I'essence se manileste par les opérations
arithmétiques gu'on peul réaliser avec lui

I nmité est divisible en parties (vrai est qu'ils [les anciens] les nient. mais mille leurs distinctions ne
sonil pas suffisantes. de pouvoir ainsi opprimer la nature du nombre, qu'elle ne manifeste par foree
son essence, es arithiméques opérations de plusiewrs auteurs. comime entre aukres par 1" absolue
partition de I'unité de la 33 question du 4 Tivre, & 1a 12, 13, 14, [5 questions du cinguitme livre du
Prince des Arithméticiens Diophante*), [STEVIN 1585, p. 2]

FSTEVING 1585, p. 2 fen majuscules dans 1 original}
oir HeaTH (1964), Ces propositions sont pommées IV 31, ¥ 9, 10, 11 y 12; Elles commencent [owles avec
la phrase : “pour diviser |"unité en deux parties (ou nombres)” ou bien, “pour diviser | wnité en trods nomibees™,
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L'atfirmation précédente confire au nombre une existence opératoire, ¢ est-a-dire que ce
sont les gpérations yue nous pouvons réuliser sur les nombres qui déterminent leur nature.

Le fait que les résultats des opérations algébriques réalisées sur les nombres soient a leur
tot}r des nombres constitue un pas trés important vers Pextension du domaine numérique. Cette
affirmation n’obéit pas aux régles grecques d’homogénéité des grandeurs. Chez les Grecs, il
est interdit d’opérer avec des grandeurs dont 1a naturc st inégale; ainsi, I'addition d’aires et
de volumes ou de lignes er d’aires n'a pas de sens. De méme, une grandeur de la quatrigme
puiss’ince n’.a pas non pins de signification. Dans la géométrie grecque, une grandeur de la
premiere puissance représente un scgment, une de la deuxidme puissance, une surface, et une
grandeur de la troisieme puissance représente un volume; en conséquence, il n'y a ancun besoin
de puissances supérieures  trois.

STEVIN, inspir€ par la nature opératoire des nombres, ne trouve aucnne difficulté a accepter :

QUE NOMBRES QUELCONQUES PEUVENT
Etre Nombres carrés, cubiques.fze. Aussi que racine quelconque est nombre’

Dont la démonstration directe se base sur I'exposition des grandewrs géométriques qui
représentent ce genre de nombres (nous reviendrons sur ce point plus tard). Cette affirmation
conduit STEVIN a définir un nombre algébrique comme étant une quantité ou wne muititude
compo.f.'éf de quantités [Définition XIX, p. 6], pcu importe que les quantités en question portent
une puissance supérieure 4 trois {oun inférievre 4 un) ou que leurs puissances soient différentes
entre elles,

Afin de compléter le cadre qui élimine le probigme d"homogéndité dimensionnelle. STEVIN
définit le polyndme (multinome) algebrique :

Muliinomie algebraique est un nombre consistant en plusieurs diverses gnantiter. |STEVIN, 1585,
Itmition XXV p. 6]

et il présente un cxemple
Comme 33 + 53 -4 + 6 5" appelle multinomie algebraique [fhides)

La raison de fond qui noumit la conviction de STEVIN sur le caractére numérique des nom-
hres‘ algebrigues est la pature opérateirc du nombre : tous les résultats des opérations qui se
réalisent avec des nombies sont, i leur tour, des nombres®.

Le raisonnement par 1’absurde appuyé sur le contexte concret

Afin de gagner ["acceptation de son nouveau concept, STEVIN reconnait qu’il doit montrer la

supériorité de sa définition par rapport 4 la définition traditionnelle. Cest ainsi yu’il commence

son arguineniation par I affirmation suivante

QUE ["UNITE EST NOMBRE'

"_STEVIN‘ 1585, p. &, En majuscules dum;-] “original
:Sm' tes argoments de STEVIN en faveur du caractéte opératoire du nombre, voir WALDEGG 1993,
STEVIN L5385 p. | (en majuscules dans Voriginal)
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STEVIN conteste Je point de vue traditionnel selon lequel 1'vnité n'est pas un nombre mais
le “principe” générateur du nembre, un 18le équivaleat au rdle du point (géométrique) par rap-
port au segment de droite. 11 élabore deux arguments conire la perspective ancienne : I'un est
philosophique, autre pseudo-mathématique. 1.'argumentation philosophique -gue nous avons
apergue dans une citadion précédente®- fait référence an caractére ontologique de 1'unité, con-
ctuant que la négation de 1'unité en tant que nombre équivaut a nier qu'un merceau de pain soit
du pain.

D’ autre part, I'argument pseudo-mathématique est le suivant :

Si du numine donng 1'on ne soubstraie nul nombre, le nombre douné demeure

Soil trois le nombre donaé. & du mesme soubstrayons an

que 1¥ est poiat nembre. Comme W Veus.,

Doneques le nombre donné demeute, ¢est-i-dire qu'il ¥ restera encore tofs. ce qui est absurde
[STEVIN, 1585.p. 1]

Les deux argementations font partie d'un méme discours démonstratif @ un raisonnement
per Pabsurde appuyé sur le recowrs aif contexte concrer © en niant la proposition en question on
aboulil 3 une incoliérence dont la constatation est i la portde de guicongue.

L'appel 4 'analogie

STEVIN affirtue que I’exclusion de I'unité du genze nombre retrouvée dans la Mathématique
de I'antiquité, est due A la volonté des anciens de trouver le “principe” ou la “canse” du nombre.
T} reconnait qu'il s agit 14 de la méthode ulilisée par les philosophes dans de telles discussions
el ajoute que, dans le cas des grandeurs géométriques comme la longueur, Taire et le volume,
le principe évident est le “point”. Cest dans ce sens de “principe” que |'on cherche un principe
pour Ic nombre, STEVIN. plutdt que d'argumenter sur la pertinence de rechercher les causes
dans un traité de Mathématiques, accepte le défi philosophique et élabore une critique de 1a
solution donnée dans le passé. Voild un autre raisormement typique de la pensée de STEVIN
dont le fondement principal se trouve duns 1'analogie.

Les nombres et les grandeurs. poursuit STEVIN, ont tant de choses en commun qu’ils pour-
ratent paraitre presque identiques; par conséquent. il ¥ a quelque chose dans le nombre qui
doit cormrespondre 3 ce que le point est par rapport aux grandeors. Pour les Grecs, I'unité est le
principe du nombre de méme que le point est le principe de fa grandeur et cec, affirme STEVIN,
est & Ta source de toutes les difficultés. [Cf. STEVIN, 1583, p. 2]. L'analugie proposée par Jes
Grecs, selon STEVIN, présente deux défauts fondamentaux : d’abord, 1'unité est une partie du
nombre tandis que le point n’est pas une partie de la droitc”. Ensuite, 'unité est divisible mais
le point ne I'est pas. comme STEVIN démontre dans la citation que nous avons ¢tudiée plus
haut'?,

fLa partie est de mesme matcre qu'est son entier,
1" umitd est partie de mullimde d unitez.
Firgo "unité est de mesme matiere qu'est la mallitude 0" unites
Mais la matiers de la maltitude 3 uniter est nombre
Doncques la maticie d'unité est newbre [STEVIN. p. 1]

SEuCLINE, dans sa délinition du Livee T. suit Ianalyse d"ARISTOTE. Un point constilae la frontigre @ un
sepment ou divise un segment en deux partics. Mais un segmenl n’est pas fait de points [EUCLIDE, Livie T
Définition 3].

W1 unité est divisible en parties (vrai est gu'ils [les anciens] les nienl, mais mille lears distinctions ne sont pas
suffisantes, de pouvoir ainsi opprimer la nature du nombre, qu'elle ne manifeste par force son essence. ¢3 arithiné-
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Adnsi, STEVIN conclut gue Uunilé n'est pas an nombre ¢e que fe point est au segment.
Cependant, puisqu'il soutient que nombre et grandeur sont & ce point semblables que “ily pardis-
sent presque identigues”, la question suivante se pose : qu'est qu’il ¥ a pour le nombre qui soit
gquivalent au point pour la dreite? STEVIN 1épond :

Je dit que ¢est 3 {qgui se le dict walgairement Null, & que nous nomnions commenecinent en ja suj-
vante 3 définition) ce que ne tesmoiguent pas sculement leurs parfaictes & générales communautez,
mais aussi lenrs inéfulables effects. [STEVIN, 1585, p. 2]

Les “comnmmantés” que STEVIN érabli entre le zéro et le point sont les suivantes :
i. Point et zéro ne sont ni segment ni nombre (respectivement) mais ils y sonl attaches.
2. Ni le point ni le 2éro ne peuvent étre divisés en parties.

3. Une infinité€ de points ne fait pas de segimem de méme qu’une infinité de zéros ne fait pas
de nombre.

4. Ajouter un point ou un zéro au segment ou au nombre {respectiverent) n'accroit pas sa
quantité,

Concernant cette derniére analogie, STEVIN présente le raisonnement suivant (figure 1) :

Mais si I'on concéde que AB soit prolongde jusques an poinct C ainsi que AC soit une continug
ligne, alors AR s'augmente par Uaide du poinct C; EL semblabloment si l'on concéde que D 6
301 prolongé jusques en B {, ainsi que DE 60 s0i un continue nombre faisant soixante, alors D 6
s‘augmente par aide duoul 0. [S1EviN, 1585, p. 2]

A E <
B 3
w
Figure 1

De cette fagon, la ressemblance est encore valable.,
L’exposition des grandeurs

STEVIN est convaincu que grice 4 ses arguments, 1'unité ne joue phus le rdle central dans
I'analyse de la quantité. Le réle spécial qu” AriSTOTE donue 4 1'unité et qu’ EUCLIDE incorpore
dans sa Mathématique, repose sur des arguments philosophigues, Ces arguments, A leur toug,
sortent de la distinction qualilative entre nombre et grandeur en termes de continuité.

I.a définition euclidienne de nombre (“ue mudtitude composée d unités™) fait penser davan-
tage a un "nombre pur”, de telle sorte que les rapports entre deux ou plus de nombies peuvent
étre congus indépendamment des quantités auxquelles ils font référence; par exemple, pour

tiques epérations de plusieurs auteurs, comme entre witres par I"absobue partition de unité de 1a 33 question du 4
livee. & 1a 12, 13, 14, 135 questions du cinquiéme livre du Prince des Arithméticiens Diophante) [L Arithmérique.
B2l
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déterminer que 10 est un nombre entier, paire, moitié de 20, double de 5. etc. il n'est pas
nécessaire d'imaginer les guaniilés {la chose énuméide) que ces nombres représentent.

Un probleme qui sucgit au moment d'étendre Ta définition de nombre aux quantités continnes
est que. contrairement i ce que 1'on trouve pour les quantités discrétes, il n'y a pas d ™ unité
naturelle™ : on affecte un nombre & une grandeur au moven d une unilé conventionnelle, &
savoir, celle qui a ét¢ choisie comme unité de mesure. Dans ce cas. lorsquon opére sur les
nombres identifiés aux quantités (continues et discontinues) il n’est pas claire si on opére sur
des “vrais nombres”, sur des syroboles, ou sur les “quantités dénombrées™. ce que Le Teneur
reproche & STEVIN [Cf. Jonks, 1978]. Le manque d'une unité naturelle entraine une difficuite b
i débarrasser le nombre du contexte qui permet d'opérer sans avoir besoin de faire appel 4 la
guantité cosrespondante. Conscient de cette difficulté. STRVIN définit le nombre arithmétique
comme étant celui qui " obtient aprés abstraction de la quantité dont il provient :

Déhnition IV Nombee arithmétique est celuy qu’on explique sans adjectve de grumdeur [STEVIN,
1585, Def. 4, p. 3]

Une grande partic du travail de STEVIN dans L'Arithunéfique est consacrée i montrer que
le domaine des nombres est homogénc, étant donné que les nombres sont indépendants de teur
genise et que, de cetie fagon, on peut opérer sur eux sans avcune référence aux quantités d'oi
ils proviennent. De sorte que, par exemple, le nombre 9, que nous pouvons imaginer comsme
étant associé A une quantité linéaire, peut étre interprété aussi comme 1 aire d'un carg, sans
perdre ou modifier ses propriétés relationnelles par rapport aux avtres nombres, ni méme ses
proprietés opératoires.

11 est clair que 'unité cesse d'avoir le caractére privilégié qu'elle a dans la Mathématique
grecque, en tant que principe géngrateur du nombre. C'est ia raison pour laquelic STEVIN doit
renoncer & la possibilité d'avoir un principe de génération absolu; dorénavant il sera toujours
obligé de chercher un support en dehors des Mathématiques, situé dans le contexte conciat : la
quantité de chaque chose.

STEVIN, en ouvrant un si vaste spectie anx nombres, sculéve les préoccupations suivantes :
ces nouvelles entités sont-elles cohérentes avec la définition initiale de nombre? Représentent-

i elles vraiment des “guantités des choses™? STHVIN se consacre done 4 fa téche de montrer que,

' de la méme fagon qu'il ¥ a un nombre pour chaque grandeur (résultat de la mesure de cetie
grandeur), il existe une grandeur pour chaque nombre. Pour v aboutir, STEVIN a besoin de
montrer que U'identification grecque qui restreint certaines grandeurs géometriques aux puis-
sances d'un nombre (x? est une aire et »* un volume, sans aucune autre possibilité) n'est pas
unigue.

' Un exemple de ce raisonnement st le suivant : supposons gue nous ayons un segment

i de longueur 2 (figure 2). 5i nous dessinons un caré sur le segment, 1'aite sera 2% =4 et si
maintenant nous construisons un cube sur le careé daire 4, son volume sera 2% = 8, Jusqu'alors
ce raisonnement coincide avec le raisonnement grec : la premiére puissance est linéaire, la
deuxiéme esl curé ef la troisidime est cubique, Si maintenant nos empilons 2 de ces cubes,
le volume du prisme résultant sera 2! = 16 de sorte qu'on a conféré un sens géométrique a la
quatrieme puissance ainsi qu’a toutes les puissances suivantes [Cfr. STEVIN, 1385, pp. 4-5].
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De la méme fagon, STEVIN expose les grandeurs géométriques associées a des puissances
de nombres fracttonnaires. Par exemple, partons d'un segment de longueuwr 172 (figure 3) et
construisons le carré correspondant qui aura une aire (1/2 174, et le cube qui aura un volume
{1/2)? = 1/8. En divisant le cube en deux nous aurons un prisime donl le volune es (1/2)* < 1716,
de méme que pour loules les puissances ractionnaires suivantes [Ibidem].

FIGLRrE 3

Avee cette méthode, STEVIN veut montrer qu’il est toujours possible de prodwire une gran-
deur qui représente un nombre donng, de la méme fagon qu’il est toujours possible d'exhiber
un nombre associé 4 une grandeur donnée. A travers cette identification fonctionnelle, STEVIN
prétend apporter un londement a 'homogéncité du demaine numérique et 4 la natute de son
“nombre arithmétique™.

Les processus infinis

STCVIN acceple Pexistence théorique des expansions décimales mhnies en tant que coi-
séquence de I'existence opératoire des nombres. En fait, il propose une méthode (basée sur
I’algorithme de la division) permettant de s'en approcher indéfiniment [ef. STrviN, 1585, p.
210]. La citation suivante, relative aux grandeurs incommensurables, montre la position de
STEVIN & cet égard :

... Mais cornbien ce théoréme est véritable'' toutestois nous ne pouvons copnoistre par telle vxpe-
rence, i'inconuensurance de deux prandeurs proposés; Premiérement parce qu'a cause de erreur

T rEvIN fait référence 4 la Deusigrme Proposition du Livee X des £iéments d’BUCLEIDE © “Si de dewx quantités
distincies données, on reste wujours 13 plus petite de la plus grande, o le tesle ne mesure jamats la quantied
précedente, ‘lelles guantités sont incommensurables”™.
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de nos yeux et mains (Yui ve peuvent parfaitement veoir et paitir) nons iugetions 3 la fin que tous
grandenrs. tnl incommensurables que conunensurables, fussent commensurables, Au second. en-
core qu'il nous fust possible, de soubsttraire par action, plusicirs cent nulle fois la moindre grandeur
de la maicare. et e continuer plusievrs millicrs & yonées. toutesfols (estant fes deux nombres pro-
posez inconimensurables) I'on wavaillereitl élemellement, demeurant tousisours ignorants de ce gui
i la fin en poureoit encore avenir; Ceste, maniére done de cognition n’est pas légitime, ainsi
position de I'impossible, & la fin d’ainsi ancunement declaiter. ce qui consiste véritablsment en Jg
Nature. [STEVIN, Traité des incommensirables grandenrs, p. 215))

Dans ceite affirmation, STEVIN montre aussi bien sa position empiriste que 1a prééminence
de I"opération : il suppose que la connaissance est extraite de la Nature, 3 travers les opérations
que le sujet peut effectuer el conchire.

La validation de ]a connaissance

Quand STEVIN caractérise Jes objels théoriques par les opérations qu’on réalize sor enx., i
se retrouve dans la nécessité de faire appel aux arguments cxogenes afin de valider ses résul-
tats. Tout au long de son ouvrage mathématique STEVIN passe constammment des arguments
numeriques aux arguments géométriques et aux argurnents physiques, Lorsqu'il définit le nom-
bre en fonction de “la quantité de chaque chose™ et résume son essence aux opérations qu'on
réalise sur lui. STEVIN crée une série d objets (résultats des opérations) pour lesguels i n'existe
pas de structure theéorique pour les valider. En conséquence, STEVIN a besoin de faire appel A
de divers contextes, soit en présentant des grandeurs géométiiques associées a ces objets, soit
en s appuyant sur “la quantité de la chose™ que ces objets représentent. Bien gue suffisamment
cohérente pour étre formalisable, Ta théorie de STEVIN est subordonnée aux contenus dommés,
extra-logiques, d’olt sa faiblesse stmcmirale du point de vue formel,
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Elementary School Teachers meet Abraham bar Hiyya Ha-Nassi

WINICKI-LANDMAN Greisy' (Isragl)

Abstract

Abratam bar Hiyya was a Spanish Jewigh mathematician from the XI1 Century. Be-
tween the books he wrote, the following may be mentioned: (a} Hibbur ha-Meshihah ve-
ha-Tishboret {Treatise on Measurement and Calculation), translated into Latin as Liber
Embadorum and, (b} Yesod ha-Tebunah u-Migdal ha-Emunah {The Foundation of Undcr-
standing and the Tower of Faith) which is the first encyclopedia in Hebrew.

Since there are very few sources written in Hebrew, we decided to use some passages
From these twa hooks during a History of Mathematics course. This is a counse designed for
Tsraeli pre-service elementary school teachers as well as a part of a professional develop-
memt program for ur-service tenchers, Many teaching techniques arc implemented during
this course but only lately we adopted an approach learnt from our French colleagucs: to
study ancient primary sources. Ome of the main difficoities faced was to find appropriate
sources: conlents appropriate for the learners and sources written in a language known by
those leamers.

The workshop proposed here will present the activities designed for this course and the

learners’ reactions and commenis.

'Oranim - Schocl o.f Education of the Kibbutz Movernent Kyriat Tivon 36006
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Abraham bar Hiyya was a Spanish Jewish mathematician from the XII Century. Among
the books he wrote, the following may be mentioned: (a) Hibbur ha-Meshifich ve-ha-Tishboret
(Treatise on Measurement and Calculation), ranslated into Latin as Liber Embadorum and, (b)
Yesod ha-Tebunah w-Migdal ha-Emmunah {The Foundations of Understanding and the Tower of
Faith) which is the first encyclopedia in Hebrew. He also wrote books on Astronomy - Zn-
rath ha-Haretz ve-Tavnith ha-Shamaim and Heshbon Mahalkhoth ha-Kokhavin - and calendar
calculations - Sefer ha-Hibbur. He can be considered the father of Hebrew mathematics.

Since there are very few mathematical sources wiitten in Hebrew, we decided to use some
passuges from his books during a histery of mathematics course. “This is a course designed for
Israeli pre-service elementary school teachers as well as a part of a professional development
progeam for in-service teachers. Many teaching techniques are implemented doring this course
but lately we adopted an approach learnt from our French colleagues: to study ancient primary
sources. One of the main difficulties was to find appropriate sources: appropriate confents for
the students and sources written in a language known by them.

This paper presents the activity designed within the framework of this course as well as
some of the students’ reactions and comments.

1 The activity

Four passages from Bar Hiyya were chosen, following two didactic considerations: a) diversity
of content (geometry problems and arithmetic problems) b) diversity of role in Lhe mathematical
discourse {i.e. problems, demonsirations. algorithms). Two passages were taken fram the book
Treatise on Measurement and Caleulation, one of them dealing with the calculation of the area
of a tiiangle, and the other one explaining why we calculate the area of a circle the way we do.
The other two passages were taken trom the book The Foundutions of Understanding and the
Tower of Fuith. One is part of the introduction and the other one deals mainly wilh arithmetic
calculations.
The main xims of the activity were:

a} To have the learners read mathematical texis;
b} To have the leamers learn from original mathernatical texts;

¢) To have Hebrew speakers as well as Arabic speakers read mathematics wrilten in the
Middle Ages and to have them compase the terminology used then with the terminology
used nowadays;,

d) To have the leaners analyze the teaching methods employed by the wrlter, to discuss
them and to compare these methods to the “modem™ ones.

The materials used for the activity may constitute a proef of an existence statement: there are
Hebrew scientific manuscripts and they are of considerable importance because they “testity to
the part played by the Jews in the vast enterprise of wansferting Greek science, by way of the
Islamic world, to the Furopean nations” (SARFATTI, 1968). In that sense, ancther aimn of this
activity was

e) To expose the lewners 1o a not very known aspect of Jewish history: its contribution to
the development of mathematical knowledge during the Middle Ages.
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At the beginning of the activity and without any intreduction, the students were organized in
small groups and each group was presented with a different Hebrew passage. Each group had:
a) to read the text and to make sense of it. b) to summarize it and to present it to the others, and
finally, ¢) to try to Ogure it out when that text wag writien.

The presentation of each small gronp was followed by a general discussion of the passage.
Part of the didactic analysis of the passages was conducted according to Swetz’s ideas. He
wrote: “An examination and analysis of didactic trends in historical material can take place
along several lines:

1. The organization of material, the sequential ordering of topics and specific problems;

2. The use of an instructional discourse and techniques of motivation contained within the
discourse;

3. A use of visual aids; diagrams, illustrations, and colors, to assist in the grasping of con-
cepts on lhe part of the learner:

4, The employ of tactile aids. either divectly or by reference, to clarify a mathematical con-
cept.” (SwETZ, 1996}
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TEXT I (from Treatise on Measurement and Calculation cfr. Fignre 1)

Bar Hiyya classified triangles according to their sides. In this passage he treats the triangle with

“changing™ sides (what we call a scalene triangle, that is, with three inequal sides). AB( is a triangle and AB = 13 cubits, B = 14 cubits, AC = 15 cubits.

Calculate the area of the triangle.

! 1t is important to note here that Rar Hiyya does not use Latin letters for the triangle’s vettices.

: nNAYRM AWEN N hut Hebrew letters: Aleph (instead of 4). Beth (instead of /) and so on. He does not use Hindu-
3 Arabic numerals either, but Hebrew letter-numerals. So, insiead of 13 cubits” he writes “yod -
SMYDNTASHTD woun cuimme! amot”, The following table presents the numerical value of the Hebrew letters.

MR _IDWE 23 T N IS MO0 T AT 2% meal 5o pth vienm
Y2uD W AN WU T EREAT P NN B30 TTANR TIT RINNID NI

THT OPEYT TR AN 10 BT RE DN TN Ty T3 W A3 WO DN 39 UD0D O |
WL TPTIAY P NIN TIWD NPTD 0ndY N P DED WD AMoWnR ey 1 aleph H
THIN YD NEADN P TYONR TEMA D123 MIE R WO TAY NN 0T 2 bet 2
TIYEED TR RN BNND D WAHD DTN TrEnd By S s Tt eend H gimmel -
AASATAN YAEN R BYRTEN P TTMN AN RSN DY PR men oiwna on a dalet T
TN T TRN TS YN N2ENRHR TRSNNN 1YEs Y30 0N KN M wswena Yan 5 hey n
TTIR3 NYINS DONN QP21 1IN OF TAI) CTEINT TTIV0 17 DWHP UM Imen Siaan 5 vav \
THPT TANAN T4 PHTN TAINT 00 T TwT raennn Sy Tmyn e ma v zayin p
NP BN AW (BT SN NN T T OTIBYN TIA NETE NI T2 NN PN a chet n
TN TN K TN DY RSN YN PI T RO¥INT TP 0100 TwN A winmd 3 ret o
TIINA TN HAWR MO DN T T BN P2IN2 AN D313 BN NoN o 1 yud \
HYSW TN WOV UNITI TP AN MOTEDT VRN MR TIIND $2N0 YW Np)
VI ITHT Y370 9N 1M AN Y DN TN R VD3 3T T3 IR DDPea 2 caf 2
NI A YUN VAN DN NN AN BT AOND DYWIVIAN NY BT KON S famed 4
MM DNWY NN TN PO 917 TR TN DYDP NN PR W0 NI 4 mem B
NI TTEITN AN THY NN T RO B NNYT DRInRG PR 3R imsng 50 nun 1
VIND ENT YR TIDRT TOM 3 PN & samech ©
70 ayin »
YA OF 33 11 N PN WOND VI NP IEPD TAYAN N e Kl 80 peh |
TN NN 9N P10 DOD NN R DIYAIRN MY PN T NI W TTRNnn o0 tzadi ¥
DY NN AR PEMY Y OTRERD TN Dyt M RN AeD e 07 100 kuf P
1PN WIER I T DY PO N AN RETN TN IO 200 resh 3
300 shin w
Ty oM NS 0N 10T T i wR B3 DY BNOY UMD Ma 11T I 400 tav n
WD Y27 ST NIRRT TV TIONT T TR KO CTI0RD T D1 8T M
NI HAYT TN NI N TT NPIY YT 3730 T0¥0N YA pannn HEW

DHDE WA U NI WN 3R YDE NI STER Whend TEpT YONN MIN DT BT
WYY P AT N NID IR PN NN 13 PARN TOMON VAN 008 Msm
YSET NN DOV PN DR 1T W KA TR TR HI0 DT 10000 T TER + Without #iving to solve the problem themselves, the learmers went on reading and tried 1o
TR TGN YT V00 D50 Y 1P ST W0 AT M0 KM TN

MU T 10000 TN PN YIIN 10 TNV TUND TAD TNEI N6 WATI 43 NI foltow Bar Hiyya's rhetorical solution:
aloio 7 P g N T " " N . . . . s
A DTN Tor A R DISRNE 230D IR0 TIH AT TRINE TIN K 2 Bar Hiyya suggests drawing the altitude AL and establishes that the length of (1) is:

ST R2EID NOYAN AT T R

TN TN WPID TN Pre NI D TWRD RN 5¥ DIND DT KO0 o
wWYHIZ N TWRD DTN DM I RN TN 2t YOX AT 12 YT .ANY TR PN
NI WA TH W3 TIXD DANAINT AN TN A3 ¥R dR ¥53D yIhms hhea ma
TR, TPUT FEOMD YTMISn TEND DPANA NIYIDN NN TR A 500 INRE PNen
NN 1IN0 YRR 933 D3E) IR SY IVIMD SY o oEd Tmyn Y3 Wi b
Ty TIONT FOT R YR PIDOTH RO R HDE AU N DOIND TN TR i
99 12 ¥31TAY T D AT e vhE 0 T N NOWIDNE TN 080 Y
’ e YOHR 32 IR0 TI0Y 2DO] DNN

FRIRE T T

* The learners identified the problem discussed by Bar Hivya:
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p 4 179

D= 5
i
Then, he ¢laims that :
AP = =
A — RACTDOYAC 1 DO =

AD = ix32d =12
From here, Bar Hiyya concludes that the area of the triangle is 84 squared cubits:

: 9
S(adpey - 22X g,

+ The leaimers tried to verify if Bar Hiyya's solution is correct by comparing its monerical result
with the vesilt they got by using the Pythagorean Proposition nwice,
Working with 4 - the length of A0 - as unknown, and with i - the length of 1377 - they wrote:

AABD is a right uangle. S0, AN® = 4B% — BD? = ,* = 13% — (14 — »?

LA s aright wiangle too. So, AD? = AC? — (D = B2 = 157 — 32,

From here they wrote the equation:

13% — {14 — o} = 155 — 5% s
IF¥-1F 42 45— =15 2% =
Z-l4 x=15% — 13 4 188 =
_IE -1 (15— 13H15413) | M 22414

214 2. 14 - 2 i

And from here, they concluded that
ADF =18 - =5 AD" =225 — 81 = Md = AP =12,
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Finally, they could calculate S{AABC) and got that S(AABC) = H21% = 34, the same result
and the same calculation Bar Hivva asked them to do!!l.
+ The learners were eager to know details about the text and the author.
They found it hard to believe that this text was written in the XII Century by a Spanish Rabbi
wha lived in Barcelona. They were encouraged to look up details about him and his time with
the help of the Internet.
# The leamers were engaged in a deeper analysis of the text frown o pedagogical point of view.
The discussion focused mainly on Bar Hiyya's lechnical language and the comments he added
in order to make the text an exemplary learning text book. For example, the term altifude was
not used by Bar Hiyya. He used the term coltwur or pifiar. Some of the learners pointed out (hat
it is a more convenient term for the concept. Others were strongly against the idea because they
believed that student would weongly believe that a “mathematical column” s always vertical.
Another term used by Bar Hiyya wus gader. The Hebrew speakers did not understand the
meaning of this word in this mathcmatical context, since the term’s popular meaning 15 fence
or fimit. The Arabic speakers thought about the ferm fidhr which is used as square roor. A
discussion about (he use of this tern may be found alse in (EFRGS 1969, p. 128),
Re-reading the text with this meaning in mind, they conjectured that Bar Hiyya borrowed the
term from Arabic sources. This point led us to discuss interactions between the Jews and the
Arabs during the Muslim Period in Spain.

Bar Hiyya's language is elegant and very clear. Moreover, his explanations and considera-
tions enable the reader to generalize the method to calculate the area of a triangie determined
by the length of its sides. So, in this case, his teaching method relies on the use of a clear exam-
ple that enables its generatization in a very transparent way. We thought it was not by chance
that Bar Hiyya chooses such a triangle (13, 14, 15 - an Heronian triangle } (o present his ideas.
All the calculations arc casy and the numbers “nice”. One of the students asked if Bar Hiyya
knew about Heron's formula to compute the ares of a triangle defined by its three sides. In this
passage, Bar Hivya asks to compute one height and the two parts of the base, so he docs not usc
the Heronian formula here. But some pages laler, when Bar Hiyya sumniarizes the chapler on
trianguiar figures, he describes rhetorically o general method to calculate the area of a btangle
without having to calcalate any height. The reethod described is Heron's. He also exemplifies
its use by means of an “nice” case, the 6-8-10 triangle. All throngh the chapter, Bar Hiyya dees
not explain how his results are obiained and he declares he is aware of that.
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INSWhD HfeRn man

Tt DTN TR DR 520 A0 20 B mwbwan mte TT TR
TR TE0R 3 30% 1 0 TN BTE TR S A3 Ahehn e : U Tl )
NP OVIA NS AW RITIE TN R TR S5 A0, e I T
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YD KR M 007 3 W B EED I O IRSnon B e e 2e1g
T TORNT RN SO0 NIO T2 R KT TN YR AR DR, Saenn
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FIBD 10 TN PN HIN TN IO 130 33 D0 G100 R 0T BN
T TN e

From the above we concluded, that one of the messages from Bar Hiyya to these future teachers
may be: teach mathematics by means ol clear examples, examples that explain and examples
that natorally engage the learner in a process of generalization and justification.

TEXT 11 (from Treatise on Measurement and Calculation)

In this chapter Bar Hiyya describes how to compute the area of a circular field and the area of
clicular segments.

PYMAVHM phrdnan NN
R ah Braian!

oNaN M DY DY N DN DN IMsI MYPRR N7 w0
IPNNGN ¥ ArMA 20 IPSI0N BY N3 W Y TUSNE KD 1N

M

AN NI WK DN YT TN DN DBRR DRYD 1IN N ¥T AR
2107 1P TN DT OPS TP DR ARADY MM S1aam 21y e g
M TV HEAT 2000 TR0 TERET WP DENG DN a0 00 33 N

TN 2 WIPN AR DFO THIPIY DMWY 3 AT P TING 1m0
T M P 0D BYTH ADTYR 10 0D E TTIPIN T IRXR) W N 2w RnE
Tan TR T 131, NITTIITE RTUPN TS0 W DIAZY 73 2 P e P> M
13 7 ATAD 33 DM AP I 9D 131 OPN 0NV 313 TR 03 ANID TR
AP0 DRANED DNNN DT DRI DY 19D TOIER S0 N AT NS 0t Ta
PR AT YR RIMW AKX KA 3 T D3 WOpn Al 3 M mmpn avea
1§97 PTPTON YN NI DY IO TP 5233 AYR2 NN M IR 0N
AOYPR TPV IVIND 1993 NWYN 1SRN NUR1 TR SO0 I i

The students identified the purpose of the chapter and the main concepts: circle, area of the cir
cle, circumference (sureunding line) and diameter. Baw Hiyya explains that instead of diagonal
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of a circle he uzes koter (diameter), a tcrm he borrowed from the Arabic. He prescnts the well
known rle;

Circurnference of a circle = its diameter x{3 { 1/7).
Then he presents his rule to calculate the area of a circle:
Area of the circle = (half its circumference) x (haif its diameter).

Following his statement, he comments on how you can deduce the second mle from the first
one,

N3N onreRn NaIh

TNAA AW ATRNN 53 AMBUR GWTR ON 101D 32000 IFN DT Rk
TP ER DO NNGn DN BV DY) ANAYTIR DY N 2300 170 SR Wph
SUYN NOY DMYEAN VWA 100 T MIPHH PN OYIII0N BN 7 R TR
PP AT DR ATIPY 5N DY THRY 1Y DI DU omen omp? e
WA EMEY N ,OMDE 273 PRDAN 1N OITPHY HER NAT TAN R0 T 1a
nMY U ATNE NI PPN TY D90 131 1m0 oned wNg T upa ep
FRNNY 1NN AW NT TIBYA T2 KN RE LD wInA Davm whenn
31D MENS3 3N TIY W TUN DD NI PPN 1PN Mg 10

OVBYS DYDY DTN 2230 AN I ok WP ww Ty ot Pt pmTm
TR TOIP REN DO NAX DAY 23700 PR BT N TR an 2
50970 TNIUR NI TP NIPID 1IN0 AR 203 JD 30N DN TN

This diagram appears in (he school textbook as a part of the activities about the area of Lhe
circle. But... this is not what Bar Hivya was telling them to do!!! Bar Hiyya demonstration may
be illustrated as follows:
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This p.nssemution was followed by a very enlightening discussion aboul the idea and purpose of
proof in mathematics and in mathematics teaching.

S{A) =

xr=mars

2

TEXT I {from The Foundarions of Understanding and the Tower of Faitin)

ACTONES LIENTIFICAS
]

YESOLI Ha-TERUNA [

SHIGDAL YA EAIAN

L AR VR T T R TR

W DRI RARCE LN g 1850
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According to S ARFATTI (1969), the main goal of this book was (o clarify the main terms used
in the different sciences, to present (heir definitions and also to present general rules (p. 90} It
is a sort of dictionary for scientific terms organized by topic rather than alphabetic order. The
bock is divided in two parts: a) The foundations of understanding, by The tower of faith, The
first part is divided in four foundations (mathematics, physics, politics and metaphysics). The
mathematics foundation is composed of three pillars which are: arithmetic, geomeiry, music.
The arithmetic pillar is divided in two parts: the theory of the number (pure arithmetic) and the
theory of computations (logistics). The texts presented to the students belong to the theory of
the number.
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This passage deals with the Pythagorean ideas of number: nuinber is always commected with
counted things and number is the substance of all things. A number is, according to Bar Hiyya -
who must be considered a Neo-Pythagorean like Nicomachus - a multitude composed of units.
It follows that 1 cannot be considered a number. Reading this passage presented an excellent op-
portunity to lock for Bar-Hiyya's descriptions of known terms like odd numbers, even nuinbers,
prime muihers, composite mnbers, perfect number, e,

TEXT IV (ifrom The Foundarions of Undersianding and the Tower of Faitity

anbrn A Nisph Yhe Yoe

112w ABINI ¥Yn PINN
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This passage deals with the ratio of fractions and it is presented by Bar Hiyya after the passage
that deals with division of numbers (natural numbers) and 1he passage that deals with the cal-
culation of a certain part of a number. Bar Hiyya uses the tenin mroneh (counts) for “divides”.
For example he may say: 3 counts 12 (similar to the Greek "3 measures 127}, and : 5 does not
count 12. He uses the term “division” when the dividend is bigger that the divisor and the term
“ratio” when the dividend is smaller than the divisor.
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Before the srudents read Bar Hiyya's passage, they were asked to describe how would they
explain a voung child how to divide fractions. All of them followed the same procedure: “Teil
them that to divide by a/b is to multiply by b/a”. This is not a surprising fact since this is the
usual procedure described in school textbooks.

Then, they were allowed to rcad Bar Hiyya's passage. He says:

To find the ratio between 3/8 by 2/3, vou may have a “helping” number, like 40. 3
eighths of 40 15 15 and 2 fifths of 40is 16. So, the ratio between 3/8 and 2/5 is the
ratio hetween 15 and 16.

The students found again. that Bar Hivya's explanations are transparent and his example ex-
plains not only frow but mainly wiv you divide fractions the way you do. From this text we
learn again that to teach is not only to tell a story but to know when to shut down,

Summary

This paper described an experience in which teachers were involved in a worthwhile mathe-
matical task in which the context was provided by the analysis of primary sonrces in Hebrew.
we would like to encourage more teachers 10 think in this ditection and to invite them to share
primary sources which they have found with other teachers.
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Aspects linguistiques de I’Epistémologie
¢t de I'Education des Mathématiques

WINSL@W Carl )
Département de Mathcmatiques, Université danoise d"Education,
Copenhague (Danemark)

Absiract

La linguistique structurale depuis la ‘révolution Chomskienne' est saturée de consé-
quences importantes pour les questions classignes de la nature du savoir mathématique et
de som acquisition, surtout si 1'on adopte de maniére conséquente la position de regarder
les mathématiques comme un domaine de communication, ou plus précisément, comme
une famille de registres linguistiques. Tn fair, I'importance des phénoménes discursifs
dans 1'éducation mathématigne a ét€ 1'ohjet de nombreuses gtudes depuis les anndes 70.
Cependant, il nous semble que la philosophie des mathématiques et (suriout} La didactigue
des mathématiques n'ont pas envisagé les plus profonds aspects épistémologiques du travail
Chemsky sur la compétence linguistigue (qui d"ailleurs s'inspire de manigre essentielle des
mathématiques). cc qui 5 explique cerfainement par I'absence de théories suffisamment
explicites et cohérentes des relativns entre les mathématiquoes et les langues naturelles.

Dans cetie communication, j expliquerai les contours d'une telle théorie, ou les mathe-
matiques (de la maternelle & I'université, de la théorie pure aux applications) seront décrites
dans des temes purement linguistiques. On se limitera A traiter les idées fondamentales
{registre, transformation etc.) de cette description, pour discuter en plus de détails les con-
séquences possibles pour 1 épistémologic de I'enseignement des mathématiques.
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I Introduction

Les relations et les tnteractions entre langnes et mathématiques sont le sujet de nombraux
articles et livres dans la littérature moderne sur la didactique et I'épistémologie des mathé-
matiques. Dans Ta plupait de ces émdes, il 'agit du role joug par le langage employé dans
les communications touchant aux mathématiques : dans les salles de classe (p.e. JJURKIN &
SHIRE 1991: Pimm 1994), dans les textes pédagogiques et scientifiques (p.e., MORGAN 1998),
dans les discussions des chercheurs (p.e., ERNEST 1998), etc.: surlout, il s’agit cn premiére
ligne de l'usage des langues naturelles dans ces contextes divers, méme si cet usage est lié aux
spéeificités de la matiere des mathématiques. A coté de ces efforts du mainstream, le langage
mathématique interne, propre aux mathématiques, a €1€ ocassionellement traité. surtout dans un
sens metaphorique (‘les mathématiques sont une langue'. ¢f. p.e. PIMM (987 ou SCHWEIGER
19%94}. et méme comme un langage construit & base des métaphores (Lakor & NGREZ 1997).

Le bt de ce travail est de décrire 1 usage linguistique des mathématiques dans des termes qui
sont et linguistiques dans un sens général. et propres a saisir les spécificités des mathématiques
de maniere a élucider son épistémologie. Ce faisant, nous partirons des donndes suivantes :

* Nolre analyse se réduit a décrire les mathématiques comme phénoméne comumuniqué,
don ies questions classiques de I'ontologie sont pour ainsi dire scarlées par avance;

» Nous renangons a4 problématiscr e genre des mathématiques comme tel, supposant un

certain niveau de consentement sur I'existence d'un pratigue homogéne des ‘mathéma- -

tiques modemnes’ (en Anglais, mainsmrean mathematics);

¢ Egalement nous ne nous engageons point dans les débats sur les paradigmes linguistiques
(linguistique structurale et socio-linguistique) auxquellcs nous puisons les nofions con-
ceptuels pour notre analyse; nous nous bornerons a les expliciter.

En somme, notre but est pragmatique plutdt que dogmatigue : de fournir des notions analytiques

pour I'enseignant et pour le chercheur en quéte d'une compréhension des aspects linguistiques
des mathématiques.

2 Définitions fondamentales : langue, langage, registre

Les catégories Saussuriennes de langue ef parole (DE SAUSSURE 1967) pénetrent toute la
linguistique moderne. Les deux forment ce phénoméne hétérogéne du langage, comprenant les
aspects physiques, physiolegigues et psychologiques de la communication entre &tres humains.
Tandis que parole comprend les manifestations individuelles et observables de cetle comniuni-
cation, c’est & dire Jes ‘textes’ (écrites, orales etc.) qui constituent la communication concréte —
langue peut étre grossidrement caractérisé comme les structures de savoir qui sont a la base de
la production de textes, telles que la syntaxe, la sémantique etc. Une définition plus formelle,
trés utile pour nos buts, est donnée par GIRSDANSKY (1963, p. 3)

Language is a set of avbitrary symbols (words) which ace placed in oriderly relationship with one
another according o conventions accepted and understood by the speakers, for the ransmission of
messages,

Une langue est w1 cnsemble de symboies (mots) arbitraices qui sont placés en relations vrdommées

d’aprés des conventions Qeceptdes et comptises par les intedocuteurs, dans le but de (ransmettre des
messages.,
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Traditionnellement, le sujet des sciences linguistiques se définil comme I'étude de langries na-
turelles (telle que le Frangais, lc Danois elc.) & partir des évidences présenies en usage concret,
en parole. Avec une compréhension suffisamment générale de la définition de fangue que nous
venons de citer, il se voit aisément que ce domaine d’enquéte peut étre Elargie de maniére a
comprendre aussi les longues formelles telle que nous les trouvons pe. dans la parole des
mathématiciens. En effet, JAcOBs0N (1970, p. 15) nole que

formalized languages. .. are artificial transforms of natural langnage, i particular. of its written

variely.

Les langues formelles sont. .. des ransformés artificielles de la langoe maturelle, surtoul dans sa

vanélé éorile.
Bien que la situation se montre quelgue plus complexe en usuge concret des nlathénlflliques,
nous verrons gu'une partie de la syntaxe de la langue des mathématiques peut effectivement
&tre concue de cette maniérc. )

Néanmoins, des précisions sur les théories de parole sont nécessaires pour placer notre ctude

d’une langue des mathematiques dans son propre contexte linguistique. Comme il n’y a pas d.e
parole sans interlocuteurs, et méme une société d'interlocuteurs avec une langue c,omrrEurEe, it
n’y a pas de communication (en parole) cohérente sans un certain cadre d'usage detcl@l{e par
le contexte | p.e., une legon en classe, un exercice militaire. un débat entre hommes polﬂmques
ete. Ces systémes de conventions d’usage propre a des groupes d'intedlocuteurs placés dans
certaines situations, sont nommés communément des regisfres linguistiques (voir HAT.I.I]’)A\I’ et
al, 1964, pp. 87-94). Nous avons done des registres professionnels (li€s a la comm.um:?auon
dans la cadre d'une certaine profession), des registres d'enfants (p.e. liés a certains jeux),
des registres religieus (p.e. la rhétorique des oraisons) ete.; dans tous les cas cités, la fangue
peut bien évidemment &tre la méme, la différence étant marque par son usage pour des buts
différents.

3 Larévolution Chomskienne

Leos années 30 et 60 ont vu Uessor de la linguistique structurale, promue sutout par la
‘linguistigue de transformation” de Zellig Harris, et par la théorie des ‘gramimaires génératrices’
de son étudiant, Noam Chomsky.

I1 est intéressant de constater que notre idée de puiser aux études des langues naturelles
pour notre analyse des mathématiques, est historiguement précédée par l'inﬂuen.ce directe et
indirecte des mathématiques dans la génése de la linguistique structurale, Cette influence est
trés claire dans toute 1" ceuvre de Harris, ol elle est souvent directe et explicite :

The interest here is. . . in fornmulating in a mathematical system precisely those properties sufficient
and necessary 16 characlerize the whole of natural language and its unique power.

Le point d'intérét ici est. . de formmuler dans un systéme muthémalique exactemenl les propriceés
qui 50nt mécessaires el sufiisaites pour caractériser Ja tomlité de la langue naturelle ef sa puissance
unique. (HARRIS 1970, p. 603)

Yoici un résumé simplifié d une partie (concernant la syntaxe) caractéristique de la stratégif: de
Harris pour ce faire (LHARRiS 1970, pp. 533-577} : toute phrase se dérive par rraus_fom’zarfon_v
d'un ensemble fini de phrases de buse. Les translormations forment une structure zlalg‘ebﬁquc
—un semigroupe— sous cotnposition, et 1'étude de 1a construction de phrases se réduit 4 an;ly—
ser la structure de ce semigroupe, en particulier de décider s%il posséde un ensemble fini de
généraleurs.
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L’idée d’utiliser des notions mathématiques pour décrire les structures linguistiques est
Egalement fondamental dans (CHOMSKY 1957 )y qui contient la démonstration (mathématique}
du fait bouleversant que les langues naturelles sont infinies non seulement en nombre de phrases
possibles, mats aassi -4 grands (raits— en nombre de ‘régles” qui sont nécessaires et suffisantes
pour produire toutes les phrases correctes (et seulement celles-ci), D autant plus revolutionnaire
était donc 1'idée des “grammaires génératrices”, gui

attempis lu characterize jn the most neutral possible terms the kuowledge ol e langnage that pro-
vides the basis for actual nse of language by a speaker-lisarer,

cherche 3 caractériser dans les termies tes plos neutres les connaissances qui sont a la base de Iusage
concrete de la langue par un interloculewr. (CHOMSKY 1963, . 9)

Donc, revenant aux catégories Saussurienncs, on cherche a isoler les aspects de langie qui, en
écartant un amas de faits (p.e. lexicologiques) de genre plus ou moins arbitraires, sont fonde-
mentales dans 1a production de parole. Dans les termes de Chomsky, ces aspects constituent
Férar initial (initial stare ou wniveryal gramimar) de la facult€ linguistique, la partie de nos con-
naissances qui —par leur complexité méme, dont nous venons de faire la mention— ne saurait due
apprises & partir de 'expérience nécessairement finie que |’on puisse acquérir avec un langage
quelconque. mais qui d'autre part nous permet en principe d’acquérir n'importe quelle langue
naturelle. Cet état initial étant nécessairement une parlie innée du cervean humain, on a affaire
ici avec 1'aspect le plus controversé de Ia théorie de Chomsky — bien que personne n'ait su
réfuter I'argument que, sans cette hypothése. la compétence linguistique de I"homme serait un
paradoxe épistémologique des plus manifestes.

Il est d’autant plus iméressant pour nows gque Chomsky suggére que d"autres compétences
relatées powrratent &tre analogues, et mémne dérivées, de la compétence lingnistigue inuée :

Assuming the lanpuage faculty to be s distingnished component of the mind, it has a genetically-
determined initial state 5§ . .. But the mind has other ressonrces as well, with other capacities, and
thus 2 more general initial state 537 for formation of concepts — for example, i the course of theory
consituctivn in the advanced sciences.

Supposant gne la facultg linguistique soil un composant distinet de 1'esprit bumain, il a un at
initial S qui est génétiguement determing. .. Mais T'esprit humain a d'autres capacités, donc nn
état initial S plus général, pour former des notions — pe. dans la constiuetion des théories ey
sciences avancdes, (CHOMSEY 1991

Nous avons donc en particulier  traiter de la partie de 537 ou le A/ signifie *mathématiques
modernes’ — et, surtout, de ses relations avec 57

4 Syntaxe universelle des mathémathiques

Pour toute classe d'objets mathématiques —comme les nombres réels, les ensembles, les
polyadres— il y a des apérations naturelles par lesquelles un ou plusieus objets sont transformes
en un autre objet. De méme, nous avons des relarions qui nous permettent de comparer deux
objets — par exemple, un ubjet et I'objet obtenu par une opération. Cette structure, dans un sens
vague ‘universelle’ pour les mathématiques, a €6 partiellement formalisée dans la théorie des
catégories. lci, nous esquisserons une formalisation dans 1'esprit de Ta linguistique structurale.
Pour un exposé pius détaillé, voir {WTNSLew [998).

Notons d’abord que pour le moment nous nous occuperons uniquement de la syntaxe des
partics “symboliques’ de la communication mathématique, ¢’est-a-dire des séguences de sym-
boles {incluant les représentations par diagrammes géométriques) qui apparaissent en pratigue
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au milieu des explications verbales écriles ou parlés selon la situation. Dans la section suivante,
nous allons traiter la communication mathénatique dans son ensemble.

Les séquences de symboles contiennent explicitement trois catégories de ‘syntaxe’ : objets,
relations et opérareurs. Les objets sont seuls & pouvoir constituer une séquence compléte, telle
que ‘Zn 1/n’ ou ‘2°. Les symboles représentants des relations sont toujours placés entre {eux
abjets. comme dans 2 < Y 1/n’. Finalement. les opératewrs se placent de deux maniéres
différentes : entre deux abjets comme dans ‘2+3=%", ol1 le complément ‘=5" indique [e résultat
de lopératewr “+' agissant sur la paire d'objeis *2° et *3'; et de différentes maméres en com-
binaison {avant, au dessus. au dessous. .. ) avec 1'ohjet (ou les objets} auquel agit I"opéraleur,
comme dans

V9, 3%, 05 sinfx), flz, . 2), V', Hom (¥, €}, etc.

Ces séquences d’objets avec opérateurs représentent. par définition. de nouveaux objets (com-
posés) qui se placent dans tontes les positions possibles pour un objet. Les séquences de base
sont de forme O (séquence d'objet, contenant un seul objet) et Oy ROs (véguence simple, objet-
telation-chjet).

Implicitement, on trouve unc guairiéme catégorie des transformations.

Les plus importantes sont les transformations induites par un opérateur (que nous pouvons,
en analogie avec la syntaxe de wanstormation de HARRIS (1970), appeler les transformation
simples). Celles-ci agissent simmiranément sur objets ct relations, de manigre 4 transformer
une séquence entitre. Par exemple, 1'inversion additive des nombres réels transforme la re-
lation ‘<" en ‘=", dong. le résultat de cette transformation de la séquence "2 = 3 1/n" est
-2 = - 3=, L/w'. Plus généralement, 1a rransformation induite par 'opérateur 7 agit sur les
séquences de base ainsi :

0= T0; 0ROy —TO, TRTO,,

o TR désigne la relation transformeé de A par 7.

Les transformations simples sont unaires comme elles agissent sur une seule séquence.
D'autres wansformations vnaires sont celles de rédiction (p.e. réduction de transitivité dans
certains contextes 1 O RO, ROy — O, RCh, ete).

Pour construire les séquences & plusienrs relations, il nous faut introduire les transformations
hinaires de fuxtaposition ct de combinaison. Si 5| et Sy sont des séquences quelconques, (7 est
un objet, et fi; et Az sont des relations, I juxtaposition de §1 R, et ORa 55 a pour résuliat la
séquence 54 [} O Ry5;. Comme un exemple, notons le passage

0=0-0<T+11+1ES I/no0=04+0<14+15) 1jn
b

T

De méme, la combinaison des séquences S R 52 et 53R 3y induite par un opérateur T & deux
argnments a pour résultat la séquence T(.5), ST (R R2)T( 5. 5,) o0 TRy, Ry estla Felaticm
induite par 73 et /¢, sous T {cette induction n"étant évidemment pas possible pour n'importe
guelle combinaison de relations et opérateur). Par exemple.

123y 1n—-14322+) 1/n
1 3

Comme c'est aussi le cas en syntaxe de transformation, on a besoin seulement de tranformations
unaires el binaires pour générer les séquences d'une complexité arbitraire. Notons néanmoing
quune répétition de Ta mé&me transformation peut bien &tre infinie dans le cas trailé ic1.
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e cette manidre, nous avons indigné un mécanisine pour géndrer un grand nombre de
séquences de symboles comrectes. Une indication du contexte sera nécessaire pour fournir des
regles plus précises p.e. des transformations induites par les opérateurs, en vue d’assurer que
seules les séquences correctes solent générdes.

L'universalité des quatre entités de syntaxe que nous venons d examiner —objets, relations,
opérateurs, transformations— se prolonge bien siir dans des aspects de sémantigue. Ils sont
brievement indiqués dany le schéma suivant {WivsLeow 1999)

Représentation  Structure
Etat Objet Relation

Processus | Opérateur

Transformation

5 Contours des registres mathématiques

L'usage mathématique combing deux €léments : une langue de symboles régularisé par le
contexte mais aussi par des principes universels (décrits au-dessus), et une langue naturelle
comme le Francais ou le Danois. Il est d"une imponance capitale pour donner une image fdéle
des registres mathématiques de tenir compte de 1 interacrion des deux langues dans 1'usage
mathématique. En fait, &ter d’un texte mathématique toute expression symbolique le rend ab-
surde et du point de vue grammatical et du peint de vue sémantigue, tandis que la seule tangue
symbolique ne saurait —en dépit des efforts faits par certains logiciens —rendre tout le sens méme
des plus simples raisonnements mathémariques.

Commencons par |’exemple suivant & un texte classique (CARTAN 1961, p. 75} :

Soit T e bord orienté d'un compact £ contenu dans un ouvert £ el soit £ une fonction halg-
morphe dans D, Alers
/‘_I'[':}r!: =u. ..

Il se voit aisément que les séquences de symboles ', 'K, ‘D", * f{z) er ‘_ﬁ,{j'{_;)da = 0" rem-
placent des éléments verbaux dans la structuge d’une phrase également représenté par : “Soit
Pierre Pami d'un matin, P, embarqué an navire Napoléon, et soit Plerior un clown engagé
au Napoléon, Alors I'ami de Pierre voyage avec un clown.' Hors un cerfain clou logique, la
dernigre phrase n'a certes pas beaucoup de sens, mais elle st parfaitement grammaticale. Les
séquences d‘obje_ts remplacent des nom propres, tandis que la séquence simple * fr flzidz==W
tient liew d'une phrase compléte, 1a relation correspondant grossidrement au verhe fini. Abstrac-
tion faite de ces remplacements, la structure des deux phrases reste la méme.

0 est. en effet, possible d’énumérer les régles qui déterminent, en grands lrails, comment
insérer dans la structure d'une phrase de langue naturelle des séguences de langue symbolique
pour wriver & des phrases correctes pour le registre mainstream des mathématigues modernes
(WINsSL@W 1999, §6). La pointe cst esseatiellement que les noms propres (et leurs quivalents
ainsi que les noms aprés cerlains articles) se reraplacent avec les séquences d’objets, tandis que
les propositions principales précédées de maniére arbitraire (mais non-vaine) se remplacent par
les séquences conlenunt une ou plusieurs relations.

Nous avens toujours i rendre compte de 1'usage de l'inventaire verbal dans les registres
mathématiques, comme celui-ci est clairement assez restreint; bien qu’aucuse tournure ne soir

412

exclue d’avance. il est impossible de rencontrer dans un texte mathématique des expressions
tel que ‘humeur’, ‘ma mére est malale’ cic.. en tous cas dans leur sens quotidien. Le registre
mathématique est ‘fermée” dans le sens qu'il nc permet pas les références exlernes, donc. ne
saurait exprimer les opinions, les sentiments, ctc. (ne comptant pas. ici, la possibilié de registre
mixte, tel que 1'usage dans les applications des mathémaligues). Dans ce gens, les mathéma-
tiques sont, selon I'expression de JACOBSON (1970, en vue de lu musique), ur langage gui e
signifie soit-méme {cf. aussi ROTMAN 1988).

Le texte mathématique crée sa propre sémantique par des processus de homenclature trés
explicites. Retournant 4 notre example du texte de Cartan, tous les termes ‘bocd orienté’, ‘un
compact’, ‘conlenu’, "'un ouvert’. ‘nne fonction holomorphe’ deivent étre explicitement définis
pur le conlexle (lypiquement par les parties antérieures du texte) pour ére employés dans le
préseat; ils font alors, et seulement alors. partie de I'inventaire sémantique du registre, avec
un sens trés différent du sens duns lout autre registre, s'ils ne sont pas exclusivement créés
pour I'usage du registre (tel que 1'adjectif “holomorphe’). Cette possibilité de créer ad hoc ine
sémantigue est 4 la racine de U'extréme flexibilité du registre mathématique. Elle est. d’ailleurs,
différente d'nn antre processus, beaucoup plus local. de nomenclature, par lequel un scns soit
assigné aux symboles (dans 1'exemple, *Soit T le bord orienté. . . "), mais qui ne crée pas une
partie du registre proprement dit,

Finalement, les registres mathématiques sc retrouvent rarement en usage isolé hors des salles
de classes ou de recherche. Par contre, on va souvent trouver les malhémmatiques dans des
contextes appliqués; donc, le registre est mixte. comme le registre du contexte (par exemple de
Ia physique. du commerce, etc.) se méle avec le regisire mathématique utilisé pour représenter
(modéliser) une situation décrite par le premier registre. Dans ces situations, i est utile sinon
nécessaire de séparer ce mélange —d’isoler ce qui est dit ou écrit en langage mathématique—
pour "analyse du discours, ou plus modestement. pour donner un sens 4 I'usage apparemment
bizarre de symboles au mitieu d'un discours verbal.

6 L’analyse du discours mathématique

Notre analyvse jusqu'ici peut bien sembler assez €loignée des problémes réels de 'usage
communicatif des mathématiques — en classe aussi hien qu’aillevrs. C'est dans le discours
cohérent —la parole— plutdt que dans les détails de syntaxe gue les difficultés du langage mathé-
miatique se monirent les plus urgentes.

L' analyse grammaticale se termine tradifionnellement par la phrase enti¢re. Pour saisir le
déronlement sémantique d’un texte comprenant plus d’une phrase, il est indispensable de traiter
aussi la relation entre ces phrases et leur contribution 4 la totalité. Ceci est le point de départ
d’une discipline nouvelle (STUBBS 1983, p. 15}

Connected discourse is cleurly nol raudom. People arc able 1o distinguish between a rundom lst of
senlences and a coherent texi, and it is the principles which underlie this recognition of coherence
which are the topic of stady for discourse analysis,

Le discours cobérent 1 est évidemmunt pas arhitraire. Nous sommes capables de distingver une
liste arbitraire de phrases d'un texte cohérent, el e sont Jes principes qui se trouve derrire cette
reconnaissance de cohérence qui sont le sujet pour 1'analyse du discours.

Cette cohérence est déterminée grossiérement pur I'information transmise, regue et interpétée
au cours de la communication.

Leg phrases d'un texte mathématique sont centrées anlowr de certains ensembles séman-
tiques représentés surtoul par les séguences symboliques dont la cohérence est typiquement
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€tablie par les parties des phrases usant de |'inventaire verbal. Nous distinguons, pour notre
analyse. les ensembles suivants

I. L'ensemble primaire, représenté par les phrases, et surtout les séquences symboligues, da
texte,

]

. L'ensemble secondaire, constitné par fe “contexte’; p.e. dans un rexte pédagogique, le
contexte d'un eximail guelcongue est souvent défini dans I'ensemble précédent du texte,

3. L'ensemble terviaire, constilué par e savoir uni des agents du discours, ¢’est-a-dire des
intertocutenrs {(voir ci-dessous).

Notons que ces ensembles sont d’habitnde successivement plus larges. ensemble primaire
étant le seul a éure directement ‘visible’ a fleur du texie; seulement, dans certaines situations,
I'ensemble secondaire (le contexte) n’est pas entiérement contenu dans le tertiaire, ce qui est
susceptible de donner licu a des difficultés au cours du discours (et 4 se manifester ainsi dans le
texte). I1 est aussi important de noter que les ensembles doivent étre congus comme des entités
dynamigues., donc, qui changent au cours du discours.

En considérant un texte (dans le sens général) mathématique, nous observons un ensem-
ble grandissant d'léments (formules, concepts, allégations, thém@mes etc.) qui, & un point
du lexle donné, constitvent I'ensemble primaire. il est done vide au début du texte, et sa ca-
pacité explanateur dépend de 1a maniére dont nous 'aurens délimité, 8i, p.e., notre (exte est
constifué par un théoréme et sa démonstration —et non pas, disons, par la derniére mottié de
la démonstration— I'ensemble primaire donnera souvent une image deja assez significative du
déroulement superficiel des messages cormununiques.

Toutefois, n'importe quel discours mathématique a lieu dans un contexte assez restreint de
définitions, théorémes, meéthodes ete.; dans la surface du texte, nous observons de temps ¢n
temps I'introduction d'un élément secondaire dans 'ensemble primaire. 11 st capital pour la
compréhension du texte d'avoir une image assez précise de cel ensemble, cc qui rend I'analyse
du discours oral beaucoup plus difficiie que dans le cas des textes gerits. vl 'enscmble secon-
daire cst souvent explicite dans le texte précédent I"extrait considére.

L'cnsemble tertiaire est, en contrasie avec le secondaire, dépendant des interlocuteurs. Pour
les texies €crits, il faut d’ailleurs comprendre comme interlocuteur muel’ anssi l¢ lecteur ima-
giné’ par les antenrs, comme le discours est souvent visiblement dirigé vers celui-ci (et ferait
typiquement peu de sens congu comme Un monologue sans destinataire). Cet ensemble est
pour amsi dire la limite du domaine qui saurait apparaitee 4 la surface du texte; introduction
déléments tertiaires non-partagés par tous les interlocuteurs est une sowce fréquente de diffi-
cultés communicatives, bien qu’elle soit essentielle pour 1¢ discours pédagogique o I'ensemble
tertiaire pouruit souvent nc compris comme représentant. “le savoir du professeut’ (ou de I"au-
teur). En genéral, 'enseinble tertiaire d'un groupe donné d'interlocnteurs est difficile a déter-
miner, ef méme la délermination partielle demande une observation longue et variée du discours
du groupe. Cet ensemble est pour ainsi dire ‘le spectre nécessaire’ de Panalyse du discours
mathématique : indispensabic pour la compréhension d'un texte non-trivial, mais bien caché
sous la surface texwuelle.

Cette analyse procéde donc de la maniére suivante : identifier les interlocuteurs et le con-
texte {aprés une lecture rapide du texte), suivre le déronlement du texte au nivean de 1’ensernble
primaire, observer les introductions d'éléments secondaires et {possibleent) tertiaires non
secondaires et les transformations des éléments primaires: décrire au moven de ceci le fAux
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d'informations ct les aspects globaux de I'événement discoursif. {(Pour un exemple simple mais
assez détaillé du processus. voir WINSLOW 1998, §3.3.6).

Le réle pour cette analyse de notre description du registre et de la syntaxe vniverselle reste
4 &tre cxplicité (bien qu'il soit partiellement évident dans 1"analyse de n'importe quel texte sui-
vant les idses ci-dessus). I est 1ié aux aspects les plus délicats da développement du sens dans
le cours d'un discours mathématique : 'interprétation et Ta transformation d'informations don-
nées dans [’ensemble primaire. Un texte mathématique peut étre plein de sens et de dynamique
et pourtant &tre constitué essentiellement d'une succession de translonmations unilaires d'une
seule séquence simple — p.e.. le texte représentant la solulion d'une équation bicarde par com-
plément des canés. Un texte verbal procédant de maniére pareille est peu vraisemblable hors
des genres comme le thédtre absurde. . . TY antre part, pour les textes plus compliqués. le scns
est typiquement représenté par (ou peut &tre reconstiuit comme) un amas de transformations
comportant la combinaison d’un grand nombre de séquences symbeliques de tous les ensem-
bles. Cest de la structore de cet amas de fransformations que dépend notre compréhension du
texte. comme ¢ ailleurs celle des interlocureurs, et ¢’est un trait caractéristique du registre que
la transformation linguistique des éléments soit aussi significative pour son usage.

7 Conséquences pour I’épistémologie

Qu'est-ce que le savoir mathématique et comment I"acquigre-t-on? Il me semble que la com-
préhension du savoir mathématique comme unc compétence discursive contribuera a éclairer
d'une lumiére nouvelle ces questions du moment gue nous avons décrit cetie compdtence au
nivean de langue (comme la syntaxe universelie) et au niveau de parnle ( registre et dynamique
du discours). Ce [aisant nous avons 2 la fois donné substance 2 la thése que le savoir mathéma-
tique soit une extension de nowe faculté de Tangage, et signal€ de quelle maniére les problémes
des épistémologics des langues et des mathématiques sont interdépendants. Dans les deux cas,
nous avans A faire avee une pratique plutdt qu’avec un corpus d’objets avec certaines qualites.
Selon le philosophe Resnik,

. in mathematics the primary subject maker is not the individual malhematical ohjects bt rather
the structures in which they ace acranged. The objects of mathematics. .. are themselves atoms,
structureless points, . .

. en mathématique. la matiére n'est pas les objers mathiématiques individuels, mais plutét les
structuees dans lesquelles ils sont siuds. Les objets des mathématiques. .. sont en enx-mémes des
atomes, des points dépourvus de stuctuee, . . (RESNIK 1997, p. 201}

Notre discussion précédente nous €loigne d'on pas de plus des objets comme Ia matiére pﬁnci-
pale ki savoir mathématique : elle n'est méme pas les relations entre ebjets (ou points) silués
dans une structure inerte, mais plutst la dynamigue du changement de ces relations — ¢’est-b-
dire. Ja structure transformable de la syntaxe et du discours. D'étre savant des mathématigues ne
dépend pas senlement de la connaissance des relations fixes enlre objets (tel que 1'arrangement
des nombres, ou un corpus de théorémes), mais surtout de 1a compétence de manipuler ces rela-
tions (tel que dans la pratique de 1" arithmétique ou dans I'invention et dans la démonsiration des
théoremes). L analogie ici avee la facult€ de langue me sernble tr2s persuasive; le savoir Jexi-
cal et Ia connaissance recus d’un amas fini de phrases toutes faites sont nécessaires mais bien
loin d'éwe suffisants pour la participation au discours d"ane langue naturelle. L'importance de
la maitrise d’une structure cransformable des séquences symboligues, ainsi que de sa relation
avec la syntaxe de la langue namirelle dont le registre se sert, nous montre que cette analogie
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n’est pas une coincidence mais une conséquence de la parenté prache entre les deux formes de
compé{cnces expressives.

1.a compétence mathématigue est donc essentiellement de nature linguistique ct elle est
acquise de maniére analogue i la faculté linguistique : par la participation au discours (dans un
sens large, comprenant aussi la lectore de lexles) basée sur un registre mathématique. Tl est donc
trivial que I'acquisition est partiellement un processus de socialisation; mais ¢’ est une faute, de
nos jours trop commune, de conclure qu’elle est pour cette raison arbitraire ou bien entidérement
dépendante d’un milieu de socialisation, o’est-ii-dire du groupe d'interlocuteurs dans lequel elle
alieu. Il n’est pas entierement vrai {en elfet, essentiellement faux) que le savoir mathématique
et le résuitat d’un accord explicite, ou que

- abjective mathematical knowledge is to be found socially in the inlerrelations and interaction
of. .. texts and persons within the culture and instintion of mathematics.
- le savolr mathématique ohjectil’ se irouve socialernent dans les interrelations et les interactions
des. . lexbes el imlividos b Uintéieur de la calture ¢t de Tinstitution des mathématiques. (JknusT
P99R, p. 244

L'argument d'Emest et d’autres pour refuser essentiellement 1’ objectivite (dans le sens
habituel) de tont savoir mathématique est précisement le processus discursif dans lequel ce
savoir se laisse observer — mais qui ne le crée pas pour cela dans s totalits. L analogie avec
le cas de la faculté de langue naturelle nous montre qu'il 1’y a pas de nécessité qu'une compé-
tence dordre linguistique soit entiérement forméde par la participation au discours; remplagant
le savoir mathématique par les connaissances linguistiques Uextrait ci-dessus contredit claire-
ment Vexistence de |'état initial qui ne réside certainement pas dans des institntions ou dans
des ‘cultures de 1'instilution de langue naturelle’. Iy a des €léments de notre facultg de langue
qu’il ne nous est pas donnée de changer: hors notre appareil physigue d'articulation, il y a dans
notre constitutton mentale des structures qui le déierminent partiellement. Comime nous venons
de souligner la relation intime entre cette faculté et 'usage mathématique, nous voyons que
la question du savoir mathématique objectif ne se 1éduit point 3 I'analyse des institutions ou
des ‘cultures’ — de méme que la linguistique ne se laisse pas concevoir comme un coin de la
sociologie.

Un iegument principal pour la non-existence d'une objeetivité invariante du discours mathé-
matique a ¢t¢ le développement hislorique des formes acceptées de démonstrations de théorémes.
Sans doute, on observe au cours de 'histoire, p.e., de 1'analyse infinité€simale, des change-
ments assez importants de la percepiion d'un raisonmement correct et aussi, bien que moins
prenence, 1"abandon de résultats autrefois congus comme bicn étayés. Toutefois, la possibilité
d'observer de tels changements et de les concevolr comme stades commensurables de théories,
nous INONtE que nous 0'avons aucunement a faire avec des ‘changements de paradigmes’ au
sens de KUHN (1962), oi toute la base du savoir ancien est soudainement renversée. Aussi.
il n"appartient au fait pas & wne communaute de chercheurs en mathématiques de changer de
fagon abrupte la stucture des transformations permissibles, bien que nous ayons des tentatives
partielles telle que école intuitionniste, qui a justement échoné par manque de continuité et
de conmmensurabilité avec les registres du imainstream. D'ailleurs, les langues natwrelles se
développent de maniéxe pareille; le francais d’un Moliére ou d'un Pascal est différent, mais loin
d’étre incommensurable, du frangais contemporain, tandis que 1'introduction de langues “artifi-
ciclles’” comme I'espéranto ne nous donnera justement jamais une langue ‘naturelle’. On pour-
rait objecter ici que les mathématiques ressemblent peut &tre plus & I'espéranto qu’au frangais,
étant plutdt une langue articifielle que natwelle; mais il me semble que cette objection est Loul
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simplement sans évidence dans la pratique comtemporaine ef histotique des mathématiques. Ja-
s ne ful-il décidé d’ériger de telle ou telle maniére ce bitiment de savoir gui nous st connm
sous ce nom; ef switout ce bitiment est de manigre iméversible contigy anx langues naturelles
dont il se sert. En effet, les mathématiques remplissent beancoup des conditions normalement
posées dans les définitions des langoes naturelles (p.e. MORAVSCIK 1983}, & 'exception, bien
siir, d"avoir la forme orale comme le médivm primaire.

D un autre coté, 1utilité des mathématiques comme moven pour décrire a peu prés tous
les phénomencs du monde physique, et aussi un grand nombre de pheénoménes sociaux, est
souvent citée comme €vidence d'une objectivité inhérente aux mathématiques. 1.’argumient me
semble capital mais aussi plein de dangers. 11 faut résister i la tentation de conclure que celte
objectivité réside done ‘hors de la sphére humaine’, et démontrer qu’au contraire elle vient de
notre incapacité i décrire et méme 4 concevoir des relations extérieures de nous-mémes sans
nous servir des moyens d'expression qui nous sont fournis par les langues. L'invariance et
I’objectivité de nolre conception du monde sont imposées par celles de nos langues et elles
ne sont point plus €rendues que 1" objectivité de nos langues; notre compréhension du monde
physique est en effet bien moins stable gue les structures mathématiques par lesquelles nous
I'ecxprimons. Iei, KUHN (1962) est 2 sa place pour nous convaincre que notre description, et
aussi notre construction partielle, de 'univers physique et social. sont limitées et induiles par la
liberté actuelle de cheisir parmi les moyens. Clest aussi un point cardinal pour WITTGENSTEIN
(1969, £5.6) :

Die Grenzen meiner Sprache bedeuten die Grenzen meiner Welt,
Les linites de ma langue sont les limiles de mon anivers.

Cela se comprend aussi (par nous) au pluriel. dans le sens social; il est pen étonnant alors
gue les partie de notre *langue’ (au sens géncral) qui s occupent des quantités et des formes
—comime avant tout les mathématiques— nous semblent bien utiles pour décrire et former les
aspects quantitatifs du monde. La égularité intrinséque de la langue ne doit pas étre confondue
avec les incidents de son usage.

Le caractére transformable du langage mathématique a avssi des conséquences pour I'inter-
prétation du concept de vérité dans L'usage des mathématiciens et des philosophes. Dire qu'une
proposition mathématique est ‘vraie’ est une maniére de dire quelle est “bien formée’ ou ‘cor-
rectement dérivée', dons le sens que nos critéres pour sa vérité portent typiquement sur les
transformations d'un discours {ici. d'une démonstration). Si cette chaine de transformations,
ainsi que son point de départ, sont reconnus par nous comme corrects, nous affirmons la correc-
tion de la preposition avec autant de sfiveté que nous le pouvons pour la forme d*une phrase dans
notre langue matermelle. Nans les deux cas, 'idiosyncrasic joue un rdle relativement petit, bien
que dans le discours mathématigue, les divergences entre le savoir d'un individu, I'ensemble
secondaire et I'ensemble tertiaire donnent fréquemment lieu i des efforts de raccommodage —
nen pas des ‘points de vues’, mais des ‘connaissances’. Dans le cas de F'usage d'une langue
naturelle. p.e. dans les registres de débat politique, on ne trouve pas cette corrélation intime
entre syntaxe, strncture de discours et sémantique; les divergences sur le contenu ne sont pas
primairement d'ordre linguistique. Cette différence s'explique également au niveau de la sig-
nification ¢ comne nous 1'avons déjd noté dans nowe discussion du registre mathématique,
celui-ci est fermé et donc le discours est dépourva de références extéientes — ce qui restreint
aussi la portée de son concept de vérité.
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8 Conséquences pour I’éducation et 1’enseignement

Il me semble essentiel que 1'enseignement général des mathématiques soit congu dans sa
totalité comme un mouvement vers un but de perfection qui pourrait tre atteint a différents de-
grés, toujours partiels. Notre analyse des registres et du discours des mathémariques nous pet-
met d’abord de formuler avec plus de précision ce but et donc 1a direction générale du ‘vectenr’
de l'éducation mathématique, puis d’analvser brigvement son implantation aux niveavx dif-
férents.

Pour la direction péndrale, 1'anulogie avec Iacquisition d'une langue érangére est ties
utile. Quoigue lointam au début de I'apprentissage, le but principal déterminant la direction
de I'enseignement est hien siir la compétence de comprendre et de s'exprimer cormime un adulte
ayant cette langue pour langne maternelle. A ceci se joint des moyens qui sont aussi des buts
partiels, comme I'enscignement de la culture et des littératures associées a la langue en ques-
lion. Retenons comme mots clés @ compdtence adulte, langue maternelle, culture, littératures.
A prior, ils ne sernblent peut éire pas trés €clairants dans le contexte de ["apprentissage mathé-
matique. D’aillenrs, par quel ‘mathématicien idéal’ aurons nous un modéle pour la compétence
‘aduite’, pour ne pas dire ‘de langue matemelle’? Nous aurons i opérer avec un ideal speaker
(CHOMSKY 1965} dans les deux cos, mais le besoin de préciser ses attibuts est peut étre plus
grand dans le cas présent. Dans 'usage des mathématiques, la compétence pour participer an
discours me semble éwoilement Lige i la faculté de suivre et de produire les ransformations qui
constituent, comme nous l'avons vu, I'élément central de la dynamique inleme de ce discours.
Notre ideal speaker est donc complétement libre aux jeux de transformations dans n'importe
quel confexte sensé des mathématiques. [l connait aussi la littérature, donc. posséde le savoir
jusqu'ici obtemy, en éant capable de le situer dans son contexte historique et culurel. De
plus, 11 lui est possible de communiguer ef d"appliquer son savoir hors du contexte protége des
mathématiques pures.

Comment peut on 8’y rendre, puisqu’il est clair que 'on n’atteint jamads ce but idéal? Pour
les calculs comme pour les raisonnements d'on certain genre, il est certes possible de déve-
lopper des facult€s basées sur les recettes, sur les méthodes toutes faites, mais on 1'élément
transformable des opérations est pour ainsi dire donné d’avance. Fvidemment, ces facultés
ont peu de valeur de ransfert au-dela des situations sirictement analogues. Par contre, 1'étude
de telles ‘recettes’ peut fournir des exemmples importants de la navigation de transformation du
mathématicien dans une structure mathématique. En effet, la Slitérature’ des mathématiques
esl pleine de tels exemples “‘modéles’; par exemple, la preuve de l'inationalité de la racine de
2 est un ¢as classique et exemplaire de |'argument indirect. et elle est aussi par sa signification
historique vne partie de la ‘culture’ associde aux mathématiques. Si ’on réussit a élargir cet
argument aux racines d'un nombre non-carré quelcongue, on aurait d€ji une expérience valable
pour des cxploits plus avancés. D'antres exemples plus élémentaires sont les algorithmes de
multiplication et de division (powr I'enseignement primaire) dont I'importance pratique a cectes
diminué avec I'introduction des calculateurs, mais qui sont néanmoins des véhicules possibles
pour I’ acquisition des transformations associces a ces opérations (qui sont, d'ailleurs, a leur tour,
nécessaires pour la comprehension de notre premier exemple). L'importance pour 1 apprenti de
formuler pour lui-méme les hypothéses, les arguments et les contre-exemples est analogue aux
principes modernes de la pédagogie linguistigue :

LRules thit the child diseovers are more important and carry greater weight than proctice. Concept

atianunent aod hypothesis lesting are move lkely parsdigms in language keaching than response
steength through rote memory and repetilion.
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Les rigles découverlus par I'enfant méme sont plus importantes el onl plus de poids que Ia pratigqus.
La réalisation des concepts ¢f Uéprenve d hypothéses somt des paradigmes plus prometteurs pour
I'enseignement des langues que ka faculté de répondee par cosur et par répdtition. (JACOBOVITS
L9, o 153

Nous n’avons ici qu'3 remplacer le mot ‘langues’ pour avoir un manifeste bien sensé d'une
éducation des mathématiques mocdernes,

Retournons A la question des significations possibles de ‘langue maternelle” dans le contexte
des compétences mathématiques. Puisque celles-ci sont, comme nous I’avons vu, i‘mégrées aux
compétences Tinguistiques géncérales, il 2’y a pas de raison théorique gu'elles soient acquises
comme celles d'une langue secondaire, Fffectivement, des rudiments des registres des mathé-
matiques €lémentaires. tels que les notions de quantité et de forme. sont présents méme dans
les stades les plus primitifs de I'acquisition des langues naturelles (voir p.e. USISKJIN 19?7.
pp. 234f). On peul compter pacmi les conclusions les plus manifestes des études de 1’(:,1.1\ulcuulo.n
mathématique élémentaire qu’il est favorable 2 sa téusite de profiter de ces éléments déji intéri-
orisés et qu'il est substantiellement plus difficile. quoique possible. d’acquérir 1" arithmétique
comume des processus détachés de I'usage connn de 1a langue maternelie.

Considérons ensulie le probléme de 1'fge idéal pour commencer I'initiation aux aspecis
centraux dn registre mathématique (le misonnement logique par discours de transformation).
On trouve un probléme paralléle dans le “factenr d'4ge’ dans I’apprentissage d’une langue se-
condaire, oir I'analyse se résume ainsi (KRESHEN et al. 1979)

. adults and older children in general initially acquire the second language faster than young
chifdren (older-is-better-for-rate-of acquisition), tut child second language acquirers will usually be
superior in lerms of wtimate attainment (younger-is-better-in-the-Jong-run).

. les adultes of les enfunts plus dgés en général sont plus prompls & acquéri one langue secondaire
que les jeunes enfants (plus-Gigé-esl-mienx-pour-la-rapidisé-d’ acquisition), ndis que les enfants
apprenant une langue secondaire sont d hatitnde supérieurs au sens du résultat fimal {plus jeune-

est-mieux -d-Ja-lengue).

On serait tenté de conclure par analogie que I'introdnction des éléments centraux du registre
devait &tre effectude aussi rapidernent que possible. Toutelois nous nous heurtons ici anx limites
posges par la capacité cognitive de I'enlant, dont nous informent Piaget et son €cole aver une
documentation écrasante :

On vait done ce gu'est L déduction formells : elle consiste & tirer les conséguences, non pas d'umn fait
I observation direcle. ou d'un jugement auguel on adhire sans réserve. .. mais d'un jugement que
1'on assume simplemant, . . C'est cette déduction dont nous simons U'ge vers 11-12 ans. (PTAGET
1424, p. 82}

Puisque la déduction formelle -les transformations effectuées sur ui ensgmble d'éléments don-
nés- est tellement fondamentale dans le discours ‘adulte’ des mathématiques, nous nous trou-
vons done face 3 une des tensions les plus importantes dans les débats sur I'éducation mathe-
matique.

Face a ces problémes. Ia tentation est grande de diviser el de compartimenter l'eu;e%gncmcnl
des mathématiques selon des buts utilitaires, et de renoncer ainsi a communiguer le registre dans
sa totalité. L absurdité de la conception instrumentale des mathématiques pour I’ cnseignement
général est bien illustré avec 1'analogie d’une présentation semblable d'ur}e langue (_ou d’'un
registre de lungue) naturelle, ol I'on peut bicn pour des propos 1rés spécifiques enseigner un
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inventaire des phrases toutes faites qui sont simplement expliquées une i une. L'cnseignement
paralléle des mathématiques est pourtant réalisé dans maintes écoles, comme un inventaire des
procédures & accomplir en présence de certaines (dches. On évite par 13 Ics difficultés piésentées
par la compréhension d'un discouss abstrait ¢t de transformation, mais on perd aussi toute la
force expressive du registre.

Pour I'enseignant, il me scmble essentiel d avoir conscience de ces fensions partiellement
inévitables entre les besoins du but final de compétence discursive et les conditions d’appren-
tissage pour les jeunes enfants. Bien que Broner (1960} a peut étre €t€ un peu wop optimiste a
déclaver que I'on peut enseigner n'importe quoi aux enfants de n’importe quel Zige. il a raison
d’insister sur le fait que U'enseignant doit posséder et communiquer les idées fondamentales
de som sujel, et peut ére méme les ‘personnaliser’. Cela impligue que 1'enseignant doit, au
plus haut degre possible, étre un ideal speaker dans le sens défini plus tdt, au moins pour les
contextes qu'il enseigne.
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